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ON A PROPERTY OF CERTAIN DETERMINANTS.

By W. Burnside,

It ia well known that, if the 2nd, 3rd,... and nth rows of 
a determinant are formed from the first by permuting its 
elements cyclically, the determinant is expressible as the 
product of n linear factors. For instance

The permutations by which all the rows proceed from the 
first form a group in the ordinary sense of the word : namely, 
if the permutations by which any two rows are derived from 
the first are performed successively, the resulting permutation 
will be that by which some other line of the determinant is 
derived from the first. In the case considered this group is 
of the simplest possible nature, all its permutations being 
obtainable by the repetition of one, which may be called the 
generating permutation; such a group is called a cyclical 
group.

Now the property referred to above is not confined to 
determinants whose successive rows proceed from the first by 
a cyclical group of permutations. Thus it may be easily 
verified that

In this case it may be proved that the permutations by which 
the different rows proceed from the first again form a group 
(evidently not a cyclical group) and that the different per­
mutations are commutative: for instance, if the permutations 
by which the 2nd and 3rd rows are obtained are performed in 
either order, there results the permutation giving the 4th row.

A group with this property, that all its operations are 
commutative, is called an Abelian group. It is shewn in the 
text-books dealing with the theory of groups (e.g.,, Netto: 
Substitutionerdheorie^ p. 146) that the operations of an
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A b eli a n  gr o u p  c a n  b e  r e pr es e nt e d, e a c h o n c e,  s y m b oli c all y b y  
t h e f or m

w h er e  t h e c o m m ut ati v e  s y m b ols Τ ’, 7 2. *. r e pr es e nt c ert ai n
i n di vi d u al o p er ati o ns  of  t h e gr o u p,  w h os e  or d ers  ar ej >,  5',  r... 
(t h at is, w hi c h  l e a d t o i d e ntit y w h e n  r e p e at e d p,  ≤,  r... ti m es) 
a n d t h e i n di c es t a k e all p ossi bl e i nt e gr al v al u es l ess t h a n 
/), 2', r... r es p e cti v el y. T h e  t ot al n u m b er of o p er ati o ns  
i n cl u di n g i d e ntit y is t h e n p qr....

T h e  pr o p erl y  it is pr o p os e d  h er e  t o pr o v e  is t h e f oll o wi n g—  
If i n a  d et er mi n a nt  of  n  r o ws t h e s u c c essi v e r o ws pr o c e e d  

fr o m t h e first b y  p er m ut ati o ns  w hi c h  f or m a n  Λ h eli a n  gr o u p  of  
or d er  n  (i n cl u di n g i d e ntit y} ^ t h e d et er mi n a nt  is e x pr essi bl e as  
t h e pr o d u ct  of  n  li n e ar f a ct ors.

S u p p os e  t h e A b eli a n  gr o u p  gi v e n  s y m b oli c all y i n t h e f or m 

s o t h at n = p qr  is t h e or d er  of  t h e gr o u p. (It will  b e s e e n 
t h at t h e pr o of  a p pli es e q u all y w ell  w h at e v er  t h e n u m b er  of  
s y m b ols i n v ol v e d). F or m  t h e d et er mi n a nt w h os e  first r o w 
c o nsists of  t h e n  diff er e nt  s y m b ols 

writt e n  i n a n y  or d er,  w hil e  t h e el e m e nts of  a n y  ot h er  r o w ar e  
d eri v e d fr o m t h e c orr es p o n di n g el e m e nts of  t h e first r o w b y  
m ulti pl yi n g  t h e m b y  P °' <f R'' ; α,  J, c  t a ki n g all p ossi bl e  v al u es  
e x c e pt si m ult a n e o us z er os. If t h e n a c c o u nt is t a k e n of  t h e 
s y m b oli c al e q u ati o ns  

t h e el e m e nts  i n e v er y  r o w will  c o nsist  of  t h e el e m e nts  of  t h e 
first r o w p er m ut e d ; a n d si n c e t h e s y m b ols ar e c o m m ut ati v e  
t h e p er m ut ati o ns  b y  w hi c h  a n y t w o r o ws pr o c e e d  fr o m t h e 
first ar e  als o c o m m ut ati v e,  w hil e  t h at t h e y f or m a gr o u p  is 
s elf- e vi d e nt.

N o w  l et ω,,  ω,j, b e  r es p e cti v el y a/) ” *, a a n d  a n  r * * * r o ot 
of  u nit y,  a n d  m ulti pl y  b y  ω, " ω∕ ω∕  t h e r o w t h at w as  f or m e d fr o m 
t h e first b y  m ulti pl yi n g  b y  Γ''(fli ∖  d oi n g  t his f or all  v al u es  of  
ά,  ό,  c. W h e n  t h e d et er mi n a nt  is t h us pr e p ar e d  f or m a n e w  
first r o w b y  a d di n g  t o g et h er all t h e el e m e nts  of  e a c h of  t h e 
c ol u m ns. T h e  t er m i n t h e first r o w c orr es p o n di n g t o t h e 
c ol u m n  h e a d e d Of  I P is n o w  

w h er e  t h e s u m m ati o n e xt e n ds t o all v al u es  of  α,  δ,  c l ess t h a n 
Pt  2,  r r es p e cti v el y a n d i n cl u di n g si m ult a n e o us z er o  v al u es.
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The expression may be written 

or finally, in consequence of the symbolical equations 

and the actual equations 

in the form

Every term of the first row and therefore the determinant 
itself is thus seen to be divisible by 

and since ω,, ω,, ωθ may be any roots of their respective 
equations, the determinant has n different factors of this 
form.

The result is clearly Independent of the particular symbols 
used for the elements of the rows, and the factors are linear 
in the elements with roots of unity for coeflScients» Since the 
determinant is of the degree in the elements and the 
existence of n different linear factors has been demonstrated, 
it is therefore expressible as the product of n linear factors.

The simplest case in which the group is not cyclical is 
that given above. Another simple illustration is given by 

where 

and
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