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A THIRD MEMOIR ON THE PROBLEM OF DISTURBED ELLIPTIC 
MOTION.

[From the Memoirs of the Royal Astronomical Society, vol. xxxι, pp. 43—56. Read January 10, 1863.]
The object of the present Memoir is to obtain the differential equations for determining

r, the radius vector, 
v, the longitude, 
y, the latitude,of the disturbed body, when the last two coordinates are measured in respect to an arbitrarily varying plane (which however, to fix the ideas, is called the variable ecliptic) and the departure point or origin of longitudes therein. This is very readily effected by means of an expression for the Vis Viva function given in my “Supplementary Memoir on the Problem of Disturbed Elliptic Motion,” Mem. Roy. Ast. Soc., t. xxvm. pp. 217—234 (1859), [215]. Neglecting the squares of the variations of the variable ecliptic, and also the products of the variations by sin y, or ⅛~ , then (as might be expected)it is found that the equations for r and v are the same as for a fixed ecliptic, and the equation for y is found in a simple form, which is ultimately reduced to coincide with that obtained for the lunar theory by Laplace in the seventh book of the 

Mécanique Céleste, and which is used by him to show that the effect of the variation of the ecliptic on the latitude of the Moon (as measured from the variable ecliptic) is insensible. And it is shown conversely how the approximate formula of the Memoir may be obtained by a process similar to that made use of in the Mécanique Céleste.
c. m. 64
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506 A THIRD MEMOIR ON THE PROBLEM OF DISTURBED ELLIPTIC MOTION. [218

I.The position in respect to a fixed plane of reference and origin of longitudes therein, of the variable ecliptic and of the departure point or origin of longitudes therein, are determined by
θ', the longitude of node, 
σ', the departure of node, 
φ', the inclination,where, by the definition of a departure point,

dσ' — cos φ' dθ' = 0,and then, in respect to the variable ecliptic and departure point or origin of longitudes therein, the position of the disturbed body is determined by
r, the radius vector, 
v, the longitude, 
y, the latitude ;and this being so, then (Supplementary Memoir, pp. 220, 227) the expression for the 

Vis Viva function is,
Γ==⅛ {r2 + r2(Q2 + R2)},where
Q = — ÿ + [cos (v — σ') sin φ'. θ' — sin (v — σ') φ'],

R = cosy .v — sin y [sin (v — σ') sin φ'. θ, + cos (v — σ') φ'],the superscript dots being used to denote differentiation with respect to the time. The last-mentioned expressions may for shortness be denoted by
Q = -y + A,
R = cos y . i) — B sin y.The equations of motion are of course,

dt dr dr dr ’

d dτ ~dLf-dv 
dt di) dv dv ’

d dT dT=dV
dt dÿ dy dy ,where V=—— +Ω, if Ω is the disturbing function, taken with Lagrange’s sign 

(∩ — — R, if R is the disturbing function of the Mécanique Céleste).
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218] A THIRD MEMOIR ON THE PROBLEM OF DISTURBED ELLIPTIC MOTION. 507To reduce these, we have in the first placedT . dT ^ dx
*= r ■ dr=rW + ^∙

d∕i^Rmsy, (-QB-RA*a>v)t

~ = — r2 Q , d~~ = r2 R = r2 R(— sin y .v- B cos y).
dÿ * ’ dy dy v yThe equations are thus reduced to^-z√O2 + J22) + - = dil<ft2 rW+γι>+r2 dr ,(r2 cos y . R) + r2 (QB + BA sin y) = ~ ,) +^Λ(sinyJ + Boos2∕)=^, 

and then substituting for Q, R their values, viz.«- -S÷A
7, dυ -d .R = cosy — B sin y,we find <72r f „ (dv∖2 (dy∖2∖ w2α3 dΩ 9r.⅛-'∙h^U)+(i)}+÷=*+8l-⅛(r≈c°s'y∣) =⅛ + 8'

i(,"l)+,"c08ysιny(5)2 =⅛ + 6'where 21 = r 2A — 2B sin y cos y + A2 + B2 sin2 y^ ,

23 =⅛t(r2Bsinycosy) + r2^Bdy~-A siny cosy^-AB cos2y) ,
(ξ = (r2 A) + r2 (- (cos2 y - sin2 y) B + Bi sin y cos y) ,in which , ,

. , dθ, . f ,,dφ
A = cos (y — σ ) sin φ + sin (v — σ ) ,

. . ,dθ' , ,.dφ'
B = sin (?; — σ,) sm φ + cos (v — σ ) ;

θ,, σ', φ, being given functions of t such that dσ' — cos φ dθ =0.The foregoing equations of motion are rigorously accurate.
64—2
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508 A THIRD MEMOIR ON THE PROBLEM OF DISTURBED ELLIPTIC MOTION. [218

II.

and if we then neglect also the products of A and B by y and we have 31 =0,
33 =0,

where it may be noticed that, in order to obtain this last value of ®, the only neglected term is a term containing B sin2 y.Now, attending to the values of A and B, we have
d A _ dA dv d'A 
dt dv dt dt

K dv d'A 
~ dt + ~dt ’where here and in the sequel denotes differentiation in regard to t in so far onlyas it enters through the quantities σ', θ', φ', which determine the position of the variable ecliptic.Hence

fr λ dr r,dv d'Λ∖ n j,dv
^2Ardt+r,{-Bdt+^t)-rBdt

n λ dr „ d, A _ c,-ndv
=2Ardt+^nt-2rBdt'’and, as above, 21 = 0, 23 = 0.Let r, v, y be the values obtained on the supposition that Œ = 0, and 

r + δr, v + 8v, y + 8y,the accurate values ; the first and second equations show that, neglecting the productsof y and ~ into 8y and , we have 8r = 0, δv = 0 ; so that the values of r and vare not affected by the variation of the ecliptic. And then, substituting in the third equation y + δy in the place of y, and forcos (y + δy) sin (y + δy), = cos y sin y ÷ (cos2 y — sin2 y) 8y,

Neglecting the terms which involve A2, AB, B2, we have 21 = r 2A — 2B sin y cos y ,

23 = (r2 B sin y cos y) + r2 ^B — A sin y cos y ,

- r2 (cos2 y - sin2 2∕) 5 ;
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218] A THIRD MEMOIR ON THE PROBLEM OF DISTURBED ELLIPTIC MOTION. 509writing cos y sin y + δy, we have
d . (dy dδy∖ ι . (dυ∖2. . ~, x dΩ ~ d£l frdt^U + ^t) + r^{di) (C0S 2, sm ≈, + = ⅜ + δ ⅜ + 6 i

or, since the terms independent of δy and (£ must destroy each other, this is 
d „ dδy o idυ∖2 ~ cx dΩ rra∙,ir,,(s)⅛=⅛+eιor, as this may he written,

„ d~δy ι dr dδy , ∕dυ∖2 _ t, dΩ _ . dr n d'A n „ r,dv 
,w+2rdΓ,dy^Ardt+''‘that is,

d2δy 2 dr dδy fdv∖2 s, 1 ~ dΩ 1 dr d'A ~t-ndv l^+rdi^+{dt) ^=r^d-y+2Ardt + ^r-2Bdt’

or, what is the same thing,⅛ + n2(l + I ^2) δy = i δ + p + j w2w2 - j- δy

-⅛⅛∙"ii∙"(-8
-≈^∙÷¾,∙

where as usual m, = —, is the ratio of the mean motion of the Sun to that of the nMoon ; the term ∣ m2n2 δy having been added on each side of the equation in order to destroy on the right-hand side the corresponding term arising from — δ ~ . In fact, to find the approximate expression for , we have
∩ = ⅛2(icos2tf-⅛),

where H is the angular distance of the Sun and Moon ; that is, cos H = cos y cos (y — vj ; here Ω = ψ5-⅛∞s2y cos2 (r-√)-⅛},
dΩ nιri a . ,z ,λ-=— =----- 7-. 3 sin y cos y cos2 (v — υ )
dy r3

η~∩ ?rΓ%= - ψ3- (i +1 COS (2v - 2v )) sin y cos y ;
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510 A THIRD MEMOIR ON THE PROBLEM OF DISTURBED ELLIPTIC MOTION. [218or, neglecting the periodic quantity cos(2v-2√), and writing y for siny cosy; also putting as usual m' = nV = m2n2a'3, and √ = α', we havedΩ if „ „ „= — m nτ. 4 y,αyand thence δ = — m2n2r2. ∣ δy or - δ -p = — ⅜ ∞2w2 δy.r2 dy 21 f∕JΓ2 dv dvSubstituting this value of - δ , and putting also r = a, = = θ> t^eequation for δy becomes + w2 (1 +1 m') ⅛ ='~2Bn + ^’
III.To deduce the formula, seventh book of the Mécanique Céleste, I proceed as follows: Putting d0' = _X dσ' 

dt cos φ' dtwe have
A cos <f> = sin φ, cos (y— σ') — cos φ, sin (y — σ'),
B cos φ, = sin φ, sin (y — σ,) + cos φ' cos (y - σ'),which may be written
A cos φ' = — sin v ~ (sin φ' cos σ') + cos v (sin φ' sin σ,),ć/ d
B cos φ' = cos v dt (sin φ' cos σ') + sin v (s^n ≠ sin σ )∙Laplace in effect assumes that the variations of the ecliptic are given in the formsin φ, sin σ' = — tk sin (int + e), sin φ, cos σ = tk cos (int + e),(fi + e is there written for the argument, n being assumed =1) where i, k, e are absolute constants, the quantities i being all very small in comparison with m2. Substituting these values, and putting cos φ, equal to unity, we have

A = — tik cos (v + int + e),
B = — tik sin (y + int + e) ;
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218] A THIRD MEMOIR ON THE PROBLEM OF DISTURBED ELLIPTIC MOTION. 511and thence also
d,A -e ∙o7 ∙ ∕ ∙ ×= n2, ι2k sin (υ + int + e),and cZ,j4

2nB —-⅛- = -ri½(2i + ¾2) ksin(v + int + e), so that the equation for δy becomes
~d~ + n2 (1 +1 m2) δy + w∑ (2⅛ + ⅛2) k sin (υ + int + e) = 0 ;or, taking as the independent variable v (= nt) in the place of t, this is 
d2δv ■ 1
^dv2 + (1 + ⅛ + n + s^n + ™ + e)= θ ’

which is, in fact, Laplace’s equation, n being retained instead of being put equal to unity, and δy being the part which depends on the variation of the ecliptic, of his s,.

IV.Conversely the equation⅛ + n2(l+ ⅜m2)δy = -2Bn + ~ ,

may be obtained by a process similar to Laplace’s. Assuming that the Moon and Sun are each of them referred to a fixed plane of reference and origin of longitudes therein, by the coordinates
u, the reciprocal of the reduced radius vector,
v, the longitude,
s, the tangent of the latitude,for the Moon, and by the corresponding coordinates u', υ, s' for the Sun, then we have

ds dΩ dΩ dΩ
d2s dv dv SU du + g ds _ ^3"+s+

Here, as before, ∩ = ^(j∞s22f-⅛), or, as it is now to be written,o _ τz¾z (1 + s2) u'3 ∫3 /cos (v - v') + g√y _ J φ (l+√2)i%2 C WÏT72 √Γ + s,2∕ iP
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512 A THIRD MEMOIR. ON THE PROBLEM OF DISTURBED ELLIPTIC MOTION. [218or, since the second term
τnui 1 +s2 

(l+s2)l ~* ^m2^^gives, as is immediately seen, no term in
ds dΩ dΩ z 9∖dΩ
dvdv-m⅛Γ<-1+syS∙we may, in calculating this quantity, write

∩ _ m,' (1 + s2) u'3 3 /cos (y — √) + s√∖2~ (l+s'2)¼2 ' * ∖√Γ+ss √1 + s'2)

m'u'3 ∕ , ,x z∖2- ⅜---------- λ--- cos (∙v — V ) + ss ,2 (1 + √2)S V? ∖ ∕or, neglecting s'2, , , /cos (v - √) + s√λ2 12 = I m u3 i —-—-------- ) .
Hence, putting for a moment~ cos (y — υ') + ss'θ —-----I-------Z_-----

uwe have
ds dΩ dΩ z x dΩ o z z, r× [ds dΘ d® zι λ cZΘ)-r- -i----- su-1------ (1 + s2) -r- = 3m'u'3. Θ -j------su-j------(1 + s2) , ∏dv dv du ds (dv dv du ds Jwhere the factor in { } is= I — sin (w — √) + s (cos (y — v') + ss'J — (1 + s2) s'j

= ^ cos (y - i0 - s^n (v ~ υ') ~ s'∣ ’
and the above-mentioned quantity is

= —jcos (y — v ) + ss Ns cos (y — v ) — sin (y — v) — s r ,or, what is the same thing,θτzz u3 z zx f ∕ z∖ ds ∙ z z∖ z*)= —-— cos (y — v ) ∙js cos (y — v ) — sin (y — v) — sl·.

Considering now the Sun as moving in the variable ecliptic, its latitude ιs = sin φ' sin (y' — σ') ; that is, we have
s' = sin φ' sin (ν' — σ') ;
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218] A THIRD MEMOIR ON THE PROBLEM OF DISTURBED ELLIPTIC MOTION. 513and if the Moon were in the variable ecliptic, its latitude would be sin φ' sin (y — σ,) ; that is, the latitude, measured from the variable ecliptic, is = s — sin φ, sin (y — σ,) ; or, putting sz, the Moon’s latitude, measured from the variable ecliptic,we have s = sin φ' sin (y — σ,) + sr Hence, disregarding the variations of φ', σwe haveds . , ds,s = sm≠co3(i,-α) + sι-ι
dsand substituting these values of s, and s', we find 

ds
s cos (y s*n (w - υ'} ~ s'

d s*
= s, cos (y — v) — ~ sin (y — v')+ sin φ' ∣sin (y — σ') cos {y — v') — cos (y — σ') sin (y — v) — sin (y, — σ')j- 

ds= sz cos (y — v') — sin (y — υ') ;or
ds dΩ dΩ ... n. dΩ* *-smλ<1+s>*

= cθg cθg (v _ gin .

which, neglecting the periodic terms, is
. m'u'3

and then
ds dΩ dΩ , nχdΩ
dυ dv SU du ' S ds __ 1 3 rm'u'3 λ 3 m,u'3 ^

2 id<ι ,∖ 1hws∣'>hv{1 + h^Mvdv)

which, putting m' = n'2 a'3 = m2ni a'3, u' = ^-,, h2 = ri2ai, u = ~> becomes 
= jτn⅜z5

so that the differential equation is reduced to

d-s ι , „^ + s + ∣m⅛=0.C. in. 65
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514 A THIRD MEMOIR ON THE PROBLEM OF DISTURBED ELLIPTIC MOTION. [218But s = sin φ' sin (υ — σ') + sl,

ds ∙ I ∕ ∕ ∕∖ l ∙ ∣ z ∙ ∕ Z∖ I ^'t,∕J- = sin φ cos (v - σ ) + sin φ sin (v - σ ) + _ ,
d2s . ,, . , ,χ . d! . ,, , d d' . . , ,λ d2s^2 = -sm≠ sιn(v-σ) + ^sιn≠ cθ÷^σ)⅛ <⅛sιn≠ sιn(v~σ) + ^>

where 4- denotes differentiation in respect to v, in so far only as it enters through 
dv

φ' and σ, ^these are functions of t, which is -~v^∙ Hence
cZ⅛ d2s d' . ,, , d d! . . , z.^ + s=5≠ + s' + i⅛sm≠cθs^-^ + ^^sin≠sπi^^σ^but

d . , t . . ∕∖ 1 ( ∙ d . ,, , d . ,∕ . ∖— sin φ sin (v — σ) = - sin v y- sin φ cos σ — cos v -7- sin φ sin σdv Ύ η\ dt dt τ 1

1 Λ=---- A cos φn

= -1h5
nand thence

d d, . 1, . , ,x 1 dA 1 d'A 1 d 1 d'Aι- -τ-smφ sin (v — σ ) =------ -j------- -j- = - B----- -τ- ^-,dv dv Ύ n dv n dv n n2 dtand similarly
d' . 1 z z ∕∖ If d ∕ . ., ∕∖ i ■ d ∙ ∣f ∙ ∕)— sin φ cos (v -σ )= - jcos v (sin φ cos σ ) + sin v sin φ sm σ j-

= - B cos φ, n

= -B. nHence
d2s d2sj 2 ., 1 d'A
dυ2 "*^s ^~ dv2 + S' + n n2 dt ,or, putting v = nt,

d2s 1 d2st 2 .. 1 d'A
dvi 5 n2 dt2 + S'+ n n2 dt ,
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218] A THIRD MEMOIR ON THE PROBLEM OF DISTURBED ELLIPTIC MOTION. 515whence, substituting in the equation
d2s o o λ^ + s+∣w⅛z = 0,we have
z√2<i zJ' Λ

or putting s, = y + 8y, then
dH + n2 (1 + j m2) y = 0 ;

which gives, in the approximation which is being considered, the principal term of the latitude, and then d^2 + n2 (1+I ™2) ⅜∕+2 ™ = θ>
which is the approximate equation previously obtained by the method of the present memoir.

65-2
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