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NOTE ON THE LAW OF FREQUENCY OF
PRIME NUMBERS.

By J. W. L. Glaisher.

Introduction, §§ 1—4.

§ 1. It is known that the numbers of primes inferior to
any large number « is approximately equal to liw. This
formula was discovered by Gauss, but the first satisfactory
investigation was given by Tchebycheff. A much more
complete and rigorous treatment of the question, by Riemann,
showed that the number of primes was more accurately repre-
sented by the formula liz — 4 lia? - 1 lizt + &e.

§ 2. If the number of primes be represented by liz, the
average interval between two primes at the point «, in the
ordinal series of numbers, must be logz; and it would seem
that it ought to be possible to obtain this result by general
reasoning, depending upon the manner in which the composite
numbers are formed from the primes.

The method by which Gauss arrived at the conclusion
that the average frequency of primes was inversely propor-
tional to the logarithm is not, I believe, known; but a general
investigation was given by Hargreave in the Phelosophical
Magazine for 1849, by which he was led independently to the
fame conclusion, this being in fact the first publication of the
aw.

§ 3. Although Hargreave’s result is the true one, his
reasoning is vague and unsatisfactory. Some years ago
(in 1880) I devoted much time to the attempt to obtain the
known result by more conclusive methods of the same kind.
In this I failed, every apparent proof being found to contain
- serious defects of principle, when critically examined. I then
arrived at the conviction that the problem was of such an
intricate nature that it would be very difficult to deduce even
a moderately satisfactory investigation of the law of frequency
by general reasoning from elementary considerations, or by

VOL, XXIIL H
www.rcin.org.pl



98 DR. GLAISHER, NOTE ON THE LAW OF

ordinary algebraical treatment of the formula which expresses
accurately the number of primes inferior to x, viz.

3 (g—l) + 31 (p’xp,) - El(plzipa) Foas

where p,, p,y ..., are the primes inferior to z, and / (g) denotes

the nearest integer to g , which does not exceed it.

§ 4. It seems to me, however, that it may be interesting to
place upon record any investigation founded upon elementary
principles, which leads to the law log, or even to a functional
equation satisfied by logx, and which does not appear to con-
tain any obvious flaw. This is my justification for the present
note, in which a functional equation satisfied by logz is
derived from elementary principles. Judging from experience.
I think it likely that the investigation would not bear the test
of any very careful examination ; and not too much importance
must be attached to the fact that the result is the true one.
The method was suggested by my paper on the series
3+ 3+ 1+ 4+ + &e. in vol. XXV, (1891) of the Quarterly
Journal (pp. 369—375); in fact the connexion is obvious on
comparing the first six sections of that paper with the following
investigation.

Investigation of a functional equation satisfied by the function
expressing the frequency of prime numbers, §§ 5-15.

§ 5. If any large number « be taken at random, the proba-
bility that it is not divisible by 2 is 3, the probability that it is
not divisible by 3 is %, and so on. Thus, regarding these as
independent probabilities, the probability that 1t is not divisible
by the primes 2, 3, 5, ..., p is

1

=gk

p=1

4
o e s

If then we denote by P (x) the probability that a large
number «, taken at random, is prime ; then

o
SUTN L)

P
1_16 r—1
B R

Pilo)=

DO | pd

2
375
where 7 is the prime next inferior to the square root of .
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§6. Now

e =9
logé 3

(-3 (-3 (-1 -3 )

—1}(1+l+1+ Foont
22 32 )
1 1
%( +3,+53+ i )
&e. &e
§ 7. Let the series
T B
3+5 A% s duct

be denoted by ¢ ().
Then, if 2 be small compared to «,

Yern =2

X

approximately, where n is the number of primes between
and @ + A.

Expanding ¢ (z + %) in ascending powers of 4, this equation
may be written '

by (@) =~
§8. Let ¢ () denote the number of primes inferior to ,

then
N=¢ (z+h) - ¢ (),
8o that, % being small compared to z,
N=h¢' (x).
§9. Now the probability that  is a prime is represented
by the fi N wh
y the fraction - y ence

P(z)=¢' ()
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and therefore the product

(R e R ! :
5.3.5.7-.. —¢(-’E)q

§10. From §§7 and 8, we have

, ¢’ ()
Y (2) G ah
so that Y («) = const. + f f—ii),
f 1
§ 11. In the same manner, if we denote
AL e
0 e it el

by 4, (), we find ol
¢, () = const. + f ¢x(,w) dx,
, (#) = const. + f . ¢;{’w) da,
&e. &e.

§ 12. Substituting in the formula of § 6, we have therefore

log ¢’ () = const. — f ¢ j ] (r
-3f ﬂ,r—)dr—&c.

Now » is approximately equal to vz, so that we may
write this equation

W"’(")d qus()dr—&c.

log ¢’ (%) = const. — &

1 1

§ 13, Putting 2 for @, this equation becomes
log ¢’ (2?) = const. —f $ (1) dr — lf ¢ (r) dr — &e.,
el 5 S

whence, differentiating with respect to @,

¢"(@) __ (@) 1¢'(2) 1¢ ()
29c.¢, (@) % EET I T =i,
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§ 14. As we are seeking for a form of ¢’ («), which satisfies
this equation for large values of @, we omit all the terms after
the first on the right hand side of the equation, which then
reduces to

¢" (@) _ _ ¢'(2)
M
Putting x (z) = ‘i),—l@,

the equation becomes ,
x (a*) 1

2z Sh— BN
x@) ax (@)
that is x (@%) = 2’y (@) %' (=*)s

b

§ 15. Whatever may be the general form of y (), which
satisfies this functional equation, it is clear that it is satisfied by

x () = logz,
and, taking this value,
s b
¢ (x) ko logw )
whence ¥ acohie & | Lo
e ¢ (x —cons.+fl@,

This formula shows that the number of primes between
the numbers # and yisliz—liy; and we may take the
number of primes inferior to « to be lia. :

Bemarks on the functional equation, §§ 16, 17.

§ 16. It may be remarked that by putting x=e'in the
X-equation of § 14, it becomes

X () =26 () X (&),
that is, putting x (¢) = F(t),
F(20)=2F(¢) F' (26),

giving log F'(2t) = f}%) + const,
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§ 17. Tt may also be noticed that the general equation
of §13 when the terms involving «™*, «™, &c., are not
omitted, may be written

20¢"(«) =4 @) ¢ (@) log (1-7),

| or x («") log (1 - é) =-2xx (@) x ().

Second investigation of the functional equation, § 18.

§18. In the following investigation of the functional
equation the series ¢ () is not introduced.
We have, as in § 5,

P()=3.5.5 (1-3),

875D @

where P (2*) denotes the probability of a large number near a7,
taken at random, being prime.
Also,

P@+hy=g.5-5(1-7) (1‘%1) (1“1%,) (1—101;)’

where p,, p,y +.ey p, are the primes between & and x + £.
hus

At )

SR

approximately.
Since n is the number of primes between « and z + 4, we
have
h

x@’
where « (z) is the average interval between two primes at

the point .
Thus

n

P+h)?  x(=) _ o X @)
P () —x(w+h)’,_(l ) 2
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This equation gives, x being very large,
x @)+ 2hax ) _ | b
x (%) zx («)’
whence y (@) =2z"y (z) % (=),

the same functional equation as that found in § 14, and which
was satisfied by y (x) =logx.

Values of certain constants connected with prime numbers,
§§ 19-21.

. §19. In the paper in the Quarterly Journal referred to
in § 4, it was shown that

lo (?_ § = z _w__)— }_+l+}_+l A +1
A AR b e g T 5T TRy
TN
e\ttt T

1 lcfred B i 1
+§(2—,+§,+5—3+7.+...+;3),
&e., &e.

identically, and that, taking Riemann’s formula for the
number of primes inferior to z,

1 1 1 ¥ mL

) Bl =g + log loga - {lix™? — &e.,

1 1 1 1 R s

S +atp fedt ;=g,+hx 'o et - &e,

1 1 1 1 Yol il

g tgtiptet asatlie’ - flie f_ &,
&e., &e.,

where ¢ is an undetermined constant, and g, g,, ..., are
constants whose numerical values have been calculated to
15 or more decimal places.

It is thus found that

EEY 0 Ealh e
log(g.é—. e by )_- G - log logx + Llia™® +...

— Hiw? + Hizt 4. = Jlie+ oot .- &e,
where G=g +1g,+ 39, + g, + &e.
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Thus approximately, when « is very large,
log (% : —i— : % ! g ...gf-;—l)=- @ - log log,

e R
xz  aloga’

[CUI )

and o

Q o

where = loga.

§ 20. Legendre represented the product
R Fp i tne

o7 P R i
by the formula
A

logz —0.08366 ’

and assigned to 4 the value 1.104, so that (as was pointed out
in § 8 of the paper referred to) since a and 4 are connected
by the relation

2

=Z,

Legendre’s value of 4 gives to a the value 1.812 and to &
the value of 0.5944.

a

§ 21. But if the argument in §§ 5, 8, 9 of the present
paper is correct, so that

Gl e e
P(w)_§.3.5.7... =
and P()=¢ (),
i
we have L) = T

Thus, a =2 and G =log2.

§ 22. If we may attribute this value to G we are enabled
to assign the value of g, for

g=log2—1g, - 19,- 19,— &e.]

www.rcin.org.pl



FREQUENCY OF PRIME NUMBERS. 105

Now log2=0.6931 4718 0559 945,
and 39, + 19, + 19, + &e. :
=0.3157 1845 2073 890.
(Quart. Jour., loc. cit., p. 873).
giving 9=0.3774 2872 8486 055.

Remarks on Legendre’s investigation, §§ 22, 23.

§ 22. Taking Legendre’s result that the number of primes
between @ — m and a + m is

2m
log @ — 1.08366 ’
it follows that
1

P @) = 3ogw— 108306 °

Now, if we may put
el T ket f
P(w)—§.3.5...(1 w),

we have, by equating these results,

Y4 ( ' _1) X 1
T w)  2loga—1.08366
i
~ 2loga
omitting the constant 1.08366 compared to log .

§ 23. Legendre’s own investigation, is however, in effect
as follows:

Let f(x)=.;-.§.§...(1-1).

€

The next prime superior to @ is @+ log — 0.08366, or,
say, x + o ; therefore

T 24 i |
Sar=g .75 (1-53)s

fe+a)_, 1

B ?

/(@) @+ o

whence
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and thercfore

fta—f@_ 1, a_
o MR A i
F@ __1
gnmg‘ W— ax !
or, since da=%j‘c7
df () _ _da,
Cadeeliy el
A A
whence y 3 (”)=z — log & — 0.08366 *

leaving A to be determined from Legendre’s table of the
values of f ().

Remarks on the formula for P(x), § 24.

§ 24. It seems pretty evident that we are justified in
regarding the probability that any large number @ is prime
as represented by the product

12 r=1
28 by iRy

(§ 5); for, in fact, in endeavouring to determine whether any
given large number is or is not prime, we divide it by 7, 11,
13, &ec., and the probability of the number not being divisible
by these numbers is §, 19, 12, &e.

‘We may suppose that the large number z is given by the
number of grains in a sack, and the number is prime if the
grains do not admit of arrangement in groups of two,
three, ..., up to 7.

These arrangements are independent, and the chance
that, after dividing the grains into groups of p, there will be

p_

some over is obviously

The function logx, § 25-21.

§ 25. The result that at a point @ in the series of ordinal
numbers, the average distance between two consecutive primes
is logx, affords an interesting case of the occurrence of the
logarithmic function in mathematics.

www.rcin.org.pl



FREQUENCY OF PRIME NUMBERS. 107

Another interesting appearance of the logarithmic function
occurs in the formula

S i TR W g
2+3+...+m—'y+ ogx gty 5] 2

Combining the two results we see that the average distance
between two primes in the neighbourhood of any large
number @ is approximately equal to the sum of the reciprocals
of the numbers from unity up to .

It was shown by Lejeune-Dirichlet that the average
number of the divisors of a large number 2 was logx + 7.
Thus, the average distance between two primes is approxi-
mately equal to the average number of the divisors of the
numbers in the neighbourhood.

§ 26. When the numerals are expressed by a notation
depending upon a radix (asin the decimal system), logx is
roughly proportional to the number of digits in the number z,
diminished by unity. Thus, the intervals between successive
primes in the neighbourhoods of different very large numbers
are approximately proportional to the numbers of digits in
those numbers. In the case of numbers expressed in the
decimal scale, this interval is roughly equal to 2.30... times the
number of digits in the number.

§ 27. When « is very large the relative magnitude of
and logx may be represented by the number « itself, and
2.30... times the number of digits which express it. This
gives a good idea of the relative infinities of @ and loge,
when « 18 infinite. And it is interesting to notice that the
series

1 1 1 1 1
- AE e
is represented by an infinity of the very small order, logz,
and that the similar series involving primes only

1 1 l+ +l
§ U BTG

is represented by a correspondingly smaller infinity, log log .
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