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Since a number = 3, mod. 4 can only be the sum of three
squares if it is also =3, meod. 8, it follows from the above
theorem that if n=7, mod. 8, the o-expression is necessarily
equal to zero,

§8. If n=1, mod, 4, the quantity which represents the
value of the o-expression may be calculated as follows,

We write down all the compositions of n as a sum of
three squares. Two of these must be even (including 0* as
an even square) and one uneven. The different forms are

i) &+8++% (i) a'+8'+0),
(iii) &'+ 8"+ B8, (iv) o'+ 0"+ 0",
where a is an uneven square, and 8, y are even squares
different from each other.

From (i), we form (—1)¥*"8q, from (ii), (—1)¥*Vda;
from (iii), (= 1)¥*V4a; and from (iv), (- 1)¥*"a: and we
add together the quantities so derived from all the compositions.

For example, let n=25. 'T'he compositions are

' +0"4+0°, 3 +4+0,
from which we form
5—12=-1,
and the theorem is
o (25) - 20 (21) 4+ 20 (9) =~ 1,
viz. 31-64+26=~1,

As additional examples, let n=253 and 65. The com-
positions are

T4+ 2' 4 0% 1467 44Y
and T+4'4+0°, 5'+6'+2% 1'+8'+¢,
respectively, giving
- 284 8=-20,
and -28+4+40+4=16.
The corresponding o-theorems thus are
o (53) — 20 (49) + 20 (37) - 20 (17) =— 20,

and ¢ (65) — 20 (61) + 20 (49) ~ 20 (29) + 20 (1) = 16,
viz. 54~ 114 + 76 —36 = 20,

Bi—-124+114 -60 + 2= 16.
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and that, if n=3, mod. 4, the number of representations is
equal to
20 {o (n) + 20 (n— 4) 4+ 20 (n — 16) + &e.}.

Thus, when n=7, mod. 8, the number of representations
is equal to

40 {o (n) + 20 (n— 16) + 20 (n - 64) + &e.}
=80{c (n—4) + o (n—36) + o (n — 100) + &ec}.

Analytical Formule, § 13.

§13. The groups of analytical formule from which all the
results contained in this note may be derived are the following.
If n denote any number and m any uneven number, then

1.
{22, ¢} 25, ¢} (372, (= 1)'¢""} =372, (= 1DH"Img™,
1I.
(22, P =1443°E(n) ¢,

(3=, ¢} {52, ¢ =257 E(4n + 1) g%,
II1.

(2=, ¢"} 2%, ¢"P=22"0 (4n +1) ¢,

=y gm.]’{E”w q"'.} =230 (4n+ 3)¢""",

1V.

Eae i n i" n
“’E—IM =274 () "

Thus for example, the theorem in § 2 may be obtained by

multiplying the second formula of IIL by % (—~1)"¢"", and
reducing the left-hand side by I.  'We thus find ’

2. 2L (- 1)H-H mq"‘"}

=250 (tn 4 9 ¢™ 2% C 1" )
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