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213.

ON THE DEVELOPMENT OF THE DISTURBING FUNCTION IN 
THE LUNAR THEORY.

[From the Memoirs of the Royal Astronomical Society, vol. xxvπ., (1859), pp. 69—95. Read November 12, 1858.]
The development of the disturbing function for the lunar theory is effected in a very elegant manner in Hansen’s Fundamenta Nova, and it requires only a single easy step to exhibit the result in a perfectly explicit form, and to compare it with those of other geometers. To do this is the immediate object of the present memoir, and the mode of development is a mere reproduction of that made use of by Hansen. But the memoir is written with a view to the development of and application to the lunar theory, of the theory contained in my “ Memoir on the Problem of Disturbed Elliptic Motion,” ante pp. 1—29, [212], and the notation adopted (differing from Hansen’s very slightly) is consequently that of the memoir just referred to.Taking, as usual, ∩ to denote the disturbing function with the sign employed by Lagrange (∩ = — R, if R be the disturbing function of the Mécanique Céleste), thenΩ = ∙[z . , ∙∙-⅞—Ή—7----- r∕λι - 4 cos H (∙,

fr2 + r2-2rr cos Try r2 jwhere we have
m!, the mass of the sun, 
r , the radius vector of the moon, 
r' , the radius vector of the sun,
H, the angular distance of the sun and moon,the earth being, of course, taken as the centre of motion; (Hansen’s Ω is the above value divided by M + m, where M and m are the masses of the earth and moon respectively ; that is, the disturbing function here represented by Ω is Hansen’s Ω multiplied into M + m).
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294 ON THE DEVELOPMENT OF THE DISTURBING FUNCTION [213

Write also

f , the true anomaly of the moon, 
f' , the true anomaly of the sun,

C , the distance of moon’s pericentre from ascending node of moon’s orbit,

C', the distance of sun’s pericentre from same node,

Φ , the inclination of moon’s orbit to that of the sun,

where the orbits referred to are the true or instantaneous orbits. Then the angular 
distance H is the third side of a spherical triangle, the other two sides whereof are 
∕+C, ∕' + C', the included angle between them being Φ, that is, we have

cos H = cos (f+ C) cos (∕' + C') + cos Φ sin (∕ + C) sin (∕' + C') 
and in this equation, if we write

g , the mean anomaly of the moon, 
a, the semi-axis major of the moon’s orbit, 
e , the eccentricity ;

and in like manner,
g,, the mean anomaly of the sun,

α', the semi-axis major of the sun’s orbit,

e', the eccentricity ;

then r, f and r', f', are respectively given functions of a, e, g, and a', e', g', viz., we 
have

r = α elqr (e, g ), 
f = elta (e, g ), 
r' = a' elqr (e', g'), 
f' = elta (e', ∕),

and introducing, instead of the inclination, the quantity

η (= sin ∣Φ), the sine of the semi-inclination ;

the disturbing function ∩ becomes a function of a, e, g, C, α', e', g', C', rη, and the 
required development is a development in multiple cosines of g, g’, C, C', the coefficients 
being of course functions of the remaining quantities a, e, a', e', η. The single symbols 
C, C (which denote the distances of the pericentres of the lunar and solar orbits from 
the mutual node) will be retained throughout the memoir ; but if we write

w, the departure of moon’s pericentre,

Σ, the departure of moon’s ascending node ;
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213] IN THE LUNAR THEORY. 295

these departures being measured on the moon’s orbit; and, in like manner, measured 
on the sun’s orbit from a departure point on this orbit, but called for distinction 
“ longitudes,” instead of departures,

∙κ√, the longitude of the sun’s pericentre,

Θ, the longitude of the moon’s ascending node ;

then we have
<D = -zzr —

Cz = ctz — Θ ;

and the disturbing function ∩, so far as it depends on the position of the moon, is 
a function of the seven elements a, e, g, π, η, 2, Θ, and it contains also the quantities 
a, e', g,, π', which relate to the sun.

Proceeding now to develope ∩ in ascending powers of —z, we have

∩ = w' ∣p + ^-3 [∣ cos2 H - ⅜] + [∣ cos3 H - I cos H] + ~ [⅛ cos4 H - ⅛5- cos2 # + ∣] + &c j

where, however, the last term is neglected in the sequel, and since we are only con
cerned with the differential coefficients of Ω in regard to the lunar elements, the 
first term m, -z which depends only on the solar elements may also be neglected ; we 
have

cos H = cos2 ⅜Φ cos (∕-∕z + fc - fcz)

+ sin2⅜Φ cos(∕+∕z + C+fcz),

and thence

cos2tf= cos4⅜Φ cos2(∕-∕' + C-fc')

+ 2 cos2 ⅜Φ sin2 ⅜Φ cos (f-f + <C — Cz) cos (i∕,+∕' + <D+G')

+ sin4 ⅜Φ cos2(∕+∕' + C + Cz),

cos3 H = cos6 ⅜Φ cos3 (f-ff + C — Cz)

+ 3 cos4 ⅛Φ sin2 ⅜Φ cos2(∕-∕z+<0 — <D,) cos (f+f' + C +Cz)

+ 3 cos2 ⅜Φ sin4 ⅜Φ cos (j-f+1 - C') cos2 (∕+f + C +fc')

+ sin6⅜Φ cos3(∕+∕z + C+Cz),

and converting the powers of the cosines of f— f' + <D — C', ∕+∕' + <0 +fc' into multiple 
cosines, and expressing the coefficients in terms of η (= sin ⅜Φ) and neglecting ηb, we 
have
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296 ON THE DEVELOPMENT OF THE DISTURBING FUNCTION [213cos H = -t72 cos ∕- ∕'+ C- Cz+ 7?2 COS f+ f'+ C+ Cz,cos2 H = ⅜ — T∕2 ++ ⅜ — η2 + ⅛√ COS 2∕- 2f' + 2t - 2Cz+ t72 - COS 2/ + 2C+ √2 - COS 2∕z + 2Cz+ ⅛^4 COS 2∕+ 2∕' + 2t + 2C'cos3 H = â4 - ∣η2 + W COS f~ f'+ Cz+ ⅜ -⅛v2 + I v4 COS 3∕- 3/·' + 3<D - 3fcz+ ∣^2- 3 η4 COS f+ f' + C + V+ i√i- 1 vi COS 3∕- ∕' + 3C- Cz+ l’?2- 1 vi COS f-3f' + t-3fcz+ i vi COS 3∕+ ∕' + 3C+ fcz+ f vi COS ∕+3∕z + t + 3tz.
Hence ^»2 ∙ ∙ ∙

Ω = m' -z multiplied into' ⅛ -∣τ+ I f+ 1 -⅜τf + 4 rf cos 2∕-- 2∕z + 2C - 2tz+ j η4 cos 2/ + 2C+ W- ! vi COS 2∕z + 2C'< + I vi COS 2∕+ 2∕z + 2C + 2C
+ m' multiplied into' ł - -3∕ rf + ⅞5- rιi cos /·-/'+ c- tz+ ⅞ -w+⅛5-√ cos 3∕- 3∕z + 3C - 3fcz+ cos ∕+ ∕' + δ+ r- + W-⅛M4 cos 3∕- f + 3C - Cz+ ⅛^2-¼√ cos ∕-3∕z + C-3fc'+ W cos 3/+ /' + 3C+ cz< + W cos ∕+3∕'+ C + 3C'
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213] IN THE LUNAR THEORY. 297_ ^,3but the last two terms of the part multiplied by m (which are besides of the fourth order in η) are neglected in the sequel.Now i, i, denoting integer numbers, and writing down only the general terms (the summatory sign ∑Lα, being in each case understood), we may put
γi2t- cos 2/ =Qci cos¾>, - sin 2/ = Qsι smig,

Uj Cl<y*2
- = Pi cosig,

cos 2∕' = cos i'g', ~ sin 2∕' = Ggi' sin i'g',

= K* cos i'g',^*3 ^3-cos f = Aeicosig, sin f = Asιsio-ig,
Uj Cliχ*3 ÿ·»!»- cos 3/ = Bci cos ig, - sin 3/ = ⅛'sin ⅛'^,
⅛4 cθs f = cos i'v'> ψ-i sin f' = C,∕ sin i'g',

~ cos 3∕, = 7)ci' cos i'g', sin 3∕' = D∕ sin i'g',where Q∕ = Qc~i, βf = Gc~i', Aci = Ae~i, «fee.Qsi = - Qs"i, Gt∕ = - Gs~i', Asi = - As~i, «fee.
Pi = P~i, Ki' = K~i'.Then by a known rule for the multiplication of doubly infinite sine or cosine series, and after an easy transformation of the original form of the coefficients, we obtain, for instance,

ζ cos (2∕- 2∕' + 2C - 2C') = ⅞ <⅛i + Qii) (β∕ - β∕) cos (⅛r + i'g' + 2C - 26')
7, Clwhere only the general term is written down, but the indices i, i', each of them extend from — ∞ to + ∞, zero included, or the summatory sign 2ι00 is to beunderstood ; and similarly for the other terms of Ω. And we may writeΩ = Ω1 + Ω2 + Ω3 + Ω4 + Ω5 + Ω6 + Ω7 + Ω8 + Ω9 + Ωlθ, c. in. 38
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298 ON THE DEVELOPMENT OF THE DISTURBING FUNCTION [213

where

' Ω1=m' a~ ⅜ — ⅞ τ72 + ⅜ τ74 Pi Ki' cos ig + i'g'
Oj

ii2=m'~ f-⅜ √≈+ f√ Qci + Qsi Gf-Gf cos ψ÷√√ + 2C-2fc',
Oj

-<n3=m'^i I η2- ⅞774 Qcι + Qsi κi' cos ψ + √√ + 2C
OjΩ4 = m' ≤ ∣ η*- 3ηi pi Qi' + Qi' cos ig + i'g' + 2iC',
OjΩ5 = i»' ⅛3 ¾ η4 Qci + Qsi Gei' + Ggi' cos ⅛r+ i'g' + 2fc + 2C',V a

Ωβ=m'^ t-W + ⅞5-*74 Aci + Asi Gj'-Gj' cos ig + i'g' + t- t',
Oj

Ω7=m'^i ξ-i5η2 + l5ηi Bci + B8i Df-Dj, cos ψ + √√ + 3δ-3C,,
Oj. Ω8=w,∙⅞ lv2-i∕v4 Aci + Asi G< + Gβt cos ig + i'g' + £+ C,,
OjΩ9 = m' ~ -1∕ η2 — 1∕ ηi Bci + Bsi Gei' — Ggi' cos ig + i'g' + 3<C — C',
OjΩ10 = m' ^τi ⅛5- η2 — ⅛5 vi Acι + Asi Dci' — Dsi' cos ig + i'g' + <C — 3<G '.v αThe values of Pi, Qci, Qsi, &c. are made to depend ultimately upon the development in multiple cosines of the square of the radius vector and the development in multiple sines of the true anomaly. And the actual values of Pi, Qci, Qsi, &c., expanded in powers of e or e', are given pp. 174—179 of the work above referred to. I have verified all these values by a different process, and have discovered only a single inaccuracy, which, however, is rather an important one, as it affects the evection, viz., the value of Q,1 should be — ∣ e +1∣ e3 + &c. instead of (Hansen) — ∣ e + ∣∣ e3 + &c. The formation of the sums or differences Qci + Q∕ is of course perfectly easy, and we thus obtain the actual developed expression of the disturbing function, which I represent under the following form, viz. :—Ω — Ω1 + Ω2 + Ω3 + Ω4 -+■ Ω5 + Ω6 + Ω7 + Ω8 + Ω9 -+- Ω10,where
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213] IN THE LUNAR THEORY. 299

d2 ∕ι λ'3∖4Ω1 = m' -,5 — - η2 4- ~ ηij multiplied into

± y' annual equation. 38—2

1 γ 7 ? ∖Lunar part infra. e'∙' cos — 5 g'
i°"

16e"
- e'- + -e'i — 2 g'4 4 y
- e + ~-∣ e'3 — g'2 16 y* 1 + - e'2 + ⅛ e'4 + e'6 o g' -2 8 16 y- e' + e'3 + g'2 16 y- e'2 + - e'i + 2 g'4 4∣∣ e'3 + 3 9'⅛p*

1⅞p∙ M* Exact value is (1 — e'2)~^____ 9_ e,i Solar part supra. — 6 g160
--⅞5 βs -5?384-Ξe*+±eβ -4<∕12 15-p+⅛β, ^3i,
-Ξe2+±e4- I e6 -zg4 12 96- e + ⅛ e3-----— e5 ~ V8 192i + - e2 (exact) o2 ' ,
-e + -e3 — e, + 98 192-Ξe2 + ±e4-JLe6 +2g

4 12 96-p÷⅛'
—L e4 + 2_ eB +49

12 15

-25 e5 +sg384____9e∙i + 6 9
160 √
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300 ON THE DEVELOPMENT OF THE DISTURBING FUNCTION [213Ω2 = m! — ∖ - — - y2 + - yi) multiplied into a ∖4 2 4 ∕

2g — 2y' + 2 C - 2 C' variation, y — 2∕ + 2<D-2C' evection.

Lunar part infrà. 228347 ,. ∙ ,∖
c°s ~Ί9⅛ e'4 - 6 g'16 yWe', -5^'

⅞≈'i-ψ≈" -4√
L-i⅜⅛ -3√2 l6 ÓJ 'r -2fc'I-5e'2 + IlβM ,2l6 i,

I , I ,3
-----e + — e3 - g216 ιzo (exact) o g'48 e' + g'

1 √4— e + 2 <724 i, )
—— e6 Solar part supra. — 4 g720-^-e5 ~3ff040

1 . II κ
~Γ6e-^,e ~2»

- 924 384- e2 (exact) o g
2 ' '-3e+τes+⅛5 + 9
1-!e2+Sei-⅛e, +2ÿ -+Λ19 3 1°7 ke-τ^+64^ + 3≈7e2 — - e4 + —— eb + 4 g2 z4^θ¾-i°q7⅛ +5y24 3849 4 2618e-‰Γe +6S,2401------ e- + 771920 ' i,64 „— e6 + 8 g453 ;
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213] IN THE LUNAR THEORY 301∩3 = w√ ( I τ;2 — - ηi ) multiplied into 
CL ∖2 2 ∕

Lunar part infra. 1773 g,5 cθg _ >'256 0711·'*
- e'2 + - e'i - 2 g'4 4216 j* 1 + - e'2 + ⅛ e'4 + e'6 o <∕' ,2816 ∙7^' + ¾e'3 + i∕216 ∙79 /2 l 7 *4 ∕- e + - β4 +20'4 4 JTl·’ ÷3i''

÷5<l

*Exact value is ( 1 — e'2) -_ -11 eβ Solar part supra. _ , u Ί720 4^ j
I 7 r64O 0 J
I , 11 ft

-16e 48o6 ^2^_±e3_4J_e5 _24 384- e2 (exact) o g
13 =5- 3e + -~ e, + —e0 + Qo 8 192 jt_5 2,£3 4____ ^5 « 420 , „ f1 2e+ι6* 288e +2i7 f+2*3

IQ ,· IO7 .e"8e+6ie +3ffo 5 .∣ 101 «e- - 2 ei + —- e6 + 4 y2 48
25e3-1⅛5^ ÷5<,24 3849 4 261 B , z-s'i ‰e +6i,24°⅛ + 7.<∕1920
— ea I + 8 g45 i JI
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302 ON THE DEVELOPMENT OF THE DISTURBING FUNCTION [213

∩4 = m, ctγ3(~η2 — - ηi ) multiplied into 
(t ∖2 2 ∕

j >Lunar part infra. — e'i cos -2g'r 24
β'i — Q48o (exact) o g'1,1,..— e + — ei + g

2 161 — - e'2 ÷ e'4 + 2 g'2 167 , 123 , r + 2fc,iβ-√e +3^Ue'≈-ψβ'< + 4sr'2 O 845 ,,-48β +5^
e'i + 6g16228347 ,r ,Wo7ej + M

9 6 Solar part supra. — 6 y16√25 cs - 5 9384- — e4+2_e6 -4^12 15_ Ξ z>3 . 9 -5 ~^ 3 98e +128e_Ie2 + JLe<_-Lee -294 12 96ι „ ι . —9- e + - e3----- e5 i,8 192i + - e1 (exact) o2 ' ,
1 3 1 5 + 98 192_Ie2 + _Le4__Le6 + 2<∕4 12 96.Ξe3 + 2>5 + 3fl,8β +128e- — e4 + — e6 + 412 15

—2leδ + 5?384
-±√ +(>g160
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213] IN THE LUNAR THEORY. 303

Ω8 = m' — Q 974^ multiplied into

Lunar part infrà. - e'4 cos - 2 <∕'24
1 '348 e - *o (exact) o g'1 , I-r+i6e +
-!'∙+ii'∙ ÷≈√ie'-I¾M +3∕ +≈c'2 16 jy
i7√2 ti5√4
— e------- y-e + 4726 ,
Wβ' +6√

_ ΞΞ eβ Solar part supra. - 4 y720-^-es - 37640I , II fi-76e-48°' ^2y
_ -2_ e3 _ ∆L (? _ y24 384I e2 (exact) o g
— ∙ze + -J e3 + —— e5 + 7o 8 1921-P + T6e'-⅛e* +29 +2C

e — e3 + e? + 3 9o 04e2 — -ei + -~~ eβ + 49
2 48 +5724 384!<∙-⅛'

Ξ45ie∙ + 7!71920— eβ +8745 >
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304 ON THE DEVELOPMENT OF THE DISTURBING FUNCTION [213

∩6 = m ~ f∣ - 3j5 y2 + -g5 yi^ multiplied into

g -g' + ∣G -tj' parallactic equation.

Lunar part infra. ~ e'3 cos — 4 g'

~e'2 -39'

$é + — e'3 — 2 g'4i + 2e'2 — g' - — <D'
* e' + I e'3 o g'

1 1 √2
~3e + *

— β'3 + 2<∕,12 i, j* Exact value is e' (1 — e'2)~⅞

_Z_ e4 Solar part supra. ~ 39

-2<>-8^e’ + ⅞ β* - y
— - e — e3 (exact) o g

2 O1 + 2e2 — ~ e4 + g - + Ü64— e + e3 + 2 g23 „ II ."le+T6e +3g
~⅛f + 4i
^⅛e4 +5s,
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213] IN THE LUNAR THEORY. 305

C. III. 39

Ω7 = m, ~4 ( j — if + ∙y rf'j multiplied into
Lunar part infra. e's cos — 6 g'

127 ∕2
5e'-22e'3 -4√
i - 6e'2 - 3 9' ∙ “ 3 <C'

- e' + - e'3 - 2 5,'4I6" - 9'
o (exact) q9' y

βi Solar part supra. — g

- e3 (exact) o g
si^

— - e + — e3 + 2 g2 4 y1^fe2+¾lβ* + 30 ∙+3B
∣<≈-⅞βj + 4<Z

⅛,-⅛5,
-e3 + 6 g434j e4 + 7 g128 '
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306 ON THE DEVELOPMENT OF THE DISTURBING FUNCTION [213

a? ∕q i ς ∖Ω8 = m [- 772 —~ ηi) multiplied into
2 2 ∖Lunar part infra. e'3 cos — 2 <∕' ∣
11 √2
τe - y* e' + - e'3 o <∕'
i + 2e'2 + y' - + fc'3e' + — e'3 + 2 y'

fβ', +3√
Xe" + 4iς* Exact value is e'(i - e'2)-’

..7. e4 Solar part supra. — 3 y "'128ie» -2≈Z
— e2 + — e4 — V8e+486 9— I e — e3 (exact) o y

1 + 2ei-~ ei + y I +fc64— - e + e3 + 2 y
23 o u 4~8t,+ Γ6e + 3i

-⅛*, + 4<Z24-⅛e∙ ÷5<∕344 07 J
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213] IN THE LUNAR THEORY. 307

39—2

Ί Ί rLunar part infra. ~ e'^i cos — 4 g' '

S3 « ,8e "3^
3e + — e3 - 2 ÿι + 2e'2 - g' L -C'* e' + I e'3 o
11 '2
8e + 9

πe', +2^'∕* Exact value is e' ( 1 - e'2)- H
75γ2ge4 Solar part supra. — g '

- e3 (exact) o 9
3-7e2-^5e48β 16e +

-2e+33 32 4 + 29+*° L
ie~⅞e3 +4s-

1-Se2-Ξ35-4
8 16 + 59

le3 + 6?

343 z,4128e +7^ >

Ω9 = m, ~i ι12 -~~ Vi^ multiplied into
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308 ON THE DEVELOPMENT OF THE DISTURBING FUNCTION [213

Ω10 = m! T-4 (— η2 — η4^ multiplied into

16 3 z ",Lunar part infra. —- e'3 cos — 6 g4ψ'
5e' — 22e'3 — 4<7,ι-6e'2 ~39'>- -3^'

-e' + ^-e'3 - 2 y'4
1 fi'2 - 9'8eo (exact) o9' >

7 v λ-4g ei Solar part supra. — 39

I 36β ~29II „ 7 4Te' + ^e - 9— ∣ e — e3 (exact) o <∕
1+2β2~∣4e4 + 9 ^+δ
i 3--e+e3 + 2 g3 o ii .^8β+Γ6e +^⅛e3 +-*Sf

^385∕ + 5'z ,__________ 1____________ ;____________________ . I______________________________________________
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213] IN THE LUNAR THEORY. 309The arrangement of the tables hardly requires any explanation ; each line of the upper half of a table is to be read in combination with each line of the lower half of the same table. Thus a term of Ω2 ism' ^3(i ~ ⅜772 + i774)(- √4e3 ~ ⅛τe5)(1 - ⅞e'2 + τie'4) cθs (- 9 “ 2√ + 2C - 2C,).
It is to be observed that in the table for ∩1 (where the arguments depend only on the mean anomalies), the several terms (other than the constant term) occur in pairs of equal terms, having respectively the arguments ig+i,g' and — ig — i'g':, such equal terms are to be united together, or, what is the same thing, the coefficients must be multiplied by 2. Thus we have the two termsw' ^-3 (⅛ - ⅞√ + j√) (- τ‰e6) ( ⅛7⅛3e'5) cos (- ⅛g - 5g')Ditto cos ( 6g + 5g')or, what is the same thing, the term ism' ‰ (⅛ - I»?2 + I7?4) (“ τioe6) ( We'5) 2 cos ( ⅛ + 5√)∙

This is the case even when either i or i' vanishes ; but, as already noticed, it is not the case for the constant term where i and i' both vanish. There are not any such equal pairs in the tables for Ω2, &c., where all the arguments contain a part independent of the mean anomalies. The quantity tζ, occurs in the upper or solar half of the table; but it is to be recollected that C'(=ηj∙'-Θ) involves Θ, which is an element of the moon’s orbit.The peculiar form in which the coefficients are exhibited, viz. as the product of a term depending on the inclination, a term depending on the eccentricity of the moon’s orbit, and a term depending on the eccentricity of the sun’s orbit is not to be considered as a want of completion of the development ; it is, on the contrary, an important advantage.[The Errata in the Tables, noticed Mem, R. Ast. Soc. vol. xxvm. p. 216, have been corrected. The values of Pi, Qci, Qsi, &c. used in the construction of the Tables ante p. 298 may also be obtained from the Tables of the Developments of Functions in The Theory of Elliptic Motion, 216.]
Addition.I deduce from the preceding an expression for the disturbing function in a form similar to and easily comparable with the forms given by Sir J. W. Lubbock in his work On the Theory of the Moon fee. (London, 1834), pp. 30—35, and by Pontécoulant in the Théorie Analytique du Système du Monde, t. iv. (Paris, 1846), pp. 58—61. The several notations are as follows, viz. :
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310 ON THE DEVELOPMENT OF THE DISTURBING FUNCTION [213

Lubbock. Pontécoulant. Suprà.

I» Φ> 9
ξ', Φ', 9'
r, ξ, <z-y + c-r

V> V, 9 + t

y, y, 2η*Jl-η2÷(l-2η2)

(7, the tangent of the inclination, is employed by the above-named two authors instead
of η, the sine of the semi-inclination, the relation between these two quantities gives 
to 74 or ηii

y2 = 4>η2 4- 12η4,

74 = 16^4,

and conversely,

≠ = 1υ2-*Λ

,)4 = ⅛y*.

which are useful for replacing one of these quantities by the other). The disturbing 
function is taken by Lubbock with the contrary sign, and he includes in the before- 
mentioned omitted term depending only on the sun’s radius vector, that is, R (Lubbock) 
= - w' p — Ω ; he uses also, in reference to the sun, subscript strokes instead of accents

(so that, in referring to his notation, ξ, should properly be here used in the place 
of ξ', but this difference is obviously immaterial). Pontécoulant’s disturbing function is 
taken with the same sign as in the present memoir, or we have R (Pontécoulant) = ∩. 
Lubbock and Pontécoulant give in the principal terms the part involving m, —5, which

depends on the square of the parallax, and which was disregarded in the preceding 
development. I have in the sequel inserted these terms from Lubbock’s expression. 
We have, in fact :
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213] IN THE LUNAR THEORY. 311

a2
∩ = m' ^-3 multiplied into

Lubbock. ∣ Pontécoulant.
-----------------—................. .. ..... Arguments ut supra.Arguments. ! Nos. I Arguments. Nos.

I+∣e. + ∣β∙. + ±e>e∙< + i5β.. ) ; o
4 8 8 16 32 I i

∫j

*+!-Te2-⅞e'2 + ⅛e4 + 76e2e'2+64β'^ cθs 2T 1 2^ 30 29-29' +2d-2t'

- - η2 + — η2β2 + — η2 e'2 + 3 ηi + A ‰
2 4 4 4 16 a2 J

-r+⅛e3-∣ee,2+3≠e -⅞5e ξ 2 ≠ 1 ?

+ -7e + jP + yee'2 + i√e -^⅛⅛e 2τ~ ξ 3 2ξ- φ 31 <,-2√j

3 C7 . IC 2 r + 2C 2 C
+ 4e~^^e3~~8~ee'2^~2η2e 2T+ ξ 4 2ξ+ φ 32 3ff-2y')

+-∕+ye'+r,t"--Ι^, ÷F⅛, f 5 ≠' 6 √

÷Tβ'-⅞s^-¾9^-⅛>^⅛⅛∙ f 6 ,i- φ∙ 33 s,.3s,

3 , 15 . 3 3 λα∙ + 2C-2C'
8e + 16ee +64e', +J,ie' + jjn'i2' 2τ + % 7 ji + ≠' 74 ≈J- !/’)

^Iβ'+⅛β,^⅛e'e" + 4,'',e, 2f 8 2≠ 2 2≈'

+ 8e,-¾e,e" -145≠2* 22^2i 9 3f-≈≠ 35 -2√∣

3 „ IC IC 2 j+2<D — 2 C1+ 4e ~^8e4~ 8e2e'2~2η2e2 2τ + 2^ lθ 2^+2≠ 36 4<7-2<7'f

~4βe +⅛ β3e -32 ee3 + i^eβ, 11 ≠ + ≠' 9 9 + ff'

~^8^ee'+ '^Te3e'+ 1^jτ ee'3 + ^√e√ 2r- ξ-ζ' 12 2ξ- φ - φ' 37 s'-3∕'

3 , 57 , 3 .2 ∙ + 2C-2C'
8ee +64β3e + 64βe'j ^l^ 4,,2ee' 2τ+ ½ + ½' 13 2^+ tfi + 4° 39~ 9

~4δβ +⅛e3e ~∣2 ββ3 + 2 ^ee, £' 14 ≠- ≠' 8 9-9

+ 8ee'~^.e3e'~β2ee'3~^'r∣2ee' 2τ- ξ + ξ' 15 2ξ- φ +φ' 38 9~ 9,}
21 * 4 6 4 ∖ +2'G-2V

+ ~8ee' ~^4 β3 e^3()4ee'3 ~~^η2 βe' 2τ+ l6 2^+ ~ 39 3 9,-3ir'

+ 8e'2+^e2e'2 + iδ'4--47^e'2 2*' 17 2≠' 7 2√

÷5s e'2 —-3 3 e2 e'a ---^ e'4 - e'a 2 τ - 2^' 18 2ξ-2φ' 41 29-49' + 2C-2t'
o IO o 4

,—   ________________ __________________________________ __________________________________,___________ _

Variation. + Evection.
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312 ON THE DEVELOPMENT OF THE DISTURBING FUNCTION [213

ClP ∙ ∙∩ (continued) = m' multiplied into
Lubbock. Pontécoulant.

------------------------------------------------------------ ί---------- Arguments ut suprà.
Arguments. Nos. Arguments. Nos.

-^e3 cos 3ξ 20 3 φ 3 3 g

-~-ei 2τ-3ζ 21 2ξ-3φ 43 -2ς [∙ + 2fc-2t'+ -^e3 2τ + 3⅛ 22 2 £+ 3φ 44 52'-2√J
32

- 3 e2e' 2 £ + £' 23 2φ + φ' 11 20+0'10+ Ξ^e2√ 2τ--2ξ- ξ' 24 2ξ-2φ- φ, 45 ~3ff'1 ∙ + 2C-2C'- ∣e2e, 2τ+2^+ £' 25 2ξ+2φ+ φ, 48 4<∕- <∕'
- j^e2e' 2 ξ — ξ' 26 2φ— φ, 10 2 g — g,

-^~e2e' 2 τ — 2 ξ + ξ, 27 2 ξ — 2 φ + φ' 46 — g '21 [+2δ-2C'+ -e2e' 2τ+2^- 28 2⅛+2φ- φ' 47 4S,-33,∖-∣ee'2 i+2^, 29 φ + 2φ' 13 g + 2 g
--^ee'2 2 τ— ξ — 2 ξ, 3° 2 £ — φ — 2 φ' 49 g — 4g' +2⅛- 2C'

Ο-∣ee'2 ^-2^' 32 Φ~2φ, 12 g — 2 g

+ ^ee'2 2τ+^-2^ 34 2£+ φ — 2 φ' 5ΐ 35,~4∕ +2^— 2 C'
Ο+ He" 3ί' 35 3√+ ¾5e" 2τ^3i' 36 2?-5/)1 - + 2 C — 2Ϊ/+ ¾e" 2τ+3i' 37 2<z + √

- —«* 4Î 3824 ά 49

~β4e' 2τ-4ξ 39 2^-4≠ 52 ~2g~2g'}h + 2 C - 2 <C'+ 27 , ,— e 2τ + 4i 40 I 69 — 29 /

3 3 *- —e-v 3É + έ' 4ΐ 3≠ + Φ' 17 39 + 9-^e"e' 2T-3É- £' 42 2ξ-3φ- Φ' 53 - 9~3 9, +2^,-2^

_______________________________________________________ I_____________________________1 i__________________________________________________________________ -
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213J IN THE LUNAR THEORY. 313

Lubbock. Pontécoulant.
------------------------------------------------------------------------------------------------------------------ Arguments ut suprà.

Arguments. Nos. Arguments. Nos.

- j∣ e3 e' cos 2 τ + 3 ξ + g 43 5 g - g' + 2 C - 2 fc'
-^e3e' 3^- £' 44 3≠- ≠' 16 3g- g'

+e8 e, 2 τ - 3 ξ + ξ' 45 2 ξ - 3 φ + φ' 54 - g - g' ∖

+ 2t-2C'+ 64 eje, 2τ + 3⅛- ξ' 46 5 9~39' )

- -e2e'2 2ξ+2ξ' ∆tΙ 2φ+2φ' 15 2 g + 2 g'32+ γg5e2e'2 2τ-2ξ-2g 48 2ξ-2φ-2φ' 55 -4∕ +2C-2C,
e2e'2 2⅛-2⅛' 50 2φ-2φ' 14 2g — 2 q'32+ -Je2e'2 2τ + 2^-2^' 52 40~40z +2.C-2<G'

Ο-⅛ee'3 £+3£ 53 0 + 30'
-⅛5ee's 2τ- £-3^' 54 9~39'θ4 ∙ + 2 <D — 2'+64ee'3 2τ+ £ +3^' 55 30+0'-5∣ee'≈ f-3f 56 S~i9'

^⅛ee" 2Τ — i+3i' 57 » + 9,')ł 1- + 2 C - 2 C+ -^ee'3 2τ+ £-3? 58 3 0-50'J
+ 32e'4 4? 59 49'+ 1⅞^e'4 2τ-4^' 60 2^-6√)64 ∙ + 2t-2r∕+ —e'4 2τ+4^' 61 2g+2g'.32+ ∣∕~^ ∕ e2 +-η2e'a - -1?4 2γ7 62 21J 18 2(J +2<D
+ ∣≠ + -^2e2~L5 2e'2_3 4 2τ-2η rev. 63 2ξ-. 2 η rev. 57 2g' + 21>'2 4 4 2

9 ∖~~≠e £ — 2 η rev. 65 </>— 2 η rev. 19 92 L + 2fc+ ~υ2e £+217 66 φ + 2 η 2o 3 0 '____________________________ _______ _____________________________________________________________ ___ ____________
c. ni. 40

∩ (continued) — m' ^73 multiplied into
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314 ON THE DEVELOPMENT OF THE DISTURBING FUNCTION [213

Q? ∙∩ (continued) multiplied into

Lubbock. Pontécoulant.
___________________________________________________________ _ Arguments ut suprà.

Arguments. Nos. Arguments. Nos.

--rfe cos 2T— £-29 rev. 67 2^- φ-2η rev. 59 9 +2 * 4 9'2 + 26'— - 92e 2 τ + έ — 2 9 rev. 69 2 £ + φ - 2η rev. 61 — g + 2 g'
2

+ -η2e' ξ' — 2 η rev. 71 φ' — 2 η rev. 21 2 g — g' }4 l· +2 C+ -92e' £'+29 72 φ'+ 2 η 22 2g+ g'j4
+ -η2e' 2τ- ξ'-2η rev. 73 2^^^ Φ'-2⅛7rev. 63 3/4 ■ +2t,
--η2e' 2τ+ ξ'-2η rev. 75 2ζ+ φ'-2ηrev. 65 g'4
+ -η2ei 3ξ-2η rev. 77 2φ-2η rev. 23 og j4 +2C+ -92e2 2ξ+2η 78 2φ+2η 24 49 j2 ‘-∣92e2 2T— 2ξ-2η rev. 79 2^— 2 φ — 2 η rev. 67 29 + 29' 1, + 2— 92 e2 2τ+2^-29 rev. 81 2 ξ+ 2 φ~ 2 η rev. 69 — 2 9 + 2 9' Jo
-~η2ee' £+£-29 rev. 83 φ+ φ'-2ηrev.. 27 g— 9'j4 +2Ü+ - 92 e e' £+£' + 29 84 φ + φ' + 2 9 28 39+9'

4
-2~ιfee' 2 τ - ξ-ξ, — 2 9rev. 85 9 + 39'∖4 +2C'+ -92ee' 2 τ + £ + ξ- 2 9 rev. 87 - 9 + 9' J4
-~η2ee —29 rev. 89 φ- φ'-2ηrev. 25 9 + 9 )4 1 + 2 C+ -92ee' f + 29 90 φ- φ' + 2η 26 39 ~ 9>

4? z + -92ee' 2T— ζ+ — 29 rev. 91 9 + 9 14 + 2# 21 /1------92ee' 2τ+£-£'- 2 9rev. 93 - 9+39 14+ — 92 e'2 2 ξ' — 2 9 rev. 95 2 9 — 2 9° ■ + 2C+ ^92e'2 2^ + 29 96 29 + 29'
+ —92e'2 2τ-2ξ'-2η rev. 97 49' + 2 C'4  1 I
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213] IN THE LUNAR THEORY. 315

o?
Ω (continued) = rtn' ^-4 multiplied' into

Parallactic equation.

Lubbock. Pontécoulant.----------------------------------------------------------------- Arguments ut supra.
Arguments. Nos. Arguments. Nos. ∖* 8 + ιP + te,2-⅞772 c°s τ 101 * 70 'g~ 4

~^e τ- ξ 102 ξ- φ 71 - g'

~⅛e τ+ ξ 103 ξ+ φ 72 2g- g'

+ ~e' τ- ξ' 104 ξ- φ' 73 g~2g'+ ∣e' τ+ ξ' 105 ξ+ φ' 74 g

+ ge2 T-24 106 ξ-2φ 75 - g- g'τ+2^ 107 ⅛+2≠ 76 35r-√^+c-t
τ- ξ-ξ' 108 ξ- φ-φ' 77 -2g'

~~6ee' r+ ξ + ξ' 109 ξ+ φ + φ' 79 2g

15 , , , n~^gee τ- £ + £* no ξ- φ + φ Jo og + og'

~^ee' τ+ ξ-ξ' m 2 g — 2 g'+ ^e'2 τ-2^' 112 g-3g'

+ j∣e'2 τ+2^' 113 g + g' ,

g+ ~γ72 τ- 2 η rev. 114 g + g, + C + C'
+ ^jf772 τ+2 7∕ 115 2>g - 3√ + 3C- C'+ 8 ~^e2-^e'2~⅛^2 3τ 116 80 35,~3√'45T6e 3τ~ £ 117 3f~ ≠ 81 29~39'15+ 7ge 3t+£ i 18 3^+ φ 82 49~3 9'25 , " + 3C-3C'J 8e 3τ~ £' 1193^-φ' 83 39~49,I ∣e' 3τ+ ζ' r20 3^+ φ' 84 3S,-2i∕: 285I 64 β2 3r-2ξ 121 3⅛~ 2φ 85 9~39,
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316 ON THE DEVELOPMENT OF THE DISTURBING FUNCTION [213

z Q?Ω (continued) = m' -,t multiplied into
Lubbock. Pontécoulant.

I____________________________________ 1----  Arguments ut supra.
! Arguments. Nos. Arguments. Nos.

+ ~'J2 cos 3τ+2^ 122 59-3/64-γ6^ee' 3τ- ξ-g 123 2(f~4g'

-⅛βe' 3τ+ £+£' 124 49-2 √
+ ^ee' 3τ- £ + £' 125 2i∕-2√ →3C-3<D'
+ 7f*e' 3T+ έ-r 126 49~49'
÷-6345^ 3r-2(' -7 317-5√

+ ⅛<≈'i 3* + *i' 128 3i,-
+ ⅛√ 3τ-M 129 !7-3∕ ÷ C-3C'

where the abbreviation rev. denotes that the argument to which it is attached has its sign reversed in the third column of arguments : thus Arg. 63 (Lubbock), it is — (2τ-2τ∕) which is equal to 2∕+2C'. As the formula contains only cosines, there is, of course, no change in the sign of the coefficient.On comparing with Lubbock’s value, I find some differences, which are as follows :—It will be recollected that R (Lubbock) = — wι' -, — Ω, so that the signs of the coefficients of Ω are to be reversed in order to deduce the corresponding coefficients of R. The Nos. refer to Lubbock’s arguments, and the exterior factor m' or m, -7j is disregarded (1).Arg. 1. Lubbock’s coefficient (viz. the coefficient in R) is
- J (l - I «■ - ⅞ eι + ⅜ e∙ + ¼ es e'« + ⅛ e'∙ + τ⅞ £) cos' ⅛»

1 I have been favoured with a note from Sir J. W. Lubbock, confirming my values of the coefficients 
for the arguments 8, 18, 58, 101 and 123.—Added 15th Feb. 1859, A. C.
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213] IN THE LUNAR THEORY. 317which, substituting for cos4⅜t its value 1 — ⅜72 + ⅛γ4 — &c., and developing to the fourth order, gives
- î (i - ⅞ es - ⅛ β', + « <≈< + V Λ's + « e'4 - i γ’ + Î 7s e≈ + Î 7i <≈'s + A 7* + A

which, in fact, agrees with the value given supra. I have only referred to this term in order to make the reduction.
Arg. 8, Lubbock’s coefficient is- ⅛ (1 - ⅛ e2 + j e'2 - j 72) e2the exterior sign should be + instead of —. The term is given with the correct sign, Pontécoulant, Arg. 2.Arg. 18, Lubbock’s coefficient is- ¥ ( 1 - ⅞ e2 - ⅛1τ5- e'2 - ⅜ 72) cos4 ⅜ lwhich, developed to γ2, would be

_ ¾1. (1 _ 5 e2 _ JUL5 g'2 _ γ∙zyI make it -⅛l(i-ii2-⅛5^-i7s)∙
The remaining differences are

No. of
Arg. Lubbock’s coefficient. Coefficient from Development supra.

Lubbock.58 -⅛-eβ'ij 64 64
0y 64 3260 -2«3βΜ -1599ι,M128 64
, , 741 ,4 _ —√4
61 + ye 12128 32*62 -∣(1-5e>+p∙≈)y .∣(1-∣4∙+2√.-γ.)γ.
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318 ON THE DEVELOPMENT OF THE DISTURBING FUNCTION &C. [213

No. of
Arg. Lubbock’s coefficient. Coefficient from Development supra.

Lubbock.

*⅛ -i(ι÷24e'2+77 -i(ι÷!He'2→k
« -r6y'e',96 -¾γ2e'2 — —y2e'2
y 16 32 '*ιo1 -i(,+3e2+3e"-ιM -i(ι+jβs+2β'2-iM

"5 -,,,V -Hγ2
225 , 22ς ,123 “76 ee + Γ6 ee

The greater part of the discordant terms do not occur in Pontécoulant’s development, which is not carried so far, and the only differences which I find in the coefficients of Pontécoulant’s R (= Ω) are, as regards the arguments 18, 57, 70, corresponding respectively to Lubbock’s arguments 62, 63, 101, included in the preceding table, and for which Pontécoulant’s coefficients, correcting for the change of sign, correspond with those given by Lubbock. But I see no room for a mistake in the preceding investigation as regards the coefficients of these three terms; the terms in 
η of the coefficients of 62 and 63 are simply the quantity (j√i-jτ∕4), which forms the exterior factor of Ω3 and Ω4 respectively, and which, putting for 772 and ηi, their values, is equal to ∣ (1 - 72) 72, and as regards the coefficient of 101, the portion 1 + 2e2 + 2e'2 of this coefficient is obtained by the mere multiplication of the factors l + 2e2- &c. and 1 + 2e'2 set opposite to g+t> and 0/ —C' respectively in the table for Ωβ.

2, Stone Buildings, W.C., 7th July, 1858.
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