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202.

SUPPLEMENTARY REMARKS ON THE PORISM OF THE IN-AND- 
CIRCUMSCRIBED TRIANGLE.

[From the Philosophical Magazine, vol. xm. (1857), pp. 19—30.]
In my former papers (see Phil. Mag. August and November, 1853, [115, 116]) I established (as part of a more general one) the following theorem, viz. the condition that there may be inscribed in the conic U = 0 an infinity of triangles circumscribed about the conic V = 0, is, that if we develope in ascending powers of k the square root of the discriminant of kU+V, the coefficient of k2 in this development must vanish. Thus writing disct.(AF + U)≈(K, Θ, Θ', K'⅜k, 1)3, the condition in question is found to be3Θ2 - 4ArΘ' = 0.The following investigations, although relating only to particular cases of the theorem, are, I think, not without interest.If the equation of the conic containing the angles is 

U = 2ayz + 2bzx + 2cxy = 0,and the equation of the conic touched by the sides isF = æ2 + y2 + 22 — 2yz — 2zx— 2xy = 0,we have disct. (k, k, k, a — k, b — k, c-k^ζx, y, z)2-(K, Θ, Θ', K'ffc, 1)3,
K = -4,Θ = ⅜(a + b + c),Θ' = -⅛(α + δ + c)2,
K' = 2abc.

that is,
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230 SUPPLEMENTARY REMARKS ON THE PORISM OF THE [_202and the equation 3Θ2 — 47fΘ' = 0 becomes⅛6- (α + b + c)2 — ⅛6- (a + b + c)2 = 0,which is satisfied identically. This is as it should be ; for it is plain that there exists a triangle, viz. the triangle (x — 0, y = 0, z = 0), inscribed in the conic U = 0, and circumscribed about the conic V = 0.Suppose that the equation of the conic containing the angles is 
y2 — 4zx = 0,and the equation of the conic touched by the sides is 

ax2 + by2 + cz2 = 0,then the tangential equation of the last-mentioned conic is 
bcξ2 + caη2 + abζ2 = 0 ;and if we take for the angles of the triangle x : y : z — 1 : 2λ : λ2, or 1 : 2μ : μ2, or 1 : 2v : v2, then the equation of the line joining the angles (μ), (r) is

2μvx — (μ + v) y + z — 0,which will touch the conic ax2 + by2 + cz2 — 0 if
be. 4μ2v2 + ca (μ + v)2 + ab . 4 = 0 ;and it is required to find under what circumstances the equations
be. 4μ2v2 +ca(μ + v)2 + ab. 4 = 0, 
be. 4r2 λ2 + ca(y + λ)2 + ab. 4 = 0, 
be. 4λ2μ2 + ca(λ + μ)2 + ab. 4 = 0,become equivalent to two equations only. The condition is of course included in the general formula; and puttingdisct. (ka, kb+l, kc, 0, -2, Q^x, y, z2) = (K, Θ, Θ', KJk, 1)3, we must have 3Θ2 — 47f(-)' = 0.The discriminant in question is

k3abc + k2ac — k. 4b — 4 = 0,where K=l, Θ=⅜ac, Θ' = -jb, K' = — 4; the required condition is therefore ac + 1662 = 0, or say
b = — Vac.
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IN-AND-CIRCUMSCRIBED TRIANGLE. 231202]Substituting this value, the equations becomec/iV + ï Vc« (∕x + v)2 + a = 0, cv2λ2 + i fca(v + λ)2 + a = 0, 
c∖2μ2 + i^ca(∖ + μ)2 + a = 0 ;the first and second of these are

A + 2H v + Bv2=0 
A' + 2H'v + B'v2=0,where

A — (— i f a + μ2 Vc) i Va, H = i*Jcaμ, B = (i y∕a + μ2 Vc) c,

A' = (— i fa + λ2 Vc) i *J a, H,≈i'Jca∖, B'= (√ √α + λ2 Vc) Vc,
A B, + A'B — 2HH' = 2i ^ac(a-i∖∕ ac∖μ + c∖2μ2),

A B — H2 = i^/ac (a —acμ2 + cμi ),

A'B' — H'2 = ⅛ Vac (α — t Vacλ2 + cλ4 );and the result of the elimination therefore is(α — i Vacλ2 + cλ4) (a — ⅛ Vacμ2 + cμi) acλ,μ + c∖2μ2)2 = 0,viz. 2 Vca (λ — μ)2 (c∖2μ2 + i ^ca (λ + μ)2 + a) = 0 ; which agrees, as it should do, with the third equation.To find the condition that it may be possible in the conic λ∙2 + y2 + z2 = 0to inscribe an infinity of triangles, each of them circumscribed about the conic a«2 + by2 + cz2≈0∙.let the equations of the sides be
I ^ax+m fby + n ∖∕cz = Q, 
l, Vax + m' Vby + n' V cz = 0,
I" Vax + m" Vby + ri' Vcz = 0 ;then the conditions of circumscription areZ2 + nι2 + n2 =0, 

l'2 + m2 + n'2 = 0,Z"2 + m"2 + w"2 = 0 ;
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232 SUPPLEMENTARY REMARKS ON THE PORISM OF THE [202and the conditions of inscription are
be (m' n" — m''n'}2 + ca (n'l''- ri'ι)2 + ab (l' m' — l"m')2 = 0, 
be (m''n — mn" )2 + ca (n"l — nl")2 + ab (l"m — I m")2 = 0, 
be (m ri — m'n )2 + ca (η l' — n'l )2 + ab (I m' — l' m )2 = 0.Now

(mn' — m'n)2 = (m2 + n2) (m'2 + n'2) — (mm' + nn')2
= l2l'2 — (mm' + nn')2
= — (IΓ + mm' + nn') (-ll' + mm' + nn') ;and making the like change in the analogous expressions, and putting for shortness

— be +ca+ab = α, 
be — ca + ab = β, 
bc + ca—ab — γ,the conditions in question become(Z' I" + m' m" + n' n") (αZ' l'' + βm, m" + γn' w") = 0,

(l"l + m"m + n"n ) (al"l + βm''m + yn"n ) = 0,
(I l' + m m + n n' ) (al l' + βm m + yn n') = Q.The proper solution is that given by the system of equations 

l2 + m2 ⅛ n2 = 0,
l'2 + m'2 + n'2 = 0,
l,'2 + m'2 + w^2 = 0,

al' I" + βm m" + yn' n" = 0, 
al"l + βm',m + yn"n = 0,, λ , , W
al l' + βm m' + γιιri = 0 ;and by writing l= ,-, l' = -7=, I" --r- , m=-%, &c., A=-, B = -5, C= -, these √α √a √α √ β a- β Ίequations become 4∕2 + Bg2 + Gh2 = 0,

Af2 + Bg'2 + Ch'2 =0,
Af"2 + Bg"2 + Ch"2 = Q,

f'f"+9,9" +h'h" = Q, 
f'f +9',9 +h"h =0, 
f f +9 9' h, =0.
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202] IN-AND-CIRCUMSCRIBED TRIANGLE. 233The first of which systems expresses that the points (f g, h), (f', g', h'), (f", g'', h") are points in the conic
Ax2 + By2 + Cz2 — 0 ;and the second condition expresses that each of the points in question is the pole with respect to the conic

x2 + y2 + z2 = 0of the line joining the other two points, i.e. that the three points are a system of conjugate points with respect to the last-mentioned conic. The problem is thus reduced to the following one :To find the condition in order that it may be possible in the conic 
Ax2 + By2 + Cz3 = 0to inscribe an infinity of triangles such that the angles are a system of conjugate points with respect to the conic

x2 + y2 + z2 = 0.Before going further it is proper to remark that if, instead of assuming 
al'Γ + βm!m" + yn'n" = 0, we had assumed

l'l" + m!rm" + n'n' = 0,this, combined with the equations
l, 2 + m'2 + n'2 = 0, Γ2 + wz'2 + nz'2 = 0,would have given l, : m' : n' = I" : m'' : ri', i. e. two of the angles of the triangle would have been coincident : this obviously does not give rise to any proper solution. Returning now to the system of equations in f g, h, &c., since the equations give only the ratios f g ‘ h ; f' : g, : h' ; f" : g" : Λzz, we may if we please assume

∕2 + g2 + h2 = 1,
∕'2 +g'2 + h'2 =1, 
f''2 + g"2 + jl"2 = ljwhich, combined with the second system of equations, gives ∕2 +∕a +∕'2 = 1, 
g2 + g'2+g"2 = l, 
h2 + h>2 + jl"2 = lWe have, consequently,

A+B + C= A(f2+f'2 + f"2) + B (g2 + g'2 + g''2) + C(h2 + h'2 + h''2)

= (Af2 + Bg2 + Ch2) + (Af'2 + Bg'2 + Ch'2) + (Af''2 + Bg''2 + Ch''2), i.e.
A+B + C=0,C. III. 30www.rcin.org.pl



234 SUPPLEMENTARY REMARKS ON THE PORISM OF THE [202for the condition that it may be possible in the conic 
Ax2 + By2 + Cz2-Qto describe an infinity of triangles the angles of which are conjugate points with respect to the conic x2 + y2 + z2 = 0.The equation of the conic Ax2 + By2 + Cz2 = 0 may be written in the form (62c2 — c2α2 — a2b2 + 2α¾c) x2 + (c2α2 — α26a — 62c2 + 2αδ2c) y2 + (α2δ2 — δ2c2 — c2α2 + 2αδc2) ∙ε2 = 0,which gives the values of A, B, C; or again in the form2 (be + ca + ab) (bcx2 + cay2 + abz2)

— (be + ca + ab)2 ( x2 + y2 + z2)

+ 4abc ( ax2 + by2 + cz2) = 0 ;where it should be observed that bcx2 + cay2 + abz2 = 0 is the equation of the conic which is the polar of ax2 + by2 + cz2 = 0 with respect to x2 + y2 + z2 = 0. It is very easy from the last form to deduce the equation of the auxiliary conic, when the conics 
ax2 q. p-y2 q. czλ = θj æ2 + τ∕2 + .z2 = 0 arθ rθplaced by conics represented by perfectly general equations.The condition A + B + C = 0 gives, substituting the values of A, B, C, 

b2c2 + c2a2 + a2b2 — 2abc (a + b + c) = 0',or in a more convenient form,
(be + ca + ab)2 — 4>abc (a + b + c) = 0,as the condition in order that it may be possible to inscribe in the conic zr2 + y2 q- ,s2 = 0 an infinity of triangles, the sides of which touch the conic ax2 + by2 + cz2 = 0 : this agrees perfectly with the general theorem.It is convenient to add (as a somewhat more general form of the equation 

A q- B + C = 0), that the condition in order that it may be possible in the conic Aa;2 + By2 + Cz2 = 0 to inscribe an infinity of triangles the angles of which are conjugate points with respect to the conic ri1zc2 + Bxy2 + Cxz2 = 0, isA J5 G λ Λ + A+C1-θ∙But the problem to find the condition in order that it may be possible in the conic x2 + y2 + z2 = 0 to inscribe an infinity of triangles the sides of which touch the conic ax2 + by2 + cz2 ≈ 0, may, by the assistance of the geometrical theorem to be presently mentioned, be at once reduced to the problem:To find the condition in order that it may be possible in the conic x2Ay2 + z2 = b to inscribe an infinity of triangles the sides of which are conjugate points with respect to a conic ri1ic2 + Bxy2 + Cxz2 = 0.
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202] IN-AND-CIRCUMSCRIBEP TRIANGLE. 235The theorem referred to is as follows :Theorem. If the chord PP' of a conic $ envelope a conic σ, the points P, P' are harmonics with respect to a conic T which has with $, σ, a system of common conjugate points.Take for the equation of 8,

X2 + y2 + z2 ≈ 0,and for the equation of σ,
ax1 + by2 + cz2 = 0;then if (zr1, y1, z1), (x2, y2, z2) are the coordinates of the points P, P, respectively, we have a¾2 + 2∕i2+ ∙¾2 = 0,λ⅛2 + y2 + z2=o,and the condition in order that the chord may touch the conic σ is δc (y1z2 - y2z1)2 + ca (z1x2 - z2x1)2 + ab (xly2 - x2y1)2 = 0.But we have (3h⅞ - y2z1)2 = (y12 + *12) (y2 + z22) - (y1y2 + ^2)2 

= x12x22 - (y1y2 + s1⅞)2 
= (x1x2 + y1y2 + z1z2) (x1x2 - y1y2 - z1z2),and making the like change in the analogous quantities, and putting for shortness α = — be + ca + ab, 

β = be — ca + ab, 
y = bc + ca — ab,the condition in question becomes

(x1x2 + y1y2 + Sr⅜) (0W1r2 + βyiy2 + yz1Z.2) = 0.But the equation λ,1λ⅛ + y1y2 + z1z2 = 0 must be rejected, as giving with the equations zr12 + y2 + ∙s12 = 0, λ½2+ y2 + z? = 0 the relation λ,1 : yi : z1 = x2 : y2 : z2 ; we have thereforeα<⅞r2 + βy1y2 + yzlz2 = 0,which implies that the points (x1, yl, z1) and (x2, y2, z2) are harmonics with respect to the conic a#2 + βy2 + yz2 = 0, Iwhich is a conic having with 8, σ, a system of common conjugate points. The equation may also be written
(— be + ca + ab) x2 + (be — ca + ab) y2 + (be + ca — ab) z2 = 0 ;

30—2
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236 SUPPLEMENTARY REMARKS ON THE PORISM OF THE [202or, as it may also be written,
(be + ca + ab) (x2 + y2 + z2)-2 (bcx2 + caz2 + abx2) ;and, as before remarked, bcxi + cay2 + abz2 = 0 is the equation of the conic which is the polar of ax2 + by2 + cz2 — 0 with respect to x2 + y2 + z2 = 0.The condition in order that there may be inscribed in the conic x2 + y2 + z2 = 0 an infinity of triangles the angles of which are conjugate points with respect to the conic ax2 + βy2 + 722 = 0, is 1 1 1 Λ- + 7S Η— — θ jα /3 γor writing this equation under the form βy + ya + aβ = 0, and substituting for a, β, γ their values, we have the equation already found, as the condition in order that it may be possible in the conic xt + y2 + z2 = 0 to inscribe an infinity of triangles the sides of which touch the conic ax2 + 6y2 + cz2 = 0.

Theorem. Let
ax2 + by2 + cz2 = 0be the equation of a spherical conic, and let (ξ : y : ζ), a point on the conic, be the pole of a great circle cutting the conic in two points ; the conic intersects upon the great circle an arc given by the equationç, (a + b + c)∖∕ξ2 + 'η2 + ζ2√(α + b + c)2 (£2 + τ72 +12) - 4 (bcξ2 + caη2 + abξ2)hence if α + δ + c=0, δ = 90° ; or there may be inscribed in the conic an infinity of triangles having each of their sides equal to 90°.It is worth while, in connexion with the subject, and for the sake of a remark to which they give rise, to reproduce in a short compass some results long ago obtained by Jacobi and Richelot. The following are Jacobi’s formulæ for the chords of a circle subjected to the condition of touching another circle ; viz. if in the figure we put
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202] IN-AND-CIRCUMSCRIBED TRIANGLE. 237

GP = R, 
cp — r,
Cc = a,

Δ ACP = 2<∕>, z√rαp = 2φ,jthen it is clear from geometrical considerations that 
dφ _ dφ'M ~E7'We have

MA2 = cA2-cM2 = α2 + R2 + 2aR cos 2 - φr2 = (α + R)2 -r2- 4∣aR sin2 φ = {(α + R)2 — ?’2} (1 — k2 sin 2φ),or
dφ _ dφ'√1 -k2 sin2 φ √1 - k2 sin2 φ'

where
- iu&

(a + R)2 — r2’and therefore also r√3 = (R ~ α)2 ~ r2 
(R + α)2 — r2 ’It will be convenient for comparison with the formulæ of Richelot to write Z A CQ = 2ψ ; this gives

2ψ = 7Γ — 2φ,and the differential equation thus becomes
dφ∙ _ dφr

Va2 + R2 — r2 — 2aR cos 2ψ Vα2 + R2 — r2 — 2aR cos 2-φ' ’ i.e.
d∙φ _ dφ'∖∕m-n cos 2ψ Vizi — n cos 2,φ'

or if tan ψ — g tan θ,and therefore . , 1 — q2 tan2 θ
c0s 2^f ~ 1+ff8tana ⅜,

• λ . (m—n) cos2 θ + (m + n) q2 sin2 θm — n cos 2≠ =  -------——√-7i—■. -------- ;γ cos2 θ + g2 sm2 θor if q2 = ™—-, then this is 
i7 m + n

_ m — n
„ λ m-n.aA cos2 θ H--------- sιn2 θ

m + n
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238 SUPPLEMENTARY REMARKS ON THE PORISM OF THE [202

m — ηi __ÈL_sin2^ 
m + nand we have also ∕τnz-n dθ

1, V m + η
d* = -,------ 2n . ■'1 — -------- sιn2 θ

m+nand thenceι
dφ _ dθ∖!m —n cos 2ψ ∣-------- ∕, 2n . „ λ ’

r ⅜ + m√1---------- sιn2 θV m + nthat is, dψ dθ∖fm-n cos 2ψ Vm + n √1 - k2 sin2 θ ’

2iZ2* ∙ ∙where fc2 = --------has the same value as before. Hence the relation between 0, θ' is
m + n

dθ _ dff∖∕l — k2 sin2 θ √1 — k2 sin2 0’ ’which is identical with that between φ and φ' ; and in fact the equation between
0, φ is tan 0 tan φ≈~,,

which, if φ = am w, gives 0 = am (K - it).The differential equation contains only a single arbitrary parameter ; hence the same differential equation might have been obtained from different values of α, R, the parameters which determine the circle enveloped by the moveable chord. The7Z2*, 772/condition for this of course is — = —, that is η n

a2 + R2-r2 _ a, + R2 — r'2 
2aR 2a'Ror as the equation may be written(αα' — R2) (α -a')-R{ar2 — ar'2∙) = 0 ;this implies that the enveloped circles intersect the other circle in the same two points, or that all the circles have a common chord.
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202] IN-AND-CIRCUMSCRIBED TRIANGLE. 239Suppose for ψ = 0, we have ψ' = β, then it is easy to see geometrically thati 9θ (jβ-α)2-r2 tan2 β = ------ -- ------ ;let the corresponding value of θ' be θ'= a, i.e. suppose that for 0 = 0, we have 
θ' = a, then tan2 a = Cfi + α)2~r2 tana ∙i.e.

n (R + d)z- r2 tan-a = '------ -f------ ;or, what is the same thing,
R asec a = —I- - ; r rand a having this value, we have for the finite relation between θ, θ',

Fθ' = FΘ + Fa.Richelot has shown, by precisely similar reasoning, that for circles of the sphere we have
rZψ _ dψ' ______________________Vcos2 r — (cos R cos a + sin R sin a cos 2-ψ,)2 Vcos21^r- (cos R cos a + sin R sin a cos 2γ')2which is of the form

cZψ dyfr'√1 — (λ + μ cos 2ψ)2 √l-(λ + μcos 2λ∕γ')2 ’where cos R cos a X = ,cos rsin R sin a 
μ =--------------  .cos rIt is very important to remark, that this equation contains the two parameters λ, μ, so that the same equation cannot be obtained with any new values of the parameters a, r; or the formulæ in piano for three or more circles do not apply to circles of the sphere : the geometrical reason for this is as follows, viz. in the plane a circle is a conic passing through two fixed points (the circular points at ∞ ), and consequently any number of circles having a common chord are in fact to be con­sidered as conics each of which passes through the same four points. But circles of the sphere are not spherical conics passing through two fixed points, but are merely spherical conics having a double contact with an imaginary spherical conic (viz. the curve of intersection of the sphere with a sphere radius zero); hence circles of the
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240 SUPPLEMENTARY REMARKS ON THE PORISM OF THE [202sphere having a common spherical chord are not spherical conics passing through the same four points. I am not sure whether this remark as to the ground of the dis­tinction between the theory of circles in piano and that of circles on the sphere has been explicitly made in any of the treatises on spherical geometry.To reduce the equation, writetanΨ = λ∕iΞ⅛i7)tan^
then, after a simple reduction,

dy∖r dθ√Γ-(λ + ilcos2⅜ - sin,i,.
or the relation between the two values of θ is

dθ 'dθ'√1 — Æ2 sin2 θ fJl-ki sin2 θ' ’where
(l+∕z,)2-λ2’that is tan R sin a , 2 _ tan r ’ cos R sin r/tan R sin a ∖2 ’∖tan r cos R sin r)Suppose that for yfr = 0, we have ∙ψz = /3, it is easy to see thattaτ12 β _ sin2(J⅞-α)-sin2r . cos2 R sin2 rlet the corresponding value of θ' be θ' = α, i.e. suppose that for 0 = 0, we have 

θ' = a, then cos (R + α)o cos r sin2 (R — a) — sin2 rtan2 a = ----------7=----- ς- . ----- 2 p ∙ „-------1 cos (R — a) cos2 R sιn2 r cos r_ cos r — cos (R + a) cos2 r — cos2 (R — a) cos r — cos (R — a) ’ cos2 R sin2 r_ (cos r — cos (R + α)) (cos r + cos (R — α)) cos2 R sin2 r_ (cos r + sin R sin α)2 — cos2 R cos2 a cos2 R sin2 r_ (cos r sin R + sin α)2 — cos2 R sin2 r cos2 R sin2 r ’
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202] IN-AND-CIRCUMSCRIBED TRIANGLE. 241i.e. /tan R sin a ∖2 1tan2 a = [ --------- 1------ ~-.— — 1,∖tanr cosιtsmr∕whence /tan R sin a ∖ sec a = - -------- 1--------.— ;∖ tan r cos R sm r)and α having this value, the finite relation between θ, θ, is 
Fθ' = FΘ + Fa.By comparing with the corresponding formula in piano, we arrive at Richelot’s conclusion, that the formulæ for the sphere may be deduced from those in piano bywriting· in the place of — , , the functions ^an — , ———, respectively.

° r r r tan r cos R sm r
2, Stone Buildings, October 1, 1856.

C. III. 31
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