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ADDITION TO THE MEMOIR ON GEODESIC LINES, IN 
PARTICULAR THOSE OF A QUADRIC SURFACE (509). (i)

[From the Proceedings of the London Mathematical Society, vol. ιv. (1871—1873), 
pp. 368—380. Read June 12, 1873.]

38. In the Memoir above referred to,^ speaking of the geodesic lines on the skew 
hyperboloid, I say (No, 35), “ The geodesic of initial direction Ml touches at M the 
oval curve of curvature Ml, and lies wholly above this curve; it makes an infinity 
of convolutions round the upper part of the hyperboloid, cutting all the oval curves of 
curvature for which p has a positive value greater than p^ (if p^ is the value of p 
corresponding to the oval curve through M}, and ascending to infinity.” The statement 
as to the infinity of convolutions is incorrect; I was led to it by the assumption that 
the geodesic could not touch any hyperbolic curve of curvature. The fact is, that it 
touches at infinity (has for asymptotes) in general two hyperbolic curves of curvature; 
viz. the geodesic descending from infinity in the direction of a hyperbolic curve of 
curvature, so as to touch the oval curve through M, again ascends to infinity in the 
direction of a hyperbolic curve of curvature (the same as the first-mentioned one, or 
a different curve), making in its whole course say k convolutions, where m is a positive 
finite number; if k < 1, there is no complete convolution, and when k = 1 or any 
integer number, then the two hyperbolic curves are one and the same curve; k is 
infinite only in the special case afterwards referred to in the same No. 35, where 
the oval curve of curvature is the ellipse which is a principal section of the hyper­
boloid, and does not even attain to the value 1 except for an oval curve exceedingly 
close to this ellipse. The error was on consideration obvious enough, though I was 
in fact led to perceive it by the numerical calculations about to be referred to, which 
gave me geodesics not making a complete convolution.

The articles are numbered consecutively with those of the Memoir, (509).
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3 9.  I h a v e eff e ct e d, f or a  ' p arti c ul ar s k e w h y p er b ol oi d  a n d o v al c ur v e of  c ur v at ur e  
t h er e of, t h e n u m eri c al c al c ul ati o ns f or l a yi n g d o w n t h e g e o d esi c li n es w hi c h  t o u c h t his 
c ur v e of  c ur v at ur e. T a ki n g  i n g e n er al t h e e q u ati o n of  t h e h y p er b ol oi d  t o b e  

a n d t h e ̂ - c ur v e of  c ur v at ur e t o b e  t h e i nt ers e cti o n b y  t h e c o nf o c al s urf a c e  

t h e n t h e s el e ct e d v al u es f or t h e h y p er b ol oi d, a n d o v al c ur v e of c ur v at ur e t o u c h e d b y  
t h e g e o d esi cs, ar e  

s o t h at a, b, d ', θ' ar e t h e p ositi v e v al u es 9 0 0, 4 0 0, 1 6 0 0, a n d 1 6 5 0 r es p e cti v el y. I 
r e c all t h at p  =  c' t o p  =  o o gi v es t h e o v al c ur v es of c ur v at ur e, vi z. p  =  c', t h e elli pti c  
pri n ci p al s e cti o n ; p  =  θ', t h e gi v e n  o v al c ur v e  : a n d t h at w e  ar e i n t h e s e q u el c o n c er n e d  
o nl y  wit h  t h e o v al c ur v es a b o v e t his, f or w hi c h  p e xt e n ds fr o m θ' t o ∞ . M or e o v er,  
q  =  —  δ t o — a gi v es t h e h y p er b oli c c ur v es of c ur v at ur e, vi z. q  =  —  b t h e i c ^- pri n ci p al 
s e cti o n; a n d q  =  - a t h e j∕ 2'- pri n ci p al s e cti o n of t h e h y p er b ol oi d. W e  h a v e, i n f a ct, t o 
d e al  wit h  t h e i nt e gr als 

a n d  

or  if p  =  θ'  +  u, u  e xt e n di n g fr o m 0 t o w ar ds ∞  , t h e n 

a n d s o if q  =  —  b  —  υ, v e xt e n di n g fr o m 0 t o w ar ds ( α —  b ∖ w hi c h  is its li mit.

t h e r el ati o n f or a n y p arti c ul ar  g e o d esi c  of  t h e s eri es b ei n g

4 0.  T o  a v oi d dis c o nti n uit y  as t o si g n, it is c o n v e ni e nt t o t a k e t h e i nt e gr al Ψ  { q)  
i n a p arti c ul ar m a n n er.  T h e  h y p er b ol oi d is b y  t h e xz- a n d τ∕ ^ ^- pri n ci p al pl a n es  di vi d e d  
i nt o f o ur q u a dr a nts ; or si n c e w e  att e n d o nl y t o t h e u p p er h alf of t h e h y p er b ol oi d,  

s a y t his u p p er h alf is t h us di vi d e d i nt o f o ur q u a dr a nts,  x t o y, y t o x', x' t o y', a n d  

y' t o X ; or c all t h e m t h e first, s e c o n d, t hir d, a n d f o urt h q u a dr a nts. B ut  w e  m a y  

c o nsi d er t h e q u a dr a nts  as f or mi n g a n i nfi nit e s u c c essi o n, first, s e c o n d, t hir d, f o urt h, fift h,
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190 ADDITION TO THE MEMOIR ON GEODESIC LINES, [511

and so on; or we may take them in the reverse order, - 1, —2, —3, &c. For a hyper­
bolic curve q = -b -.v in the first quadrant the integral is to be taken v = 0 to v = v;
for a curve in the second quadrant v = 0 to a — b, and thence positively α — & to v’,
for a curve in the third quadrant υ = 0 to a—b, thence a — b to 0, and thence 0 to ;
and so on; and so for a point in the quadrant — 1, the integral is from 0 to v,
taken negatively, &c.; that is, as the hyperbolic curve travels from the ic^-position in 
the positive direction, the integral Ψ (q) continually increases from zero; and if the 
curve travels from the zr^-position in the negative direction, then the integral Ψ (7) 
continually decreases from zero; that is, it increases negatively. It is to be remarked 
that the integral v = Q to a—b is finite, say it is = K'; and of course it is only thus 
far that the integral requires to be calculated, the subsequent values differing from 
the preceding ones only by multiples of this complete integral.

The integral ∏ {p} requires no explanation ; it is taken from u = 0, giving a certain 
oval curve, up to any positive value of u, giving the oval curves above this one; 
and, in particular, taking the integral to iz = ∞ (or, what is the same thing, to p = ∞) 
its value is finite, =K, suppose.

41. Consider the geodesic which touches the given oval curve at a point for which 
Ψ {q} has a given value Q; at this point p = θ', or ∏ {p} = 0; so that, taking for the 
equation of the geodesic Ψ (q^) + ΓI {p) = C, we have Q = G, and consequently

ψ⅛)=ρ + ∏⅛),
Taking the positive sign, then as p increases from θ', Ψ (9) increases, or the 

describing point of the geodesic moves upwards from the point of contact in the 
direction of positive rotation ; and taking the negative sign, then Ψ {q) decreases, or 
the describing point of the geodesic moves upwards from the point of contact in 
the direction of negative rotation; and, in particular, p becoming infinite, then the first- 
mentioned branch touches at infinity the hyperbolic curve, for which q is such that 
Ψ (7) = Q h K, and the second branch that for which q is such that Ψ (7) = Q — K.

42. The graphical process is as follows : we describe, on the hyperboloid, a series 
of hyperbolic curves of curvature, numbering them according to the values of Ψ {q); 
viz. considering the hyperbolic branches which form the xz, yz, x'z and y'z sections 
respectively, these are 0, K', 2K', ^K', and on going round a second time they would 
be 4>K', i)K', QK', ΙK', and so on respectively. We similarly describe, say on the 
upper half of the hyperboloid, the oval curves of curvature, numbering them according 
to the values of ∏ (77), viz. beginning with that for which p = θ', which is 0, we go 
successively up to the oval curve at infinity, which is K.

In the example, and drawing belonging thereto (^), where, for convenience, the values 
of the integrals have been multiplied by 100,000, we have, as will appear, if =12490, 
iΓ' = 34726: the two sets of curves are drawn at intervals of 2000; viz. we have the 
hyperbolic curves 0, 2000, 4000,...34000, 34726; and the oval curves 0, 2000, 4000, 
6000, 8000, 10000; the distance of the successive oval curves increases very rapidly, 
since the curve at infinity would be K, =12490, and the curve K = 10000 is the last 
which comes into the limits of the figure.

1 This drawing was exhibited at the meeting of the Society.
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4 3.  T h e  t w o s ets of c ur v es of c ur v at ur e b ei n g  t h us dr a w n at e q u al i nt er v als of  
∏  ( p) a n d Ψ  ( q) r es p e cti v el y, di vi di n g t h e h y p er b ol oi d i nt o q u a dril at er al s p a c es ( w hi c h 
of c o urs e s h o ul d t h e or eti c all y b e i n d efi nit el y s m all), t h e di a g o n als of t h es e q u a dril at er al  
s p a c es ar e t h e el e m e nts of t h e g e o d esi c li n es; a n d b y a s eri es of s u c h el e m e nts w e  
h a v e a p arti c ul ar g e o d esi c li n e. T h e  g e n er al c h ar a ct er c o m es o ut  i n t h e dr a wi n g v er y  
d ⅛ti n ctl y ; vi z. t h e g e o d esi c  is a h y p er b ol a-li k e c ur v e d es c e n di n g  fr o m i nfi nit y t o t o u c h 
t h e o v al c ur v e, a n d a g ai n as c e n di n g t o i nfi nit y ; b y r e as o n of t h e s m all v al u e of K  
i n c o m p aris o n of  K',  t h er e is n ot hi n g li k e a c o m pl et e c o n v ol uti o n, b ut  t h e w h ol e  c ur v e  
is i n cl u d e d wit hi n  a q u a dr a nt  of  t h e h y p er b ol oi d.

4 4.  I r e m ar k t h at t h e c al c ul ati o ns w er e  p erf or m e d r o u g hl y. I m a d e  n o att e m pt  
t o esti m at e or all o w f or err ors arisi n g fr o m t h e i nt er v als b ei n g t o o gr e at; a n d t h er e 
ar e v er y  pr o b a bl y  a c ci d e nt al err ors of c al c ul ati o n. B ut  st arti n g wit h  t h e v al u e 1 0 4 1 1  
of ∏  ( p) f or p  =  1 0 0 0 0, I f o u n d, wit h  s o m e c ar e, s u p eri or a n d i nf eri or li mits of t h e 
r e m ai n d er of  t h e i nt e gr al, p  =  1 0 0 0 0  t o p =  c o; a n d t h e pr o c ess  is, I t hi n k, a n i nt er esti n g 
o n e. C o nsi d er  i n g e n er al  t h e i nt e gr al

w h er e is t h e i nt e gr al c al c ul at e d u p  t o a s o m e w h at l ar g e v al u e  p = Pι∙  

Writi n g

w h er e  m,  a n d n  ar e as y et  u n d et er mi n e d,  w e  h a v e  

a n d t h e i nt e gr al is t h us

B ut  w e  m a y  d et er mi n e  w  a n d n, s o t h at f or p  =  or > p γ,  

a n d t h e i nt e gr al is t h e n

T h e  d et er mi n ati o n t h us d e p e n ds  o n t h e l ast- m e nti o n e d i nt e gr als, t h e v al u es  of w hi c h  

ar e at o n c e  o bt ai n a bl e  b y  writi n g  t h er ei n ∖∕ p  =  x', vi z. w e  h a v e

w w w.r ci n. or g. pl
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lθP* ζ)C . . ∙and hence, substituting in the formula, for K.l.x its value superior limit is 

and the inferior limit is

45. The numerical values are />1 = 10,000; α, δ, c', Q'= 400, 1600, 1650; and
thence determining by trial values of w and n,

I obtained for the logarithmic and circular terms of the two limits respectively

The value of ∕j was 10411 ÷ 100,000 = ∙104110, and the two limits thus are T24980 
and ’124850; or restoring the factor 100,000, they are 12498 and 12485; the mean of 
these, say 12490, was taken for the value ∏ (∕>), p = ∞ ; that is K = 12490.

46. As regards the calculation of the integrals 11 (p) and Ψ {q), introducing the 
numerical values, and multiplying by the before-mentioned factor 100,000, we have 
(/ = — 400 — v), 

which for any small value of v is 

viz. this is 

which was used for the values v = 1, 2,...10, that is, to ^ = -410; after which the 
calculation was continued by quadratures giving to v the value.s 10, 20, 30,... up to 
17=490, or q = — 890. For the remainder of the integral, writing 500 — v = w (that is, 
q = — 900 + w}, 'Ne have 
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which was used for the values w = 9, 8, 7,...1, 0, to complete the calculation up to 
q = - 900.

47. We have in like manner, p≈ 1650 + u, 

which for small values of u is 

viz. this is 

used for u=l, 2,...10, that is to ρ = 1660. The calculation was afterwards continued 
by quadratures, by giving to u a succession of values, at intervals at first of 10, and 
afterwards of 20, 50, 100, 200, and 500, up to p = 10,000, giving for the integral the 
value 10411; and thence, as appearing above, the value for p=∞ was found to be 
= 12490.

48. After the calculation of the values of ∏ (p) and Ψ (q), it was easy by inter­
polation to revert these tables, so as to obtain a table which, for ∏ or Ψ as argument, 
gives the values of p and q. The arguments are taken at intervals of 500; up to 
10000 as regards p, since the original table was only calculated thus far; and up to 
34726 as regards q. I had thus calculated the annexed Table III., when it occurred 
to me that there was a convenience in taking the arguments to be submultiples of 
the complete integral 34726; say we divide this into 90 parts, or, as it were, graduate 
the quadrant of the hyperboloid by means of hyperbolic curves of curvature adapted 
for the geodesics in question. Taking every fifth part, or in fact dividing the quadrant 
into 18 parts, we have the Table IV.

49. It will be remembered that the foregoing results apply only to the geodesics 
which touch the oval curve of curvature ^ = + 1650; for the geodesics touching any 
other oval curve of curvature, the values of the integrals, and the mutual distances 
of the curves of curvature used for tracing the geodesics, would be completely altered. 
But it is possible to derive some general conclusions as to the geodesics that touch 
a given oval curve of curvature.

Observe that the integral K' (= 34726 in the case considered) measures the 
quadrant of the hyperboloid ; viz. Ψ {q} = 0, Ψ {q} = K' determine two hyperbolic curves 
of curvature (principal sections), the mutual distance whereof is a quadrant. Each 
geodesic touches the given oval curve of curvature, and it touches at infinity the two 
hyperbolic curves Ψ (q) = Q + K (A = 12490 in the case considered); viz. the distance 
of these in regard to the circuit of four quadrants, or say the amplitude of the 

geodesic, is measured by the ratio .

50. Now it is easy to see that as the oval curve of curvature approaches the 
principal elliptic section, that is, as & approaches c' (or writing θ' = c' + m,, as m

c. VIII. 25
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diminishes towards zero), the integral K' alters its value only slowly, increasing towards 
a certain constant limit; but, contrariwise, K increases without limit, its value for any 
small value of w being of the form Λ — B log m, = ∞ in the limit; wherefore, as rti 

■diminishes, the value of the amplitude of the geodesic, continually increases. If

this is = 1, the geodesic touching at infinity a certain hyperbolic curve of curvature, 
in descending to touch the oval curve, makes round the hyperboloid a half-convolution, 
and then again ascends through another half-convolution to touch at infinity the same 
hyperbolic curve of curvature; viz. it makes in all one entire convolution, or say in 
■descending it makes a half-convolution. But if K ÷ 2K' = 2, then the curve makes in 
descending a complete convolution; and so, if K ÷ 2K' = 2s, then the geodesic makes 
in descending s convolutions; and, as already mentioned, ultimately when m = Q the 
geodesic makes an infinity of convolutions; that is, it never actually reaches the elliptic 
principal section, but has this line for an asymptote.

51. To sustain the foregoing statements, I write (= c' +w) = 1600 +τn, and I 
consider the integral 

say for a moment this is

Supposing m to be small, we divide the integral into two parts, say from 0 to α 
[where α, = for example 50 or 100, is large in comparison with m, but small in 
comparison with the numbers (c, &c.), 1600, &c.], and from α to ∞. In the second 
part, the expression under the integral sign and the value of the integral varies slowly 
with zn, and we may, as an approximation, write m = Q. We have thus 

and the first part hereof is 

viz. the integral is here 

or say this is

The first term is thus

which is
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or we have

We ought to have the same value of the integral, whatever, within proper limits, 
the assumed value of a. may be. Taking, for instance, α = 50 and α = 100, we ought to 
have 

that is.

In verification, I calculated the second side by quadratures; viz. for the values 
50, 60, 70, 80, 90, 100, the values of U, are 35∙532, 29*570, 25*311, 22*373, 19*632, 
17*645; whence, adding the half sum of the extreme terms to the sum of the mean 
terms, and multiplying by 10, the value of the integral is =1234*74. The value of 
the left-hand side is = 1239*94, which is a sufficient agreement.

52. Returning to the formula for K'^i, this may be written

I did not calculate the value of the integral in this formula, but determined the 
term in ( ) in such wise that the formula should be correct for the foregoing 
value τn = 50; viz. the term thus is 

we thus have 

and we may roughly assume that, for any small value of w, K'^ has the same value 
as for m, = 50; viz. we may write

We thus see how to give to m. such a value that the quantity

the number of convolutions of the geodesic, may have any given value; and, in 
particular, we see how exceedingly small m must be for any moderately large number of 

convolutions; for instance, m = OOOOOO w = — 8, K = 19500 + 32952, = say 52500,

or the number is = about five-sevenths of a convolution.

Correction. Instead of speaking, as above, of a geodesic as touching at infinity 
a hyperbolic curve of curvature, the accurate expression is that the geodesic at infinity 
is parallel to a certain hyperbolic curve of curvature. The geodesic has, in fact, for 
asymptote the right line on the surface parallel at infinity to such curve of curvature. 
Added Dec. 1873.

25—2
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Table I. Table II.
P ∏ (p) q Φ (q)
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Table I. (continued). Table II. (continued).
∏ (p) <7 Φ(q)

Table III,
Il or Ψ p Diff. q Diff.
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Table III. (continued).
II or Ψ p Diff. q Diff.
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Table III. (continued).

∏ or Φ p Diff. q Diff.

Table IV.

∏ or Φ p Diff. q Diff.
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