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A SUPPLEMENTARY MEMOIR ON THE PROBLEM OF DISTURBED 
ELLIPTIC MOTION.

[From the Memoirs of the Royal Astronomical Society, vol. xxvm. pp. 217—234. Read January 12, 18C9.]
The present memoir contains an investigation upon fundamentally different principles of a system of formulæ given in my “ Memoir on the Problem of Disturbed Elliptic Motion,” Ast. Soc. Mem. t. xxvιι. pp. 1—29 (1858), [212] ; it is shown how the formulæ are deduced by means of the general equations of the Mécanique Analytique, from the expression for the Vis viva function T, in terms of the coordinates (r the radius vector, p the departure) of the body in its instantaneous orbit, viz., the ultimate form of this function is Tdt2 = ⅜ (dr2 + r2dp2), but T contains in the first instance terms, not identically vanishing, but which are to be equated to zero, thus furnishing equations of the problem which could not be obtained from the foregoing ultimate form of T. The investigation throws, I think, a further light upon the system of formulæ, and completes the development which I was anxious to give of the dynamical problem. I have been a great deal indebted, in the composition of the memoir, to a correspondence some time ago with Professor Donkin on the general subject.The word orbit is used to denote a great circle of the sphere, and it is assumed that in any orbit there is an origin of longitudes ; the angular position of a body in reference to the orbit is determined by the longitude and latitude. It is ultimately assumed that the longitude is measured from an origin which is what I have called a departure-point ; viz., in the general case of a variable orbit the departure-point is the point of intersection of the orbit by any orthogonal trajectory of the successive positions of the orbit : this includes the ease of a fixed orbit, where the departure- point is simply a fixed point. As regards points in the orbit, the word departure may be used instead of longitude. In the present memoir the origin is in the first instance taken to be, not a departure-point, but an arbitrarily varying point of the orbit.
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A SUPPLEMENTARY MEMOIR ON THE PROBLEM &C. 345The mutual position of any two orbits whatever, say the position of an orbit 
x'y' and of the origin x' therein, in reference to the orbit xy and the origin x therein, is determined by

θ, the longitude of node, 
σ, the departure of node, 
φ, the inclination,

where the expression departure of node is used by way of distinction from longitude of node, the departure referring to the orbit xy, and “origin x,, the positions of which are to be determined, and the longitude to the orbit of reference xy and origin x. And this distinction will be preserved throughout. It should be recollected that it is not as yet assumed that the origins are departure-points.Consider now a fixed orbit x0y0 and fixed origin x0 therein, and suppose that the orbit x1y1 and origin x1 therein are determined in reference to the orbit x0y0 and origin 
x0 therein, by

θ', the longitude of node, 
σ', the departure of node, 
φ', the inclination,the orbit x2y2 and origin x2 therein, in reference to the orbit x1y1 and origin x1 therein, by Θ, the longitude of node,∑, the departure of node,Φ, the inclination,and, finally, the position of the body in reference to the orbit x2y2 and origin x2 therein, by
r, the radius vector,
V, the longitude, 
y, the latitude.It is required to find the expression of T, the Vis viva function, or half square of the velocity. We may imagine the rectangular axes x0y0z0, xxyxz1, x2y2z2, the positions θf which are determined as above, and the rectangular axes λ⅛2∕3.s'3, that of x3 passing through the body, that of y3 lying in the orbit x2y2, 90 in advance of the body or
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346 A SUPPLEMENTARY MEMOIR ON THE [215passing through the pole of the latitude circle, and that of z3 in the latitude circle 90° above the body. Or considering x3, y3, z3, as points of the sphere, their positions in reference to the orbit x2y2 and origin x2 therein are determined as follows, viz.,for x3, longitude is v , and latitude y , y3, „ v + 90θ „ 0 ,
¾, „ v „ y+ 90°.

and we may suppose that (x0, y0, z0), (x1, y1, z1), (x2, y2, z2), (x3, y3, z3), are the coordinates of any point in reference to these sets of axes respectively, the coordinates of the body in reference to the axes x+y3z3 being obviously (r, 0, 0).The displacements in the directions of the axes x3y3z3 respectively of a point the coordinates of which are x3, y3, z3, are as usual
dx3 + (- Ry3 + Qzi) dt, 
dy3 + (- Pz3 + ⅛) dt, 
dz3 + (- Qx3 + Py3) dt,where the expressions of the rotations P, Q, P are as follows, viz.,

Pdt = sin y dv+ cos y [sin (v — Σ) sin Φ cZΘ + cos (y — Σ) cZΦ]+ sin y [ — dt + cos Φ cZΘ ]+ {cos y cos (v — ∑) } [sin (Θ — σ') sin φ' dθ' cos (Θ — σ,) dφ']+ {cos y sin (v — Σ) cos Φ — sin y sin Φ{ [cos (Θ — σ') sin φ' dθ' sin (Θ — σ') dφ,]+ {cos y sin (y — ∑) sin Φ + sin y cos ΦJ [ — dσ' + cos φ, dθ, ],
www.rcin.org.pl



215] PROBLEM OF DISTURBED ELLIPTIC MOTION. 347

Qdt = — dy+ [cos (y — Σ) sin Φ cZΘ — sin (y — Σ) (ZΦ]— sin (y — Σ) [sin (Θ — σ') sin φ, dθ' + cos (Θ — σ') dφ']+ cos (y — Σ) cos Φ [cos (Θ — σ') sin φ' dθ' — sin (Θ — <r,) dφ']+ cos (y — Σ) sin Φ [ — dσ, + cos φ, dθ' ],

Rdt = cos ydv— sin y [sin (y — Σ) sin Φ (ZΘ + cos (y — Σ) 0Φ]+ cos y [ — d∑ + cos Φ 0Θ ]+ [— sin y cos (y — Σ) j [sin (Θ — <r') sin φ' dθ' + cos (Θ — σ') dφ']+ {— sin y sin (y — Σ) cos Φ — cos y sin Φ[ [cos (Θ — σ') sin φ, dθ'- sin (Θ — σ') dφ']+ [— sin y sin (y — Σ) sin Φ + cos y cos Φ} [ — dσ, + cos φ' dθ' ].For the body itself we must write r, 0, 0, in the place of x3, y3, z3; the displacements are therefore
dr, rRdt, — rQdt ;and the expression for the Vis viva function is

Tdt2 = ⅜ {dr2 + r2 (Q2 + R2) dt2}where Q, R have the above-mentioned values.Let Ω be a function of the coordinates cc0, y0, z0 of a point, Ω will be a function of x3, y3, z3, and also of the quantities Θ, Σ, Φ, θ', σ,, φ' which determine the positions of the axes x3, y3, z3, and the complete differential of Ω will be
dΩ = ^dx3 + (- Ry3 + Qz3) dt}

+ {dy3 + (- Pz3 +9fix3) <fa∣
+ i∖dz3 + (- Qx3 + Py3) dt^ .

I assume for the present the truth of the following proposition, viz., that whenΩ is a function of the coordinates of the body (in which case, as before, the valuesof x3, y3, z3 are r, 0, 0), we have <7Ω_ <ZΩ
dx3 dr

dΩ 1 dΩ
dy3 r dv

dΩ _ 1 iLQ
dz3 ~ r dy '
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348 A SUPPLEMENTARY MEMOIR ON THE [215Ω is here a function of r, v, y, Θ, X, Φ, θ', σf φ', or, as we may express it, Ω = Ω(r, υ, y, Θ, X, Φ, θ,, σ', φ'); and the expression for the complete differential, by what precedes, is αΩ = dr + Hat .secy-^-~ tydt ,

or, substituting for Q, R, their values, the expression is
dΩ= ~dr dr cos y dv— sin y [sin (v — X) sin ΦdΘ + cos (y — X) cZΦ]dΩ + cθs2∕[ — dX + cosΦdΘ ]+ sec y dv + {_sinyC0S(.y_2) J [sin (Θ _ σ-') sin φ'dθ' + cos (Θ — σ') dφ']+ {—sinτ∕sin(y-Σ)cosΦ-cosι∕sinΦj [cos (Θ — σ') sin φ'dθ' — sin(Θ — σ,)dφ']+ [—sinτ∕sin(y-X)sinΦ+cosycosΦ} [ — dσ' + cos φ'dθ' ] λ+ [cos(y-X)sinΦdΘ-sin(y-X) dΦ]ψ „ —sin(y-X) [sin (Θ —σ') sin φ'dθ'+cos(® — σ,')dφ'] >■

dy I +cos(y-X) cos Φ [cos(Θ-σ,) sin φ'dθ'-sin (Θ — σ') dφ'∖ +cos(y-X) sin Φ [ — dσ' + cos φ'dθ' ]

where, on the right-hand side, the terms involving the differentials of r, v, y, are,, ,7iι dΩ 7 dΩ 7 dΩ, 7 as they should be, dr + dv + dy.

I have given the complete expression, as it may be useful ; but for the present purpose it will be sufficient to attend to the terms involving Θ, X, Φ. We havedΩ 7„ dΩ 7.. dΩ 7,-77τ dΘ + -τ5r dX + -7-τ- dΦ dΘ dX dΦ

dçi f — sin y [sin (y — X) sin Φ cZΘ + cos (υ — ∑) cZΦ]— see y — λ
dv l + cosy[ — dX + cosΦ<ZΘ ]

— {cos (y — X) sin Φ dΘ — sin (y — X) dΦ ∣,

and consequently
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215] PROBLEM OF DISTURBED ELLIPTIC MOTION. 349

dii _ dildX dv ’

dil f i . ∙ ∕ v*∖ ∙ √κ} dil , \ . -r dil= jcos Φ — tan y sin (y — X) sin Φ^ — cos (y — X) sin Φ ,
rfφ = - ta« y cos (»-2)-^+sm («.-£) j- ;which, it is to be observed, are partial differential equations satisfied by il considered as a function of the form il = il (r, v, y, Θ, X, Φ) ; il is, in fact, a function of three quantities only (say the coordinates x0, y0, z0)∙, and it is clear, à priori, that when thus expressed as a function of six quantities, it must satisfy three partial differential equations.I write in the second equation — for —, and I then put y = 0 ; we thus have

. dil . dil -r dilcos (y — X) 7- = — cot Φ -τe- — cosec Φ l7≈ ,v z dy dX dΘ
. z dil dilsin (υ — X) -7- = 7-⅞-.

x ' dy dΦI propose, as already mentioned, to apply the formulae to the demonstration of the results obtained in my Memoir on the Problem of Disturbed Elliptic Motion. It will be remembered that x0y0 and x0 denote a fixed orbit and fixed origin therein, x1y1 and x1 an arbitrarily varying orbit and origin therein. I assume, however, that x1 is a departure-point, so that we have — dσ' + cos φ'dθ' = 0. The orbit ¾y2 will be taken to be the varying instantaneous orbit of the body itself, that is, we have constantly y = 0 ; and it is assumed that x.2 is a departure-point in this orbit. To conform to my former notation, I write p instead of v ; the position of the body in the varying instantaneous orbit is consequently determined by
r, the radius vector, p, the departure.The entire displacement of the body arises from the displacements dr and rd∖> in the direction of the radius vector, and perpendicular to this direction, in the instantaneous orbit ; that is, we have Q = 0, R = dφ, and the expression for the Vis viva function is simply
Tdt? = I (dr2 + Vdy),a∏d, putting in the foregoing expressions of Q .and R, y = 0, and p in the place of υ> the equations Q = 0, Rdt = dp, givecos (p — X) sin φdΘ — sin (p — X) dΦ =sin (p — X) [sin (Θ — σ') sin φ'dθ' + cos (Θ — σ') dφ'^∖— cos (p — X) cos Φ [cos (Θ — σ') sin φ'dθ' — sin (Θ — σ') dφ'^∖,dX — cos Φ dΘ = — sin Φ [cos (Θ — σ') sin φ'dθ' — sin (Θ — σ') dφ'].
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350 A SUPPLEMENTARY MEMOIR ON THE [215Now considering r, p, y as the coordinates ( y being ultimately put equal to zero) the general equations of motion ared (d^∖^dl=d∑
dt ∖dr) dr dr ’

d (dΣ}-dI = dΣ 
dt kdp∕ d]> d]> ,

d (dτ∖^dτ=d∑ 
dt ∖dy ) dy~dy,

if for the moment r, p, ÿ denote the differential coefficients of r, p, y: the exprès-sion of the force function V is V=----------h∩ where n2a3 denotes an absolute constant,rthe sum of the masses, and the disturbing function ∩ has a contrary sign to that of the Mécanique Céleste. We may in the first and second equations write at once 
Tdt2 = ⅛ (dr2 + r2d∖>2}, and these equations thus become

d dr fdY∖i _n2a3 d^i 
dt dt 7 ∖kdi∕ r2 + dr ,

di. dp∖ dCL
dt ∖7 dt) dp 'If in the third equation we take the general value of T and after the differentiation with respect to ÿ, make the substitutions y = 0, Q = 0, Rdt = dp, we find!‰

Ai) ’and the equation thus becomes dT_diI 
~ dy~ dy'But Tdt2 = ⅜ {dr2 + r2 (Q2 + R2) dt2}, consequently— ¾ώ=fώ ( « ⅞ ∙+ λ S>i=→ f ■

and from the value of R, putting after the differentiation y = 0, we find
*~ dt = - [sin (p — Σ) sin Φ dΘ + cos (p — Σ) dΦ]— cos (p — Σ) [sin (Θ — <r') sin φ, dθ' + cos (Θ — <τ') dφ,]— sin (p — S) cos Φ [cos (Θ — σ') sin φ' dθ — sin (Θ — σ') dφ'].
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215] PROBLEM OF DISTURBED ELLIPTIC MOTION. 351I write r2 ⅛ = A. We thus have 
dt

dr ∕<Zp∖2 -riiai dΩ, 
dt dt ? ∖<Zi.∕ r2 + dr ’

1Λ = h
dt ,and
dA = ¾⅛αpthe remaining equations ared∑ — cos ΦcZΘ = — sin Φ [cos (Θ — σ') sin φ'dθ' — sin (Θ — σ') dφ'],cos (J? - X) sin ΦdΘ — sin (J? — X) cZΦ =sin (J? — Σ) [sin (Θ — σ') sin φ'dθ' + cos (Θ — σ') dφ'^∖— cos <p-2> cos Φ [cos (Θ — σ') sin φ'dθ, — sin (Θ — σ') dφr∖,sin (J? — X) sin ΦdΘ + cos (p — X) dΦ =1 dΩ ,jt 

h dydt— cos(p — X) [sin(Θ — σ ) sin φ'dθ' + cos (Θ — σ') dφ'^∖— sin (J? — X) cos Φ [cos (Θ — σ') sin φ'dθ' — sin (Θ — σ') dφ'~∖.Moreover we have z, vx dΩ , , dΩ, κ dΩ
c°8 O’-V ⅛ = -miφdS-cosec φ s& ∙

. , κ,x (ZΩ r∕Ωsm0,-2¼= 3Φ’hy means of which the preceding two equations are reduced to7„ cosec Φ dΩ 7jl dΘ = ---- i----- -5-ι- dt
h dΦ— cot Φ [cos (Θ — σ') sin φ'dθ' — sin (Θ — σz) dφ'^∖,ι. cot Φ dΩ 7, cosec Φ dΩ 7,

dφ =------T3Sdt------- h~ d®di— [sin (Θ — σ,) sin φ'dθ' + cos (Θ — σ') dφ'^∖ ;and we then have 7„ cot Φ dΩ 7,
ιffi = ~ΙΓdΦdt— cosec Φ [cos (Θ — σ') sin φ'dθ' — sin (Θ — σ') dφ'].
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352 A SUPPLEMENTARY MEMOIR ON THE [215The entire system consequently is
d fdr∖ ∕<ZJ>∖2 _n2a? dΩ 

dt ∖dt) r ∖cZi∕ r2 + dr ’r∙⅛-i. 
r dt~ll∙and

dh = dt>aj?cZΘ = 90sθc Φ dt — cot Φ [cos (Θ — σ') sin φ,dθ, — sin (Θ — σ) dφr∖,

d⅛ = d^ dt _ cθsθc φ rcos (© _ σ') sin φ,dθ, — sin (Θ — σ') dφ,],
h aΦdΦ =------- —----— dt------- j— dt — [sin (Θ — σ ) sin φ dθ + cos (Θ — σ ) dφ],where Ω = Ω(r, J?, Θ, 2, Φ). We may add the before-mentioned equation,cZ2 — cos ΦcZΘ = — sin Φ [cos (Θ — σ,) sin φ,dθ, — sin (Θ — σ') dφ,~∖.To obtain the formulæ of my Memoir before referred to, it would only be necessary to write h = na2 Vl — e2, and complete the solution by applying to the first equation the method of the variation of the elements ; but I prefer leaving the system in its present form, as it is one which may perhaps be useful.The formulæ have especial reference to the lunar theory, and the orbit x0y0 denotes the fixed ecliptic, x1y1 the varying ecliptic, and x2y2 the instantaneous orbit of the moon. But if, instead of considering with Hansen the instantaneous orbit of the moon, the position of the moon is determined (as in the theories of Clairaut, Plana, and others) by

r, the radius vector, 
v, the longitude, 
y, the latitude,where the longitude is measured on the variable ecliptic, then if, in the general expressions for P, Q, P, we first neglect the terms involving dθ', dσ', dφ', and then write θ', σ', φ', in the place of Θ, t, Φ, we find

Pdt = sin y dv+ cos y [sin (y — σ') sin φ'dθ' + cos (y — σ') dφ,]+ sin y [— dσ, + cos φ, dθ'^∖,

Qdt = -dy+ [cos (y — σ') sin φ'dθ' — sin (y - σ') dφ'],
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215] PROBLEM OF DISTURBED ELLIPTIC MOTION. 353

Rdt = cos y dυ— sin y [sin (y — σ') sin φ'dθ' + cos (υ — σ') dφ']+ cos y [— dσ + cos φ, dθ' ],and with these values the expression for the Vis viva function is, as before,
Tdt2 = ∣ {dr2 + ∙r2 (Q2 + R2) dt2}.The longitude may be measured from a departure-point, and then the expressions for 

P, Q, R, may be simplified by omitting the terms which contain — dσ' + cos φ' dθ,.

Addition.I have in the course of the memoir used some properties connected with the theory of rotation, but it is proper to give the analytical investigation.Suppose that the rectangular coordinates (X, Y, Z) are connected with the rectangular coordinates (Xt, Yt, Zj) by the equations
X=a X, + β Fz + γ Zl,

Y=a!Xl + β'Yl + ylZl,

Z = a!'X, + β"Yl + √'Zz,then we have
dX=a dX, + β dY, + y dZ, + X,da + Y,dβ + Zidy, 
dY=a dX, + β'dYl+fdZl + Xlda' +Yldβ, + Z,dy,, 
dZ = a!,dXt + β"dY, + y"dZι + X, da" + Fz dβ" + Zz dy",and then, putting

pdt = ydβ + ydβ, + y"dβ",

(∖dt = ady + a,dy' + addy", 
rdt = βda + β'da, + β"da",where p, q, r are the rotations round X,, Fz, Zz, from Fz to Zt, Zt to Xt, and Xl to Fz respectively, we have

adX + <YdY + a!'dZ = dX, ÷ (- rFz + qZz) dt, 
βdX + β,dY + β"dZ= dY, + (- pZz + rXz) dt, 
ydX +y,dY + y"dZ = dZ, + (- qXz + pFz) dt,where, considering XYZ as fixed axes, the left-hand sides are the displacements in the directions of the moveable axes X,YZ, arising from the variations of the coordinates XιYlZt and the variation of the position of these axes; and these displace- 
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354 A SUPPLEMENTARY MEMOIR ON THE [215

ments have therefore the values given by the right-hand sides. This is, of course, 
well known. It may be added that if the axes XYZ are moveable, and dX, dY, dZ 
denote the displacements in the directions of these axes, the formulæ are still true.

Suppose that ∩ is a function of X, Y, Z; say Ω = Ω(X, Y, Z), we have

7z-⅛ dΩ 7-tt- dΩ, 7ττ- dΩ, 7 r7 
dil^dXdx+dYdγ+dZdz,

which may be written

da = (a ⅛χ + α' 37+ α" 37) (adχ + ≈'<ir + a"dz)

+ (i3 3Σ + '3' 37+i8" al) <lMX + β'dγ + β"dz'>

+ (v Ώ + 7 dΥ + 7"^)<7dX + 7'dγ + 7"dz>

and the coefficients of transformation a, β, γ, &c., being independent of X, Y, Z
and X. Τ, Ζ, the first factors are , √0^ , , and we have

' ' , dX∕ dY∕ dZ∕

da= ~[dχ, + (-YY, + (lZ,')dt∖
+ ^,[dYl + (-↑,Z + rXβd(∖

+ [dz, + (-qy+py,)*],

which is a theorem assumed in the memoir.

The expressions of P, Q, R in the memoir depend upon the composition of 
several rotations. If, in Lamé’s very convenient notation, we write

Λ Jr,

X α β y
t

Ύ «’ β' y

Z a" β" γ"
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215] PROBLEM OF DISTURBED ELLIPTIC MOTION. 355to denote the before-mentioned relation between (A, Y, Z) and (Az, Γz, Zz) then the tables
Xl, Yl zt x2 γ2 z2

X α β y , Xι A B C

Y a β' y, Yι A' B' C

Z a!' β" y" Zt A" B" C"

lead to the tableA2 2 ∙^2

X (a, β, y )(Λ, A', A") (α , β, y )(B, B’, B") , β , y )(C,-.C", G")

Y (a', β', y')(A, A’, A") (a', β', y')(B, Β', B") (a', β', y' )(<?, C, C")

Z (a", β", y")(Ai A', A") (a", β", y")(B, B', B"} (a", β", γ")(<7, C, C")

where for shortness (a, β, y)(Λ, A', A"), &c., stand for aA+βA' + yA", &c. these are of course the ordinary formulæ for the composition of transformations from one set of rectangular axes to another. We may say that the coefficients of transformation from (A, Y, Z) to (X,, Yt, Zβ are (a, β, y, &c.). And in dealing with several sets of coordinates, the coefficients of transformation may be distinguished by suffixes. Thus I assume that the coefficients of transformationfrom (a?0, y0, zβ to (xi, y1, zβ are (a, β, y, fec.)01,
„ (¾, yiy -s,ι) » (λ½> y2, -s,2) „ (μ, β, y, &c.)12,j> (λ,oj y<>, » (¾> y^, &%) » (&> βy y> &c.)oa,where (a, β, y, &c.)02 can be obtained as above from (a, β, y, &c.)01 and (a, β, y, &c.)12. The rotations p, q, r may be distinguished by suffixes in like manner, viz., (p, q, r)01 will denote the rotations from (⅜, y0, z0) to (se1, y1, z1) and so on.There is no difficulty in obtaining firstP02 = P12 + (α, α', α',)12 (p, q, r)01, q02=⅛2÷(ft β> β )12 (p, r)01>r02 = r12 + (γ, y, √')18 (p, q, r)01,
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356 A SUPPLEMENTARY MEMOIR ON THE [215and then by a repetition of the like transformationP03 = P23 + (α, a', α")23 (P, q> r)12+(α, a', α")13 (p, q, r)01,qo3 = q23 + (β, β', β")23 (p, q, r)ι2 + (β β,, β")13 (p, q, r)01,Γo3=r23 +(γ> 7,, 7")23 (P> q> r)12 + (7, 7,, 7"‰ (p, q, r)01,and in like manner for any number of systems, but for the present purpose this isenough, as p03, q03, r03 are in fact the P, Q, R of the memoir. And if θ,, σ', φ', Θ, 2, Φ, v, y signify as before, then the coefficients of transformation from (æ0) y0, z0) to (x1, y1, z1) are given by the table
x1 y1 »1

icθ cos σ' cos θ' + sin σ sin θ' cos φ, sin σ' cos θ' — cos σ' sin θ' cos φ' sin θ' sin φ'

y0 cos σ' sin θ' — sin σ' cos θ' cos φ' sin σ' sin θ' + cos σ' cos θ' cos φ, — cos θ' sin φ'

g — sin σ' sin φ' cos σ' sin φ' cos φ'

and the corresponding rotation coefficients arep01 dt=- sin σ sin φ' dθ' + cos σ' dφ,,q01 dt = cos σ' sin φ, dθ' + sin σ' dφ',r0ι dt = — dσ' + cos φ' dθ'.The coefficients of transformation from (a¾, y1, z1) to (x2, y2, z2) are given by the table
ic1 cos 2 cos Θ + sin 2 sin Θ cos Φ sin 2 cos Θ — cos 2 sin Θ cos Φ sin Θ sin Φ
yγ cos 2 sin Θ — sin 2 cos Θ cos Φ sin 2 sin Θ + cos 2 cos Θ cos Φ — cos Θ sin Φ
z1 — sin 2 sin Φ cos 2 sin Φ cos Φ

and the corresponding rotation coefficients arep12 dt = — sin 2 sin Φ <ZΘ + cos 2 dΦ, q12 dt = + cos 2 sin Φ cZΘ + sin 2 dΦ, ι,ι2 dt = — dt + cos Φ dΘ,
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215] PROBLEM OF DISTURBED ELLIPTIC MOTION. 357and the coefficients of transformation from (λ½, y2, ⅞) to (zr3, y3, ⅞) are given by the table a⅞ 2/3 *3
se2 cos υ cos y — sin υ — cos υ sin y
y2 sin v cos y cos v — sin v sin y
z2 sin y 0 cos y

and the corresponding rotation coefficients are given byp23 dt = — sin y dυ, q23 dt = - dy, r23 dt = cos y dv.From the last two tables it is easy to deduce the coefficients of transformation from {x1, y1, z1) to (zr3, y3, z3), these are given by the tablea⅞ 2/3
I cos y {cos (y - 2) cos Θ - sin (y - 2) sin Θ cos Φ} + sin y sin Θ sin Φ - sin (y - 2) cos Θ - cos (y — 2) sin Θ cos Φ
I cos y {cos (y - 2) sin Θ + sin (y - 2)cos Θ cos Φ} - sin y cos Θ sin Φ - sin (y — 2) sin Θ + cos (y - 2) cos Θ cos Φ
i cos y {sin (y — 2) sin Φ } + sin y cos Φ cos (y — 2) sin Φ

⅞
- sin y {cos {y - 2) cos Θ - sin (y - 2) sin Θ cos Φ} + cos y sin Θ sin Φ
- sin y {cos <y - 2) sin Θ + sin {y - 2) cos Θ cos Φ} - cos y cos © sin Φ
- sin y {sin (y — 2) sin Φ } + cos y cos Φ

It is now easy to form the values of P', Q, R∙ We have 
Pdt = sin y dv+ [cos y [cos (υ - X) cos Θ - sin (y - X) sin Θ cos Φ} + sin y sin Θ sin Φ] (- sin X sin Φ dΘ+cos X dΦ) + [cos y [cos (y - X) sin Θ + sin (v - X) cos Θ cos Φ} — sin y cos Θ sin X] ( cos X sin Φ d® + sin X dΦ) + [cosy [sin (y - X) sin Φ }+sinycosΦ ](-dt + cos Φ<ZΘ )
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+ cos v cos y (— sin σ' sin <∕>' d& + cos σ' dφ,)

+ sin v cos y ( cos σ' sin φ' dθ' + sin σ' dφ')
+ sin y (— dσ' + cos φ' dθ' ),

Qdt = — dy

+ [— sin (v — 2) cos Θ — cos (v — 2) sin Θ cos Φ] (— sin 2 sin Φ <ZΘ -F cos 2 dΦ)

+ [— sin (y — 2) sin Θ + cos (∙υ — 2) cos Θ cos Φ] ( cos 2 sin Φ cZΘ + sin 2 dΦ)
+ [ cos (y — 2) sin Φ ] (— cZ2 + cos Φ d<E) )

— sin v (— sin 2' sin φ' dθ' + cos σ dφ')
+ cos υ ( cos 2, sin φ' dθ' + sin σ' dφ')
+ 0 (— cZΣ, + cos φ' dθ' ),

Rdt = cos ydv

+ [— sin y {cos (y - 2) cos Θ — sin (y—2)sin Θ cos Φ} + cos y sin Θ sin Φ] (— sin 2 sin Φd®+cos∑ dΦ) 
+ [— sin y {cos (v — 2) sin Θ + sin (y — 2) cos Θ cos Φ} — cos y cos Θ sin Φ] ( cos 2 sin Φ cZΘ+sin 2 dΦ) 
+ [— sin y {sin (y — 2) sin Φ )-FcosycosΦ ](—<ZΣ+cosΦiZΘ )

— cos v sin y (— sin σ' sin φ' dθ' + cos σ dφ'}
— sin v sin y ( cos σ sin φ, dθ, + sin σ' dφ')
+ cos y (— dσ' + cos φ, dθ' ),

which are at once reducible into the before-mentioned form.

It only remains to prove the expressions for , , assumed in theθi¾ ćZ?/3 CL2'3
memoir. The relations between (x3, y3, z3) and (⅛2, y2, z2) give

dΩ dΓL . dil . dil
-%- ≈ cos v cos y -,—F sin v cos y -1—1- sin y -j-r,

cLoc2 dy2 dz2

dil . dil dil
-j = — sin υ -j-- -F cos υ -r~ay, dx2 ay2

dil . dil . . dil iZ∩
j— = — cos v sin y -1----- sm v sin y -i—F cos y -1-,dz3 ,7 dx2 7 dy2 j dz2,

these formulæ apply to any point whatever the coordinates of which to the one set 
of axes are (x2, y2} ⅞) and to the other set (a⅛, y3, z3) and in obtaining them the 
coefficients of transformation v, y are of course considered as independent of either set 
of coordinates. But the coordinates {x2, y2i z^) of the body are

x2 = r cos y cos v, 
y2 = r cos y sin v, 
zi = r sin y ;www.rcin.org.pl



215] PROBLEM OF DISTURBED ELLIPTIC MOTION. 359and using the foregoing equations in order to introduce into the formulae the differentialα . , d∩ dΩ dΩ . ., 1 f <∕∩ <∕∩ d∩ n ,coefficients -τ- , -r-, -r- in the place of -τ-, -=—, -i-, we finddr dv dy r ⅛’· dy2 dz2

d∩ dii 1 . da 1 . daj— = cos v cos y -j------- sin v sec y -ι-------- cos v sin y -υ- ,dx2 σ dr r i, dv r υdy

da . da i da i . . daj— = sin v cos y -ι—h - cos v sec y - 7--------sin υ sin y -7- ,dy2 j dr r ? dv r dy

da . da i da
-j— = sin y -r + - cos y -r-.dz2 d dr r u dySubstituting these values we have the required formulæ

da_da da_i da da_ida
dx3 dr ’ dy3 r sθc dv ’ dzs~ r dywhere on the right-hand side ∩ = ∩ (r, v, y, Θ, S, Φ, θ', σ, <f>').

2, Stone Buildings, W.C. 28th Dec., 1858.
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