The Theory of Constructive Types.
(Principles of Logic and Mathematics).
Part IL
Cardinal Arithmetic.
By
Leon Chwistek.

Y. Complements of Part 1.
A. Extension and Intension.

The Theory of Types, as explained in Part I, may be called
the Pure Theory of Types, as it is based on the most general
idea of logical types, and as it does not assume any other pro-
positions, than the axioms of the Logical Calculus. This method ena-
bles us to get a system of Mathematics which appears to be a part
of Logie, and as such may be called Pan-Mathematics. This system
is more general than Classical Mathematics, as it does not enable us
to prove that there is a class of inductive numbers other than the
null-class, which does not contain the greatest element Nevertheless,
if we assume the axiom of infinity as a hypothesis, we get a spec-
ial system, which is as a matter of fact the same thing as what
is called Classical Mathematics-— Cantor’s theory appears then as a
hypothetical system that we can get, if we assume the existence of alephs.
Conformably to the hypotheses which we assume, we can get many
special systems of Mathematics. As the Pure Theory of Types does
not assame any cxistence-axiom and does not lead to Richard’s
paradox, it is a natural base for rational Semeiotics, a science whose
importance can scarcely be denied. Note that the simplified theory
of types, as expounded on p. 12 of Part I, may be used in Mathe-
maties without any risk of getting a contradiction. To avoid such
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paradoxes as Richard’s or Konig’s, it is quite sutficient to assume
a direction excluding from the scope of the system any function
which is not constructed with the symbols of the system itself. An
analogous method is used by mathematicians dealing with the sys-
tem of axioms ot Zermelo!). Such a method, though very conve-
venient, is nevertheless inconsistent with certain fundamental pro-
blems of Logic and Semeiotics. Moreover the simplified theory of
types implies the existence of functions which cannot be built up,
unless we assume that all functions are extensional functions (the
Axiom of Extension).

Now, a purely formal system of Logic ought never to imply
the existence of such functions; otherwise it might be asked why
the axiom of infinity, or other existence-axioms are not to be assu-
med as primitive propositions. ;

The practical elimination of the Leibnizian idea of identity
is an essential simplification of Logie, this idea being of no use
in Mathematics, as we have no means to prove with it the identity
of objects given by two different expressions.

Now, here is a most interesting metaphysical problem: Can
an object be denoted by two different expressions?

This- problem cannot be discussed in a system of formal Lo-
gic, as such a system does not contain the primitive idea ,expres-
sion“. On the other hand it is easy to see that such a problem can-
not be solved at all, as we always get two contradictory solutions.

If you suppose that two different expressions denote two dif-
ferent objects, you cannot prove that two equivalent classes are iden- -
tical. To prove that any equivalent classes are identical, we ought
to suppose that there are objects denoted by two different expres-
sions. The first hypothesis may form the base of a Nominali
stic system of Metaphysics (Ontology), the other of a Realistic
system. The Realistic Hypothesis, i. e the axiom of extension
would be formulated as follows:

(). ale)=p{c). D . fla)=f{B}:
This axiom seems to have had great success in recent years. I ne-
ver should care to discuss its truth. I am convinced we never get
a contradiction from using this axiom, but I am also eonvinced

1) Cf. Fraenkel: Der Begriff »definit< und die Unabhiingigkeit des Auswahl-
axioms. Sitzungsberichte der preuflischen Akademie der Wissenschaften, Berlin 14122,
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- that its negation is consislent with the primitive propositions of
‘the Logical Caleulus and with the directions of the Pure Theory
of Types.

Moreover, there are other general hypotheses which imply
the negation of the axiom of extension, yet are at the same time
very fruitful.

To see this, let us assume the following definition of the a-
order Leibnizian identity, the definition of complete Leibnizian iden-
tity being in the Pure Theory of Types impossible.

We have:

13001 (x=y)y = (u):u{z)=u{y): C{u,a).
L dr/

With this definition we build up the theory of the a-order Leibnizian
identity, just as in Principia. E. g. we have the following propo-
sitions:
1311 . (r=y)s = (u):u{z} D uly }: H{u a):
1313 |=.: {z}.(x = Y)a: T8, a}. D 8Ly}
1310 |=(2 = )
L

1316 |=. (= ag y) =(y = )
1317 f=: (2 o Y)a-(y = P A s 2)

For the w(, -order Leibnizian identity of classes we have the

following definition:
130011 (¢ =) = (k):k{a) D & {B): T{k, w).
L ar

We have now the following propositions:

20-14 |—.(aL=ﬂ) i s=f
Dem. |=12:312.(0:271). ) i “ :
= {owq),v].o{z}: 05 {v) v ~ap{v}:]} (1)
b=.(1).(130011) D= Hp D
ol olx): ol {0}~ o{v)i]{e) = :
o[-0 {a}: 0o}V ~ o {o}: {6}
[(016)] D :a{a}: on{a}\/~ oy {a}: =
: B{w}: 0 { B}V ~ i) B} -
D alz} = B{z}. :

Dl Prop
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We see that the o, -order Leibnizian identity of two eclasses im-
plies their identity (equivalence).
T shall use the following abbreviations:

130012 W= w2l .u=V:u{z):T{u, V}.]
df
1300121 W=R|[.¢""{R}.C{R, U}.|
df 3
130013 (R = Py = (7):z{R} D 7{P)}.Clz, W).
i W

The definition of the Axiom of Intension, i. e. Intax, is as
follows:

18002 Intax =. (z[. {z}|7{@).] = |- #'{} | 7{z} ])
SE=p)
We have now the proposition:
134 p="Intax ) (Hw,0).:~ (w="v):u="1v:T{u, V}: T{v, V).

Dem. [13 002 —‘B-,ﬂ’v 10 24]

Thus it is obvious that the Intax is unot consistent with the Axiom
of Extension. Now, it is possible to prove, as we shall see below,
that Intax implies Infinax (i. e. the Axiom of Infinity)!)

On the contrary there seems to be no real simplification -of
Arithmetic, if we assume the axiom of extension — The problem
of the Leibnizian identity of two equivalent classes or relations ean
be eliminated by simply dealing with extensional classes-or relations,
as we have seen in Part I. The axiom of extension would be need-
ed only in the simplified theory of types, to avoid the proof of
the existence of classes, which can never be explicitly given. This
proof is as follows:

In the simplified theory of types we have the complete Leib-
nizian identity, which is to be defined as follows:

(z=y) = (w) v{z} Dy}

Now let us assume the followmg definition, using @, 3 as variable
class-letters:

G = az[[d7).C[(AF) F{B, 2} =a).~F {a,z} ]

1) The possibility of such a proof was suggested to me by Mr Greniewski.
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We have the following proposition:

(4) @F).CLUB)T{B, 2} = 2((AB)G{B. 2}]). ~/{2[(AF) G {2} ).
To see this, sappose we have: ~ @G {z[(H[)G (B, 2}],z}, i. e.

(7) - CI(AB) 7B, 2} = 2 (A B) G (B, 2}) DT (A B) G {B. 2}, 2).
This proposition being true for every f, it is true for G.
Therefore we have:

((AB) G (B,2)] =2 [AB) G {B,2}]) D G {=((AB) G (B, 2}]. ).
Here, the hypothesis being true by 13:15, we have:
G {z|(AB) G {B.2}),}, i e. the proposition (A).

Now, it is obvious that the function 7, whose existence is proved
by (4), cannot be equivalent to G. Therefore we never shall have
such a funetion, unless we assume the axiom of extension. As a sys-
tem containing such an axiom in no longer one of pure logic, we
see that there is no system of pure logic to be based on the sim-
plified theory of types.

I do not know whether an adequa(e definition of the hypo-
thesis of Nominalism is to be found in a system of Ontology using
no other primitive ideas than purely logical ones. At any rate the
Intax is a part of the hypothesis of Nominalism. Another consti-
tuent of this hypothesis would be the following axiom, which, as
is at once to be seen, is inconsistent with Proposition (4):

@)/, {o, 2}] = 2 [(@v) G, {o, 2}]) D
(uz[f, {u,2)) = uz(6,{u,a})

This axiom enables us to prove that the class of functions of the
type W is similar to the class of classes i‘[(&l-v-)j,,{v_,' xﬁ}], where

uz [f,{ux)| is a function of the type W. The proof of this pro-
position is a trivial application of our axiom. We should then have
in any type the same cardinal numbers in spite of Cantor’s theory.
Nevertheless the axiom in question seems unfruitful, if used in a
system of Mathematics. To obtain a satisfactory one, we ought to
suppose that any type is similar to a class of inductive numbers.
We shall call this hypothesis the Axiom of Nominalism?). Note

1) Cf. Zasady cazystej teorji typéw, Przeglad fil. 1922 p. 28.
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that this hypothesis, not less inconsistent with Cantor's theory
than with the simplified Theory of Types, is nevertheless very na-
tural and quite simple. It conforms to Poinecaré’s postulate, stating
that there are no other mathematical objeets than those we ean
build up into a given system. It is interesting to note that with
the Axiom of Nominalism, we can prove the axiom of Zermelo?),
and we have nevertheless to do with a continuum conceived as an
ambiguous symbol (Cf. Part I, p. 19).

The researches concerning this subject seem to be very im-
portant, many interesting theorems of modern Mathematical Analy-
sis being based on Zermelo’s axiom. Note that with the axiom of
Nominalism we prove, e. g that a limit point of a elass of points
is a limit point of a progression of points, contained in the given
class. As the Intax enables us to prove the Axiom of Infinity, it is
obvious that a system based on the Axiom of Nominalism and on
Intax should embody modern Mathematical Analysis.

B. Types.

It is to be remarked that the use of primitive letters is very
limited. As a matter of fact, they are only used to build up the
expression C {x,y). Now, there is another method of obtaining an
equivalent expression. Let us expunge the primitive letters from
our system and assume the following definitions:

12001 & (2)=.a{r}=a{z).
a
12002 €, (5, 4) = . T2 (@) . C.(3)-

It is obvious that the symbol C, (#,4) denotes the proposition
»@ 18 of the same type as y“ as much as the symbol C{z,y} The
elimination of primitive letters would be an essential simplification
of the Pure Theory of Types. If we omit the primitive letters, we
can have a very simple direction for the construction of functions
of the same type, i. e:

D Two funetional expressions, containing no primitive letters,
denote functions of the same type,

10 if they denote at the same time functions with I variable
(or with II, or with III, or with IV), their corresponding variables

1) Cf. Trzy odezyty odnoszgce si¢ do pojecia istnienia. Przeglad fil. 1917.

Rocznik Polskiego Tow. matematycznego. 7
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being determined by the same functional expressions, or being in-
dividual letters; and

2° if they coatain the same elementary letters, and the same
undetermined variables occurring in both as constituents of the same
funetional or propositional expression.

With this direction we can write significantly C, (E, G'), with-
out using the directions 02, by simply looking on the letters oc-
curring in the expressions #, G.

In consequence of our direction, an intuitive use of the pure
Theory of Types appears to be possible. Nevertheless I still keep to
directions (2, as being more convenient in symbolic practice.

Note that by the direction D), we have:

Ca {’2 [ Cw {&’ a} I (;) (Zw {;7 0}.], i‘ [Cw {Au’ a}]}1

a formula impossible to attain by the directions 0-2. We see at
once that this difference is not essential. The first method is most
in harmony with practice; the second with the primitive idea of a
logical type. In Principia we have an analogous difference between
first-order matrices and first-order functions.

The pure Theory of Types does not enable us to prove the
existence of functions of a given property, without having an in-
stance of such a function. Nevertheless, it enables us to prove the
existence of individuals, without having any instance of them. Now,
Prof. Wilkosz has remarked that a purely formal system of- Logic
ought not to be of any use in proving the existence of objects
which are not explicitly given in the system. To have such a sys-
tem, it is sufficient to deal with individuals in conformity with
the method we have applied to classes. We begin with introducing
the letters /, m, n, which shall be called individual constants.
We suppose that these letters denote individuals; and we agree
that these letters can never be used as noted or apparent variables.
As there are metaphysical reasons to admit the existence of indi-
viduals of different types, we shall never use such expressions as
Ty {l,m}; or similarly as z[f{x}] or (z)/{z). To have noted or
apparent variables, we shall be obliged to begin with such expres-
sion as ./ {x}. C, {#,m}."), where the real variable x is determined

1) Mr Skarzenski, has remarked that we get a serious simplification of the
system, if we use f(m) {2} as a fundamental idea. I see that this method would be
most conformable to the real meaning of the idea of a propositional function.
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by the constant #. Then the fundamental Principles of the Caleu-
culus of Functions will be:

I. The Principle of Deduction:

1001 |.(@)fu {7} D /. {4}
II. The Principle of Disjunction:
1002 (2).p V fu 2} D p V () 7 (2}
With these Principles we can prove that there is an individual of
‘the same type as m, we having the proposition:
(A7) & {z,m)
‘but we cannot prove that there is an individual.

Such a modification of the Pure Theory of Types will be
made in the complete system of Logic and Mathematics which I
intend to publish later.

The theory of functions of the same type, as expounded in
Part I, is far from being complete. To have a full theory of fun-
ctions of the same type, occurring in a system, it would be neces-
sary to write a very big book, ~— as a matter of fact a common-
place one. It is therefore more reasonable to prove no other pro-
positions than those which are to be used immediately. In this pa- -
per we shall use the following propositions, which do not oceur
in Part I:

1281 = C{e y(-f i@} g {w)hz g1 7o}V g ()]}
[12-2421.(0-34))

123121 = Cley [ Sz} g {y}hay(. {2} D g{y}])

[Constr. as in 12:312)
128122 Clzy [ f{z) Loy}l eyl ./ {=) g {y}))
Constr. |=1222.301.7)
Folzylfa gW-lhayl~r{ey v ~gly}ly

(04344 1415] D= C{e y [ F{a} . giy) Lz y [.~flz} Vg ly)))

[12:3121. 1()1]D|-Prop

124 C{al@)-pr i 2yhelp @ f )1}
[0-27.12:3122.]

1241 b CE(@p D/ F LMD Q) )
[027.12:3121 ) |

1242 = C{e(ly)./ o | pl o 0/ o) pl} [02724]

12421 p=C{z (W Lo {w 2} | ph 2 [ () fu {u, 2} | p ]} [0:27-24]
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1243 |=C{z [(y).f 2} Dpl =)/ {y. 2} D o}
(1242:3121]

125 = {e((@9)f{x, v, 2), @) f iy, 2 )J}
Consir. p=.12:1.0441. D = {2 [ f{=. ¥, 2}), 2 f{x’ z,2}])
[0-25:4] Dz l@) fia v, 2,2 (@) (=, v, 3}
[0262)D T (@) £ {a s 3 2 L@ S =y, 3 @) f & 92} 1} (D)

. 121.0252:412. D {2 [/ {o, 4, 2}, 2 [/ {2, v, 2} 17 {2’ 9, 2}])
[0252] D |- ¢z [@ y)f (= p 2} 2 (@ ) - /@y, S F (o s 2}y (@)
. (). (2. D }=Prop.

1251 |- T{y (& u) f{t; 7, 9} y (& 7) /o {0 7. )]}
Constr. |- 12:1.0-242:261- 2643

F¢{y (x 0) /. {7 ), ¥ (@ w). 1. {w, 2, '} | £ {0, 0 9} )
[12-421.026-261.]) D
iyl w)fuwy}],y[ ). (u) £, {u ' y Y| {0, 7, 931
[027) D= {yl@u)f. = w] ylCa) fu {2y} | () /. {w,y}- I}
[12:421.0-26 - 261 1D ]
I ¢ {y (@, W) f. e 7 g}y (@) -/ s sy} | (@) fu o, @ 9} 1)
[027) D=y (@ ) fo i, 7, 4}). y (6 @) . fu it @y} | fa {0, 7, 9} 1)

[0-252] ) |= Prop.
We shall use the following abbreviations:
12011 "Clz g2} = . Clix, 2} Ty 2)
&
120012 C{z,y,2. 2} =:C{x, 2'}. C{y. 2'}: T{z, 2'}).
&
Note that, if we take £, (v} for u[f,{u}] {»}, this is by no
“means effected by the simple application of 0'16:but we first take
by 120102

wl. A (@): P Dy D . Fla) D plate] for w [ /o )]
and then we apply the direction 016 to this function.

. Automatical construction of assertions.

It is to be remarked that the number of definitions needed
in practice is very great. In this paper we shall not give all defi-
nitions explicitly in cases from which any ambiguity is excluded.
We shall also use some simplifications in our construction of ex-
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pressions which are by no means an essential modification of our
directions, and may without any difficulty be omitted in a complete
system. E. g. we shall omit one external dot on both sides of our
-assertions; likewise the brackets in defined symbols, in cases exclu-
ding any ambiguity; we shall also omit the letter a in defined sym-
bols, by a proceeding to be explained later.

VI. Prolegomena to Cardinal Arithmetic.

This chapter contains certain definitions and propositions to
be explicitly used in Cardinal Arithmetic. In spite of the general
method expounded in Part I, we shall have to deal with definitions
built up for special types.

a. Complements of the Theory of Deduction:

02 ip g =g
ar

3:021 .p.g.r.s.::p.q.r:s.
B022: ipligorssapli==ansgar 805
344 |=:¢Dp: erzD:qu-_) p-
347 et d A ) Thh e B e
41 I=-2D¢q.=.~q¢ ) ~p.[to be called: Transp|
56 |pD:pDg.=qg.
515 |—:ij~q:.pa;.g\/r:._3 ip.~go=r.
1028 |=(=) ./ & Dgfe).D . (Ha)ffe) D (Ha)g (z).
1034 (@) 9@ Dp.=.F2)gxDp.

b. Classes and Relations.
We shall use the following abbreviations:

2004 extens, (x) (. v): u——v 0.0 .%{u) = x [o):

20041 extens )_extens,, (u)
a/

2104 extens, (R) = (u, v, w0, 8) . U=10:.1
21041 extens (R) = extensa (R) i
d/

w

0 e

‘The difterence between the use of extens,(x) and extens (x), (or
extens, (K) and extens(R)), is that the first symbol can be automa-
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tically applied to higher types, so as to have e. g. extens, , (x)
= = = T

for (P. Q) 'Pp::;p'((':)'D - Hie) {P} = D) (O}

The second symbol i. e. extens (x) stands simply for extens, (x).

Such simplified symbols as extens (x) will be used below without

being expressly defined, in conformity with the remark on p. 14.
T pass now to the following list of definitions, which are built

- up for special types to be used in Cardinal Arithmetic.
Definitions:

20042 u e, x = . x{u}).extens, (x). T{u,a}.

200421 wu, ’1)8:/3{ K A

200422 u,v,we, z:;:.ue,,u V,WE, A

20:043 extens, (x; ®) =.extens (%) . extens, (w).

2206 <. % C . (u )+ % \“r D W \“}
22061 .= Aay = W(a) -

as

22 062 -”:‘:‘”-T-”(n)#“’m-

2207 (=M. )-j—u[usnusw]
22:071 (anw)=u[.u£uu\/u£,,w.]
22072 (x— w)%(x MNa— D)
2208 (—;-“w) .7,& [~ ue, o]

51:01  u=v[o=u]

ds a

9209 K="\, )

21042 u[l:i ye=, R {u,v}.extens, (R).C{u,v,a}.
25065 . F gQ. ;(u, ). Py {1, 9 D Qay {4, ).
21061 . P=0.=.Pu={y-

21062 . P+ Q= Py Q-

2107 (PN. Q)%b&[.z)[l’].é.ﬁ[()],&.]

21071 (PU,Q)=uv| y[Pl.o\Vu[Qlv.]
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2108
21-081
2109

31013
31014
31015

21-091
21092

24-04
2504
25041
25042
3305
33051
33052
3306
33061
33062
37001
370011
37002
370021
3701
37011
37012

(PT Q)d]: (PNa— Q@)
(— P)=uv[~u[P],v)
a af
A=uv|[(A%).u,ve, 2.0 K}

extens,‘,(l?)‘=(c_¢, v)(P,Q):u=v: P=Q:D.R{u,

&
I

103

=R, Q)

Cnv, Rm= Cnv' R, .
Onvk R= P al R, o (i )
Oty R = Pl B, 1P, )
u R4 Q— R {u, Q). extens? (R). T{u,a}. T{Q, 4}.
QR u-—— R{Q,u}.extens; (Cnvj R). T{u,a}.T{Q,A}.
H, x_(’E[u)us %
U, R = (Hu,v)u[R),v
[»ItR—- () (4 P)u[R): P
:(C*[u) (@ P)P[Rsu
D, R = u [(4v) u[R),2]
Dipoie [(AP)u[R)4 P
D5 k= Pt PRI a
q.R =3 [(Ho) v [R], %)
qs+R = P((dv) v [R]A P|
aik d=1 w[(dP) P[R]; u]|

L1
I=o
ds
’ ey
Fi= ¢!
ay
e
=7
dj
’ 1
W=7

[R‘;]/a x=u[(Uv).u[R].?.ve, %]
[B)4n = u[(4P). u|R]*P. Pe,n.]
[B°)% % = P[(dw) P[RL:%. we.n.]
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Q:

4001 p‘0=12[(;z-).;e,,-a:) WEL K]
5001 I lav[.z}=;.].
Proposi:ifons :
2423 | (xMNa Aw) gor A\
2424 |= extens(x) D .(xU. \w) = %.
2242 = 2 (= ;
2243 = (x h,, w) Cx
2244 |-:qu:.wan'::).qu’.
22621 |= extaens (%, w) aj R4 i 0 u_=_ o=
2268 | (@)U, (x.0") = (2 (@ow))
2281 |= extens(x,w D:quTE.——wC——u:
2287 |= extens (x,w)) .(— x Me— wu) = o (; U. o).
254 |, extens,(P). extens, ("Q) e i (an Q)= g /AN
=.((PU. Wiw )
372 = - extens (%, w): xCw: D.[EB], 2D [R"], 0.
3751 = extens(x) ) :x GC(] R.=.x é[Cnv,, BLIRT). ».
40112 |= xs,oj.p‘oCxu. 7
5136 |- extens(u)j.:vue,,uz.u g—t'u:

C. Theory of Relations.

Relative produets of two relations.

3401

34011
34012
34013
34014

34015

(RiS)=;4B[C>I;E).d[R]ﬂE.E[S]n&.]
(B]8) = (RIS)
(RJ5)7uv[(&IP).ﬁ[R]:?’.T)[SJ;é.]
(R f S) = w (i) . u[R),w . w[SEP.]
(R|S)—PQ[(ﬂw) P(RYw. w[S]4 0 ]
(8] 5) ke ¢ P(AQ). u[RIAQ . Q[SL P

A
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34016 Ri 8) = Pu[(@w). PRI w. 0 [S]. %]
34017 (R[S =Pul@D). P[RLD. D[Sk )
34:04 R|S|T—_—((R|S)|T)

34041 (| S| T)= (R|S|T

Analogous abbrevmtwns will be used for relative products of
relations of any type.

3491 = (Rj s"! T)= (Rj (Sj )

Analogous propositions for other types are here tacitly assumed.
Limited domains and converse domains.

3501 (niR)?&;)[.;uan.;t[R],,;J.]

35011 mjze)z&P[.ite,,u.a[R];i.J

35012 (n’|:R Pul. Pe,n. P[R):u

3502 I‘x)_uv[u[R]v ve. ]

36021 (R[:x):—;_Pu[.P[ Rliu.ue, x|

35022 (k| ) = wPLu[R): P. Pe,n ]

85412 |- (RNuu W)= (k[ 9)U.(Ef o)

35431 |- extens (,0) D :x Cw.D) .(Rﬂl\ x)g(R:r ):
3565 |- :x(;gaR:extens(u).D.D,,(u'l]iR)?x.

Ordinal couples:

5501 (ulv).‘j_wt[ 0= u: =0

5508 (u))=Pu[:P= (ww): C{w,a).C{P,A}]
6504 ()= Pw[:Pa=(u‘J:u): c{w,a. C{P.4} ]
552 |- .(uiv)'—a—-(u'iv’).E:u=u’:.v=v':.

aya aya
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One-many, many-one and one-one relations.
7101  Rel—>Cls=.(u,0,0):u[R],0.0[R], . ju_—.v extens, (R).
71011 Rel—>Cls=.(u,0)(P):u[RAP. D[R:P.D . u=v:
& a,a daf

a,a

extens’ (R).
17012 Rel— Cls=. (P, Q)(u): P[R);u. Q [R)iu.D .P=0:

extens; (Cnvy R).

7102  ReCls—>1=(u,p, ). w[R].u. w|[R]..) .u=0:extens, (R).
TN Bl :Re—>Cls, ReCls—>1.

I omit ';he deﬁmtlons of Rsbls:)l ReCls—)l Rel-—)l

Re1—> 1, which are to be got by the same method
119 |= Rel— Cls=.(R|Cno R)=(I[ D,R).

71192 |= Rel—1=:(R|Cno,R)=(1] D,R):(Cno,R| Ri=(I] q.B):
124  |= .Relu——> Cls.Sel—)Cls:u(q,‘aRﬂuq,,S)=/\(,,):j ;

: 2 ' (RU, 8)e1 s Cls
125 |- Rel—>Cls.Sel— Cls. D (R]S)el—Cls :
11252 |- Rsl—-)] s51—>1 D (B]S) e1->1
7126  |= Rsl—)blsj(R[‘x)sl—)Cls
7136 |= Rsl—)Clsj Wb (,,:)v.Eu[R],,v.
12184 = . ui)sl—)l J,u)el—»l
72603 |- Rel—)l qu,R D[Cnv R [R“]‘;w?w

D. Similarity of Classes.

We shall use the following classes and relations to determine
the types:

73002 B=PQ(P,Qe,Di(al)]
13003 C=uvluve, q%(al)
daf A

Our propositions, 12:31—12-561 and 12-1, imply the following
propositions concerning the types:

http://rcin.org.pl



107

004 - U (i@ )| B)[ @)

73005 |= T{B. (((a |C)| Cnvi(al))}
73006 |= L{D,,C,[Cm:‘ (a 1,)“] £y é }
13:007 |= ¢{D,B.|(a 1,)“ y D,C}
1301  x<(R), g vash Rel 14—1)1{ w::(TR
13011 2 -(R)  w= x(—(R)
Note that, if x or @ is not extensional, we have ~ % < (R), » .

The proposition ,xsmw* is defined as follows:
1302  zsmo=(dR).x—(R) ~w.T{R,C}.
For classe: of relations of the type 4, we have the definition:
1303 9sm'm=(AR). 3« (R), > n.¢{R, B).
This deﬁn;;ion is to be used only in a small number of pro-
positions. The full theory of similarity will be given for xsm w.—
By the method of Principia we get the following propositions:
1311 |=T{x, D,0)D) . xsmo=(AR).e1-1: x C D,R:. 0 =[CnoR") x
" extens[D,C,,{x}. o{R, C):
1312 |=Clo, D,C)D.2smo=(UR).Fel>1:0(Cd R: »—=[R"],0:
extejns[D,,CM]{w}. ¢{R,C}:
132 |- .Rel-;—)l.@'{R,C}.:).D,RsmG,,R.G,Rst,,R.
1321 |- Rel>1:0 C D.R:extens(0). D o (0] B)—>[Cno k)0
1322 |=.Rel—>l:o C d,R:extens(w). ) [R),0 « ((Ri‘ ) »
733 |- extens[(D,0),{*} D.xsmu.x« ((I:[‘ x) > %.

1332 |= .C{n0.#,D,C}.usmw.wsmx'.") xsm#
1337 = .8{%0,x,DC} . 2smu'. ). osmx=wsmx".
73611 [(; w) ]G 2 sm’ [(a ;)“]‘j %

1369 |- #+ (R) »w.extens (x'):(x (M), %) /\,) (oM. u)_/\(,,,
S (U )= (RULGT ) ~(0 )

37 |=. exstens[D,C, x'} . xsm w: (¢ (M), #') = A 0 = (@ a¥)= A (o}
D (#U. ) sm (0 U %)
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811 = .xsmo.wsmo:(x(#)=Aw:(@MN@)=Aw: D
(U, %)sm (0 U, o)
1372 = . extens(x,0).(x U u)sm (0 U C0): (2 Cu) =\t
(oM L) =/\,,,):D %xSm @
7373 |= .extens(x,0).[a ;)“]Ansm . [(a ;)“]‘wsm $. D) xsmo.
Dem. |= 72184.71 252", 73:004 . £
I BpD:l(a)) iz~ (B +3.[(a)*fiw« (S5). »¥. 5K, 8,B}.
4 A A A
% ((Cni(ay || (S] (@) »o. SY(Cuviay)| B (S (@), €}
{1028] O |= Prop
1331 | .osmx.[(a)) izsm’ ¥, D) [(ay) )iwsm’$
Dem. |= .72:184.71:202.7)
l= - TR, C}.T{8. B).w« (B), »x.[(a})*|in« (S) +¥.
A 4
D llag) L o= ()| B | Cavitay)) [y .
[(a : ) Jix« (S),—> V.
a a 4
(71262] 3 [(ag)" (3 0~ ((a)] B) | (Omi (ag) | $)), =+
{1028] O |= Prop.
3101  Cmv=Q P[:Q=Cno, P.T{Q, P. 4} |
7211 | Cavel ~1
134 |- (O Sem' S [Cuv™), 9= ( (c,m‘r ), > &. [1211]
1371 = dsm'zm. ¥ sm' 7w (3N, ) /\“ (nﬂ,n)—- Ncare)
FUL) sm’ (U, ')
I now pass to the Schroder-Bernstein theorem and its lem-
mas, assuming the following definitions:

7379 l(w)=o(CD,R:(0"—dAR)Cw:.[Cno, B],0 Cw:
dy - a a a
extens (w'’).
78791 1, = x[.1(x). extens [K,]{x}.]
af
Note that I(w) is ambiguous as to the order of w, therefore
1(p°ly) is a proposition, the expression /,{p°/,} being meaningless.
We now have the following proposition to be got by the method
of Principia:
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7381 | .Rel ~Cls:d,RC 0":.0" C D,R:extens (0").
. (@%):%=D,R: ¢{%, K}.D I(pl)

The hypothesis Rel - Cls is here irrelevant, but it is neces-
sary in the following lemmas. It is no serious limitation of our
theory, as we have to apply our lemmas to one-one relations. Fol-
lowing Principia, I write ,Hp 73:81% for ,the hypothesis of 73-81%.

We have:

73811 |= Hp7381D) .[Cmw,B“].pl C (p°l — (0” — @ .R)).

73812 |= .Hp 7381. < ue, (0" —da R)U, [Cno B, p0) . D
(A%).[Cno, R, (; MEWC (= ") T

Dem. |= 2281 D)= HpD ~ ueg,[Cnv, R, p°l,

[.Hp.71:36.] D ~ (R, u) & pl

[(4001)] D (T%).%ecly: [CroRY), % C — ¢ w:(1)

I= . (1).(73791). D |= HpD (#x):[CnoR). % C(x—' ) : weg ly:

[372] D = Prop :
7382 |= Hp 73812 ) : (p°l, — ) =ply: ~ u&,ply.

Dem. |= 22'87.51'36.’_)|—Iip3 (0" —d.R) C —u.(1)
[1381] D = .Hp.xeuly. ). (w” UR)GC(u—fau)".
(18812 . (7379)] D |= Hp D (A%x). (x—t M) Ecly . C{n,K}.
(4012] D . ply C (p'ly — taw).

[51'36.2243] D) |= Prop
73821 |= .Hp 7381 .ueg, (pl, — (0" — A ,R)).D

we, [Cno, R, p'ly, [1382]
7383 |= Hp 7381 D) . (p'l — (0" — A R)) = [Cnv,R*);p" ly:

'l = (0" — @.R) U, [Crw,B).p°l,):

[73:821 . 81181 ]
7384 |- Hp 7381 D). 0" = (p'ly \J. (T B —[Cno,B],p'l,)) [13:83]

738401 |= T{R,0}. ¢{w",DC}. D
Sl B) Ua (LT (DR — [ Cno, BLy 1), €
[(0252) . 12+ 3121 - 3122 -4-5]
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73841 |- .Hp1381.Cl{ew", DC}.Z{R.C}.Rel »1 -
D) .0”"smD,R.o"sm,d,R.
(73°8-21-83-84]
7386 |= :d,RC D,S:.d,S C D,R. extens(R). extens(S). D
:d,SCD,(RIS):. D(RIS)= D,R:. A (RIS) C4.,S:
7387 |- .Rel >1.8e1->1:d R D,S:1.,SC D.R:T{R,S, C}.
D .l %): D,R==%:¢{x,K).D D.Rsm D,S
[.3-86-841°2.(0252)]
1388 = .xsmx' . osme':% C .o’ C % Cx K.t 0,0, D,C).
) xsme

This is the Schrioder-Bernstein theorem. Note that this theo-
rem is true, when %, #', w, ® are of the type K, but it is not
proved for %, #' ®, ®' being of the type D,C.

VII. Cardinal numbers.

The Theory of Uardinal numbers, as given in Principia, is
based on certain conventions enabling us to deal with numbers of
ambiguous types. These conventions are far from being general
directions of meaning, as they concern arithmetical operations.
These conventions being required in proofs of propositions, can
hardly be omitted, therefore it may be doubted whether we can
build up Arithmetic without supplementary directions. Now the use
of ascending cardinals seems to be scarcely possible without these.
Moreover it would be quite useless in our system, as we can
prove nothing concerning cardinal number of the Universum of
a given type. There is this essential difference between the Pure
Theory of Types and a simplified one, that the simplified Theory
enables us to prove that the cardinal number of the classes of
classes contained in a given class is greater than the cardinal num-
ber of this class!). With this theorem, we can prove that if ¢ is
a cardinal number other than the null-class, there is a cardinal

1) Cf. Principia * 102:1.
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number (¢ - 1) other than the null-class. Therefore in the simpli-
fied theory it is useful to deal with ascending cardinals; but, as
I think, we ought at any rate to set aside the special conventions
of Principia. In the Pure Theory of Types we have to do simply
with homogeneous cardinals. This limitation enables us to get the
theory of cardinals without any supplementary convention.

A. Homogeneous Cardinals.

Let us assume the following abbreviations:
101-:0001 H= H,,
as
1010002 & = ¢,

" C w: extens [D,C,] {# ).

D (d%): % =" Tix, K} :. extens|[D,C, ] {® ).

103002  Redy(w) = (x) (P):: # C o :extens [D,C, ] {x }. Pel ~Cls:
ds a
A, P=%:¢{P.c}. D (AQ)Q="T:¢{ §,4)} :.extens [D,C, ] {w}.
103003  Red (0) = . Red,() . Redy(w) . (A5) ¢{3. B).

ds

103004 Red (x,0) = . Red(x) . Red ().

103001  Red,(w) = (¥ :.

We see that Red(w) is the hypothesis of reduecibility of sub-
classes of @, as much as of one-many relations, whose converse
domain is a sub-class of . We shall deal with reducible classes,
L e. classes which satisfy Red (w), using a method analogous to that
which we have applied to the problem of extension. As we cannot
prove that there are in the type D,C classes which are not iden-
tical with ‘,a or ', — a, the existence of cardinals other than 0,1
and 2 is not assured by any means in this type. As we can prove
that the null-eclass, as well as the classes containing elements
identical with a unit element, or with one of two given elements,
are reducible classes our dealing with reducible classes is no serious
limitation of the theory of homogeneous cardinals.

I assume the following definition of the relation of similarity
between reducible classes:

103004 smr— xw[. Red (%, @) . % sm &.)
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This relation enables us to have the following definition of
a homogeneous cardinal number of the class % having the type
DO
10301  N¢x e o[ @ smr %]
dar
We see that Ne¢“ » is the class of all reducible classes of the
. type D,C, which are similar to x.

We shall use the abbreviation:
101-001 .Q = 1) C

101002 A" =(An Q)

The numbers 0, 1, 2 are defined as follows:
10101520 —=iNg - /\?
10102 1 = Ne'(daa U, A
10103 2 ¢= No ((Faa ), 0, ~a)\ o)
101003 A" =(A@Nel)

The class of cardinals other than A’ being denoted by NC,
we have the following definition:

103:02 NC_a[(EIu) o_ch A's.C{o, N @).]

We now have the followmg propositions concerning the use
of Red ).

1011001 |= : z C o: extens [Q,]{#}. Red (). ) Red (%)
Dem |= 2244 D= . Hp:ow' (Cxz: D) o C:Red(w).

[10°3341] D) = Prop.
101:1002 |~ Red (%, @) D) Red((x\U,»))
Dem . |= 22-43:68:621 D= :x’C (2, w):extens [2,,]{#'}. D

¥ (1) C (¢ (10) C ot = (%) U (u0): (1)
|- 35431656412 ) f=: »' C (2. w).exteus[.Q(,,j]‘x" . Pgl +Cls'
d.P=ux": ¢{P,C}.

.(PF @ L) el +Cls (P} (' M) el -:Cls:([,,(Pf(u' M) Ci
(P} (. 0)C 02 P=(PLNA)ULPL M) ()
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RojEasiy s = (%' ()a%):- w”?(u'ﬂ,,w): el 0k, K‘,:Q-{T-(P:r(z’ﬂ,x)):

= (P} (., 0)): 8@, ', 4)
D =, 0" P=(QUL @) Tl(x” U, 0"). K} . S(QU. ¢), 4):

(10 94] D ("»I?’”;(Ew”) "= x" P=09":¢c{x", K). T{Q", 4). (3)
I= (1)(2)(3).1034 D) |= Prop
101 1003 |= Bed(\')
101:1004 = Red((l’uLJu A
101:1005 = Red (%) D Red((%\UJ, ¢, u)) [1011002:1004]
101:1006 = Red ((r'uulU.¢au) Ua A7) [101:1004:1005]
With these lemmas we prove now without any difficulty the
following propositions, by the method of Prineipia.
10311 |- . 2& Neo=xsmro:. 2 Neo=we Ncx.
103-12 = I'Ncz D) xe'Ne'x
103:13 |- AN 2= Red(»)
103-14 - QI’N(‘-';:_“):N("uTNc‘w.E—xsmrw.
101°11 |- va NC [101-1003]
101-21 |- 1 NC [101-1004] -
10131 = 26, NC  [10i-1005]
101-14 - .Z\'c’nTO.Esz/\’. (101 01).103-11]
Here ¢, is no special sign; we simply use the class 1 to de-

note the types, according to the definition 20-042.
10122 + =1 :f:()
10133 = noedl:(xMNo)= Aw: D xU,w)e2 .
101-34 b DO 2 oA )
Foagpoiag
103-2 |= o6, NC=(Hx):0=Nc"x:"'o.
Q

10327 |= . H'o:0=Nc'n:=.06 NC.xz¢e'o.

Q

B. Greater and less.

Our dealing with homogenous cardinals enables ns to have
the following simple definition of | greater or equal“.
117:05 SR E= 0, T eV (E[;.c-o).;s’a. we't: o C %
dy a

Rocznik” Polskiego Tow. matematycznego. 8
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We then have:
11706 AT OTeEg =

L

11701 Bl B SR B
Q

af

117-04 MR i T el
as ;
11723 I=:0>1.1>06.0) . v=0. [1031426 73:88]
9
This important proposition is got by means of the Schrider-

Bernstein theorem. Note that our definition of NC enables us to
use this theorem, as we are dealing with no other classes but redu-
cible and extensional ones.
1171031 |= : c=1:0,75, NC. D .0>7. [(117-0D).2242]

Q
117104 = . 0=2.=.0>71.\/ :.0=1:0.t€,NC:.[(ll7'01).5'75.]s

117281 = . 0>v.=:0>7:~.7>0: [1171031:23]
1174 f=cico = viuti >t D.a>'t. [713-23]
117:42 = ~.u>upn.
11745 oLt g )i g S
Dem |= 11747 |= Hp D ,0>7.
[117-104] ) :.a>1.\/:.a?z:a,zelNC:. (1)

[Hpg] - D .Hp:o=gz:a,7£1NC.D 0.2 1’}0:,0:}2:1’:'

[117.2] tpa= okl
Q Q
[Transp. (1). ] D) |= Prop.
117-46 I o> 7 >%).0>7. [Proof as in 11745]
11747 e >y > aD) o D>w [T (ILTPE
1175 = 05, NCD) .6 >0.
117501 |= 0 NC=.0a220.
117511 | 06 (NC—1,0)= . 6> 0. [117501.(127-01)]
1
117531 = o¢, (NC— 50)=.0>1. [11753£01:23.10122.]
11764 = .1= 0*0 V 0-—1 [117531501°104 . Transp.]
1175561 = o0& (( NC——t 0—/ 1))— c=>2.
[(101:03) . (11705).101:34 ]

C. Addition.

The sum of two homogeneous cardinals is to be defined as
follows:
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11002 (o+7)=x|T's. U'7.(Ax, ®): 6=Nc'x:. 1==Ne‘w . (2, 0)=
dar a
N % smr (;Uuo-)-)]

The dealing with homogeneous cardinals makes the more ge-
neral definition, as given in Principia, irrelevant to our purposes.

Now we have the following propositions:

1101001 |= €{o, 7,1} D CY(o+7),1}
[12:2421-42°5]

110'14 F: N o) =Aw: 20 we't. 0.0, NC. D) (2, 0) £'(0 4+ 7)
(110:03.101-1002]
1104 I '(0+7) Do,1e NC
11042 |= (6+7)& (NCU, s A7)
11051 J= (6+7)=(2+0)
Q
110002 = : (x, @)= A %" smr(x U, 0): n,0 ¢ extens[Q,,)].
D, c-o’) X smry. o smr o: u”=(;’U(,a-)’):. (;'ﬁa:)')=/\m:
Dem |- 101:1001.73:22. )
b (0 =t Red (6", (00,0)) . 2, (U, 0)¢’extens[ Q] Hp.D
:C{S,C) . #"«(8), > (= MN.w). D.[S Lxsmrx . [S”|,wsmrw:»" =
([8%)ax U [S*).@): ([S“].2e N [S“]aw)—a—- Aw@
[10:34) O }= Prop.
11056 |= ((6+7 +o)—(a+(z+o)) (110552)
1106 |= o&(NCU,¢ 1/\”):) (640) =%
11062 | (647=0.=:0=0: ¥ L, [103-26]
Q Q Q
110631 = o5, (NCU, 5 A) D-(6+ z)—;—;z [.og, NC.(dw)(dx).
wee.~ue, . xsmr (0,0 w).
110632 |= o&(NCU, ¢ /\”'“
o+ 1)—*;1' 08, NC. (Uu). ue,x. (u — ‘u)e'o. extens[Q,]{#).]
110 64 - (u+0)__U [1106»2]
110641 = ( 1—|-0)—1 [110-6]
110643 |- = 1+1) (110641]
Q .
117:31 . o>1.=.01¢ NC.(dd).0 = (14 0):
0 )

117561 = : 0= (0 +7). D) (0 +7)=(r4 7).
8‘

http://rcin.org.pl



116

Dem |= 101:1001.73 22 )
I—.Hp:u” =o' aal) sl nelo W ST (R My =\ DE T %t
# < (R)y—>>%.D)
B o Crs (R Lo, o)= AR lLomo, (1)
[110-14] D .2e(o+1): (| R .oU, ) C »'
[101:1001.10:34] 7) |- Prop. !
E¥T6: = (64+2)NC D .(6+7)=>0. [(11002).110 14]

D. Multiplication.

I take from Principia the following definition of the arithme--
tical product of two classes:

11301 (%X ,0) = P[(u.v). ue, % ve,0: P'—(uJ,v) T{P,A)]
The deﬁnmon of the product of two cardmals is now:
11302 (oXt):;;’[.E{’a.E{'t.(H;,w) a_.Ncu 't—n\rw
J,)“} #'sm’ AX w) Red(x'). }

We have now the following propositions:
113:001 = Cl{o.7,1}D) €(a X7 1) [122421425]
11313 = . xsmrx’ wsmr o’ ) (# X 0)sm (2" X, o)
Dem = 72:184.71252.7)
2 (R),>#%. 0« (S),>0:T= PQ(Hu,w)
P[\((ui, |S |C/w‘(wJ,J W R),w0.)
TR Tel—)l:l).,'l—(uxl, ) :. e=ufaet Sl
[10-28] ) |= Prop.
103203 = (aXz)s(\CU, & )
11327 | (eX 7 =(zX0) [154]
117671 = :o=ciH(0 X 7). D). (6 X2) =T X7).
Dem |= 37'2‘)[—:an:extens(w.A).:) (0X, w)C(uX,w'). (1)

I= 11313 D) |=.2&'0. we's: wC,t #eo. e . |(a i,“]",t sm'(#' X ,0").
Hed(/') D [(a )y jin” e’ (X 10)  (12)
[(1).78:22,37251 .72:502] D) [(a | )ix" <—\R) — (% X,0"))
R (e X W) [(a%)“]‘j S [(f’nv’j(a;L)“]; PR (00 380 (2
(Cnvg (a‘|‘,)"]“ [B) (o Xi0)e'(z XT').

[13-73-731)
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D |- Prop.
113621 = 05 (NCU, 5 A") D (0 X 1)=0.[73611]

117 62 |- (0)((e,A\C.a,'Ls,—tlU.j.(0><z)>0.
1

{117:671:63.:113'621 .]
113601 = o0&, NCD) .(¢0 X O)

113602 = .(6 X7)=0.= a__O Ve 1_
1134 = (' J.0) X,0 )——((u Xdu))UA(w X, @) [40:31]
11343 = %o+ .7 :{:U D -((o+1) X't)-—((aXr)-f- (z X7)).
Dem |=113601.1175614. 110693
b=: ’E:(t:() H (o X7)+ (2 X7)). D T'(o+7) (1)
= 101-1001.1134.73T1. D = T'(0 + 1) D . (s +7) X 7)=
Q
(e X )+ (X 7). (2)
= (1).(2). D= Prop.

I shall use the following abbreviations:

113501 X(w)=(((u"’i€nvi(ai IR I (wi)F w))

RESH0R . K () — (( w’] vy ti ) | Cnv,S) | ((ai)]‘w”)
113503 Z.\» ==

PO @) Pl %) | X@0) [ (¥ ] (@] Cus (L))
11351 = .[al)9] e R),—)(n)(‘w).[(ai,)“]‘jw"(—(S)‘—>(n’><,w)
L TLR, 8, BY. D (" X %) sm' (0" X*x)
Dem = 72:184.71°262.0) . Zye1 > 1: D, Z,= (0" X #'):. A uZ =
(02 N e LBk,
[10-24] ) |= Prop.
11354 = T(oXr). A'(oX7). D (6 X7)X7) = (e X(zXT)) .
[11351. 1056 113-27)
11366 |- (6X2) = (64 0) [110643.113:43:621.101°32]
13771 = E(o+ 1)V .10 D). (12X 0+ 1) = ((+3X0)+ )
(11343 621]
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E. Exponentiation.

According to the method of Cantor, I start from the following
definition:
116:01 (rexpw) = P|. Pel——) Cls: D, PCu a, P-—w c{P, 4).

af
extens (x, ).]

We see that (xexpw) is a class of relations of the type A,
like (xX,w). By means of (xexpw) we define ¢* as follows.

11602 ot = ;t'[.ﬂ'a. H'z. ([*I;, ;): 0= Ncx:. 1= Nc'o:
L Q )
[(al) 2% sm’ (xexpw). Red (x').]
4

We have now the following proposition:
116001 = C{o,7,0) D) T{o’,0} [12:2421-42)]
11619 l= xsmrx'  wsmro’.D) (zexpw)sm’(x expw’)
Dem |= 71256 D)
= .¢{x, %, K} . C{w, o' K}.TR,S, A} . 2 (R),>%. 0 (S), > "
D:Pel—Cls D) .C{(Cno,R| P 8), 4} . (Cno,R| P| 8)e1—Cls: (1)

[71-192.3421] O:
T= PQ[: Q= (Cno,R| P|8S): Qe (% expw’) . Pe,(rexpw).]- D
.¢{T,B}. 7£l—>l D,1 _(xexpw) a T—(n expw) (2)

[10:28.(103:004).] O |= Prop
11623 | o', NC\/.0c* =A". [1313:131]
o X

116-301 |= o5, NCT) .0° =
116311  |= o0& (NC L‘,O)Qj Pl
116321  |= o¢, NC’D1 £ = .
116331 |= o, NC D). 1"— 1
116561 i c'—O =: c_.O ael(NC—L 0)
11635 |- - [(aL)"J %« (R) . (xexp w)
(aé) [54=(S)— (zexpe’): (@ mw')-:——/\(,,):

.C{R,S,B}. t{w, 0", K}. D(*'' Xo")sm'(zexp(w U,0"))
Dem |- 72:184-71-252. )

|- AHp:T‘= P@[(EIZ,;):P?(&J‘:;;):&T( ’] nvy(a )JR)]\QI\
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Bl Ot (al) | Q] @) e xexp(ol ). Pesix” X "))
D.Y{T,B). Tel>1: D, T= ("X 0"):.d 4T = (xexp(wU,0")):
4
[1024]) 7 |= Prop. : B
TLTE8BL s ¢ SRTTHNC 7). oF Zan®.
Dem = 2244 D= .0 Cx.D). (wexpw) C (zexpw’).
% a

= Prop.
1ATH91 v i so = a g (NO = 050) .70 (T 2= 5 .
1

Dem |= . 71:24.254.7)
|= . o,zecextens(K,|:0 Cx:uex': T= PQ[P&A(n’exp ):
Q=(Pua5d[:5=u:&zea(:¢7 w).])): T{Q, A}.]:
D.Y{T,B}. Tel—>1: D, T= (#'expw):. 0 ;T C (#'expx):. (1)
A A 4
[(1).72:184.71:252] D : [(al) )% "« (R),— (*'expw).
A

Sy 4
[(a \k)“]w"e(S)A—)(n’exp ®): T e (((Cnv‘ﬁ(a;l],)Jfgl?‘!1 T‘!1 Cnv 49)) | (a%)):
) ek i DV == v T C a2 (2)
J= (1).(2).D Prop.
117-H92 e L [ 0s Poayes i)
|- :o . czﬁ: cg: 7 oo
[117-651-63:581:691.116:321.110643. 1176 .]
11652 = @(o-49)D . (¢ X ¢7) = ¢+ [11651. 1175916]

To prove the remaiving laws of exponentiation, I shall ase
the following temporary abbreviations:

A A
116521  Z, = ((»"]Cno5(al)) | S)
a; a A aAd

A A
165211 2y = ("] Onoji(al)) | B)

1165‘)12 Zs —((w1(‘nvA |1')
116522 L0=PQ[.P£A( X ). Qe (% expa’).(du’,0"). w'[P],V".
(AP, Q). u"[4)AP v [ Z,)4 Q-Q—uv[(s{v)' 1;
' w [( |((¢v)rx))lf’ T8

116523 L, _Pg)[ Pe (xexpo’). Qe (x expw’): Q =
4

W A1) 2] (L) @)
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116524 H, = wo (A7) (AP . Pl(CwiZ, | Q)57 -
Wl(P [ (] Cwo({7) | Cavtz)))
We have the following propositions concerning these relations:
116525 | :D,8 =[(al)lj#": Se1 1.0
.Z,el::l:]){}Z,?n (IA/ —-UA : [712:184.71:252]
116526  |= : I)AIA? = [(a‘J;)"]“;w :Rel —?1 )
: delz 1: D,Z, b . (T4Z, TGAR:
116527 = : D,T=|(a})]sx: Tel —>1.7)
3 A.Z,el(:)l:?)é%?w':.(I‘ﬁ‘,Z,-T(IAT:
1165401 | (o))" () > (rexpe (a0 ¢~ ) > (wexpe)
: @15 ()= (6 40).

Red (). Red (%', ). Red (%", 0"). T{R, 8. T, B} . 4, 0" .U x".

Qey(nexp’). D) Qe d 4L,
Dem |= . 71:192:25252:36.116:527. )

|- Hp. Qs (wexpw): P' = z}z}'[('&; Q.
u[(((x’]Cuv, v) | c,wrgzsn Q)0 .):
w [ ZJ2 P v A P= (u' J,v ):)

Q:ﬂ&’v Qv W[l 4| rx))|P>] I
(1024.(115522)] D P[L0 5
~ [10:34.Hp] D Prop.
1165402 |= Hp 116541 DLOEI—)I (116525526
116-H4 i~ [(ail“ G sm’ (uexpw) [(a ,#)“]f‘w”sm'(wexpw').
L) L o X ).
Red (#"”,""). Red (%). Red (%', @"). D) (»” XAa) )sm'(xexp ')
[1165401-5402:35 . 113:601]
11666 = T'(eX7)D) . (6% X) = (e X2)"
[11654. 117581 62.113601-311621 116:301]
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16615 = . [(a)))#"(S).> (xexp 0).
[(aJ{)“]_Z o< (R)a—>(0X0"). ¢{R, S, B}.

Red(x"',»"). Red (#, ) . Red (') . U " .H,0" . Hw. Qes(x" exp »'):
P=H,;: P[L4].Q

Dem |- .116625.71:25. ) = Hp D .(Cnvi Z, | Q)1 —> Cls:
Aa Aa
D5 (CnviZ, i Q) C (zexp w):. q 5(Cmvi Z, ”| Q=ux:
Aa A Aa a

(71-36] D | HpD .P”[(Cnv‘ﬁlenQ)] w'=.P'=i>[@P).
| P((Cnoiz, | Q)av' . u[P’).0.]:
[ Z AP P”[(Cnv;:Z,j“Q W = .au"[Zl]a‘P”:
P = uo|(AP) .y}-”[(Cm),‘, Z, | QL W[P].0.):.
[71:192) D.u”[Q]w' = (a'é';. w250 - Ll zﬁ))
Pl(CuvdZ, | Qv a[P')..):
71192) D = Hp D .’ Ql.v'= (). w2, ]‘6'-57=“u%a[ 7).
Ptz | Qo' (P (@ Jomo ) | (Onot 2, ] Z2) | (Lo} ) ):
[11:192.552) = (AQ").w"'[Z,AQ': § -’__uv[(EIv" w')(dP").
Pl(Cunt2, | Q) al (P’a!‘(w’l Ot L) | )] CnoZ,).5"
(% ()] 0Dk )

[(116 524)) = (HQ). u'[Z]A0": Q’ If,iAzz)i((%”')I“’)):
[(1165623)] ) |= Prop.
116616 |= Hp 11660 ) Lyel—>1

Dem |= . 71:192:25:2562.116:525 . D = P[L,].Q D
u[ QL' =P . u[Z, AP PT((P’HE((»’]CnvZ(%v’))) | CnviZ, ) %

(71'192] O P"[(CnvtZ, | Q)20 =. P"e(xexpw): P =
Aa a

((P”a:iA(w’]Cnv‘j (:14, v'))) j Cnvi Z,
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[(116:525)] ) |= Prop.
11662  |= . [aJ, ) lax’ sm/(vexpw).[(al) )i 0" sm'(0X o).
: Red(x",0"). Red(w).
D) (xexpo’)sm’ (2 expw’)
[116 615616'311-301-35113:602]
11663 = H'(z)X7) D) . 0’\“—(0’)’ [116:62.117-62.116-301°331]

This proposition is the third law of exponentiation. We have
got the laws of exponentiation by another method than that used
in Principia. The proofs are here very much shortened; newerth-
less, as the fundamental relations we have to deal with are ex-
plicitly given, there is no further difficulty to obtain full demon-
strations.

117:66 |= osNCD) .2°>0
Dem |= 72:184 7)
o TN T 6 ) T .u:v: 7 =PQ[.IE’£‘, (rexpw). (i)
w—((mv Pyu: Q[(l,a)],u' : Red(w).
D Tel-—)l D, TC(zzexpw) .=l i0:

. A 4

[10-24] D (@9):F C(uehpw).q‘}sm (Ja) 0.

¥ .
[73-22] [(ai, “lin' < (R) > (zexpw) D: [R“] 3 C #":[R*|,Ismo. .
[1011001] D) . x'€'29. we'c. D) (ﬂw’):w’ Cr:o'éo.
[10:28] O |= Prop.

F. Subtraction.
11901 (6—1) = x[:(z+ Nc'x) ) = 0: NC{a}.NC{s}.|
das

11911 = T'(c—12) D) o, 151 NC
11914 = %&'(c— 1) D) Nex C (c—1)

11926 = T'(c—12) D .o>7.

11927 |= .6>=2. D) H'(c—1)

11964 |= .o=1.=U'(c—1)

11932 = (c+2)—1)e,NCD) .o =((6+1)—1).
11934 = G—9eNCD . (6—1)t 1) =0.

11935 = .H'(c'+12).(c - 1)e, NC.D.(c' +0) ? (o' +12)+ (6 —1)).
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11945 = .((64+7) — ) NC.(v—d")e, NC.D)
(6 +9)—0) = (0@ —a)
The proof of these propositions is to be got by a direct ap-
plication of the method of Principia and of lemmas 101-1001 1002.

VIII. Inductive numbers.

The Theory of iductive numbers, as based on the pure theory
of Types, is quite complete and seems very simple. Moreover, it can
pe exposed in a quite popular way, without any serious difficulty.

I begin with the definition of an hereditary class.

120001 H(g,7) =. v6,9.(0):06,9 D (06 +1)&,9:Tl0,1}:

We have nojW following proposition :

120101 |= H(o'[. H(g,7) D 0'e,9],7)
Dem |= 55 D |= H(g,%) D : H(g,7) D 0'e,9.=0'¢;9.

[(120001) DHE@LHgHD dagln )
|- 221 D |= ~H(g,7) :),: H(g,7) D OJflg = Va (v} ;
[(120:001)] D H(o'[.H(g.7) D d'&,9.],7) @)

I (1).2). D Prop. |

Note that ‘H(g,7) is ambiguous in respect to the type of g.
I proceed now to the definition of inductive numbers. The class of
inductive numbers ought to be the logical product of all hereditary
classes, i. e. all classes g such that H(g,0). Now, we cannot speak
about ,all hereditary classes“, these classes not having the same
type. Therefore we cannot speak simply of inductive numbers, as
we have different orders of them.

Let us now lay down the definition:
120002 @ = 7[d0).06, NC .26, NC ]

af
Our definition of the @-order inductive numbers will be:

12001  NC(®)induct = [(3): H(g,0) D 7&,9:Clg, ) .]
af

This definition is a pattern for definitions of inductive num-
bers in any order. We shall here use the definition,
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120001  N,Cinduet = N O(®) induct
as

It is obvious that the @ -order inductive numbers do not ne-
cessarily belong to all hereditary classes of another order. Now, it
is useful to speak about N,Cinduct- order inductive numbers.

" We shall see below that the inductive numbers of this order have
all fundametal group - properties of the natural numbers. Therefore
we shall call these numbers simply induetive numbers, and
we shall use the following definition:

120-013  NCinduet = NC(N,C induet) tnduct

af
It is easy to prove that all ,inductive nnmbers“ are @-order

inductive numbers. We have the following proposition:
1201011 = z& N Cinduct O) 7¢, N,C induet
Dem |= 242324 )
|- Hp. H(g,0). &g, @}. D H((g (N, Cinduct (M, /\1))), 0)

[Hp] D wey(g U, (NoCinduet M), A )
(24:23-24] BRZ:Y
D |= Prop.

The following propositions concerning N,Cinduet ean be pro-
ved by the same method for NCinduct.

1201 |- o0& N,Cinduct= (g): H(g,0) D os,g.{q @

To prove this proposition we use 120001 and we show in
an'easy manner that N,Cinduct is an extensional elass.
12011 |- . H(9,0).C{g,P}.0¢N,Cinduct.”) o& g
120-12 |= H(9,0) D O yg
1201121 = . H(9,0) D 6&9. . H(9,0) D (0 - 1)gg.
1201122 = H(g,0) D 1&g [120112121.110:641 ]
1201123 |= H(g,0) D 2¢&9 [120°122-121.110°643.]

Note that, if any natural number, e. g. 1918, is defined in
our system, we can prove the proposition 1918 &, N,Cinduet, using
1918 times the method of the proof of 110122
1201124 |= (0+1)=}:0 [1104.101'11.110632.]

12014 |= N,Cinduct C (NCU, e, A7) ]1201121°12:11 ]
12002 Cls (@) induct = x[(Ho) . o&, NC(®)induct . z¢, 0 J
120:021  Clsyinduct = (Js (®)induct

df

120023  J(h) = (%) (u): extens (x). xe'h. D) (x U, w) e'h .
df
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120212 = H(9,0) D) Nc'A’e;g [12012.(101-01))
1202121 = A’é€ Clsyinduct [120-212.(120-02:021)]
120213 |= H(g,0)> Ne(«,ulU,\)e g [120122.(101:02)]
1202131 = (¢, ulU, A\)€ Clsginduet  [120213(120:0 021)]
120-21 J= #& Clsyinduct = Nc‘xe,(NoCinduct — A"

[120 14 (120-02) 103-27]
120201 |= o smr T INe e (NG Clnduct— EAY) =

Ne“ #'e;(N, Cmduct—-t A’).[103:14]
120214 = zsmrx’") . n&'Clsyinduet = #'¢’Cls, induct . [120-201]
120215 |= extens(w) ) : Ne'(w U, 0", u) = = c'w.\/.Nc'(w UL, u)—
(New+1): [11063]
12022 |- . T{g,®}. H(g,0).(h):. \'€'h.J(h). Do'e, k:
C{E &)[@{Ncﬁ)}]} D) New'ey g

Dem |= 120215 D) |= H(g,0) D J(w g{Nc‘(:)}] (1)
- (1).120212 D) |= Hp D o'go[g{ N}
D |= Prop.

120221 |= .J(h): Ncw Ch )k Ne w+1)Ch [103:11.110'63]
120222  |= . J(h). O'EINC o Ch e (0'+ l) C h.
[103 2.120211.1104]
120251  |= . H(g,0).0'%9.w&0 . D) (do) .oelg (@, u) 5o
Dem = 120-121.101:1005. D= Hp ) . Ne‘we, g Ne‘(w U, 1, u)e,g.
[120:215) 7) |= Prop.
120:302 = . Nex:(Nex4+-1) =A\":=:2= V,;: Red(x).
Q a
Dem |= 110631 ) |= w&(Ne'x+1) =
(EI;).~Z£az.we’Nc‘(;éUaL°az-¢').extens[Qm)]{u}. (1)
D= ~w&(Nex+1)= (u): & Ne“(x U.¢.n). extens [, {x}. Due,x.
J= .10271.101.
D= : Nex+1)=A\":A'Nc'x.
2
B (u) Sl e, 17) &' Ne‘(» Uat‘,‘z-;) %5 ;e,u :
[103:13:12.101°1006.] O () ue,x

LY ik e Vo Red.(%) . (2)
(1) D b i x=V4: Red(x).D ~ w&/(Ncx41)
D - (Nex+1) =A". 3)
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[103-13] ) H@'Nc'x (4)
I= 2).(3).(4) D = Prop.
120303  |= A& N,Cinduct ) Ne¢*(—/\’) & NCinduct
l)em. = 120112 D |=. H(g,0). ~ Ne*(— A")&sg9- ) (9 = 5 A7)0} (1)
[120-121:302] D). (g — 1, \"){0} D (9 — 1 A")H(e+1)).  (2)
L(D.@] D Hellg—, A" {a}},0)
)i/ e N Cinduet (3)
J= . Transp. (33). D |= Hp D . H(g,0) D A\'c’(T/\') &9.
(12001] O = Prop.
12031 J= A (Ncx +1):(Nez +1) 7 (Ne'w +1): ). Netn ?Nc‘w.
[110°63.73:72-332.103-14]
120311 |= .EI’(0+1):(a»+—1)7(1+1):j.0;2_—~1. _
[120-31.1104.1032]
o&(NCinduet — 5 \). D). oF (6 +1).
; [101'32.110'64.120'311'11]
12041 |- - T (o-+7).76 NCinduct:(0+17) i (0'+7):D).0 = ok
Dem |= .120:311.1106i.120'11. ) |= Prop.

Remark: As we deal with numbers of the same type, the
complicatad proot of Prineipia is here supplied by the simple ap-
plication of 120-11 to the class:

oW (o )i (0 +) = (0 +4): . 0= \/(@ W AT}

120411 = o’e; NyCinduet D : U’ (0 -0’) D) (6—0') e, NC:
10 =20.=(0—0)g NC:
[(119-:01).12041.119:14:27 .103-2.]

120412 |= .0'%g N,Cinduct: 7' >0': ).(7,0):. (¢ — ') =T
: 2

12082 |

z-—a) 0: D). ’t— . (1, 0):. (0’+?)?-_J'c’:.(o’+;)?z’:j.??;:.

[12041411 11934]
120413 |= 06,NC D . (0 —0) = 0.[(1190,).110]

120414 |= asl(NC—~ 50)° )(a—l)s,N(’[lﬂ 53.120°411]
1200416 = .ae,NCmduct.[I(o ). .((c — o')-+d')=0.
Q
[120411.119-34]
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120417 |= ael(NOT 50)D. (o + Ul)f‘-((ﬂ'—l— 1)+ (e —1)).

[120414.11935
120418 |= .c& NCinduet:z>a:0).(a'+ z)lf((c’—f 6)+(1+40)).

| (120411 .119:35]
120:42 |= .o NCinduet. A's: 0’ 3=0:D) .03 (a+0).
o e

[120-41-14]
120422 |= (o4 1)&(N,Cinduct— ¢y A”) Do (N,Cinduet— 5 A"y
1 1

Dem |=.H'(c+1). H(g,O).~celg.D.(g~1— (s 4+1)){0} (1)
12041] D g—5HE+EH D@ AG+NE+DL @)
(M).@1 D-H(g—ea(0+1),0).~(g— 616+ D){e+1): - (3)

- .1201.8) D= . T(c+1). H(g,0).~06,9.D
~(s+1)e (NCinduet — ¢, /\")

[Transp] D = (5+1)& (NCinduet — ¢, \”) ). H(g,0) Dog,9. (4)
- 104D | (o4 Da (= KA D T )

|~ (4).(5) D = Prop.
120423 = o& (N,Cinduct—0)=(H7).z¢, NyCinduet: 6=(z+1):
1 Q

Dem |= . 120:14:414. 7) J=. o&,(N,Cinduct— r',0). d's. D) (c—1)e, NC
(120422 S It — & A")
[120:416] O (H7).76,N,C induct : ¢ = (T+1): (1)
|= . Transp.11911 D) = . o&(N,Cinduect 7 £, 0) 70 §/\” 70
t(e—1) —E—./\": (6 —1)& NyCinduct.
[Hp.110-202] D) (U7).7e, NyCinduet: o= (z+1): 2)
- (1).2)D |- o&(NCinduet — 1, 0)39(3'1) .76, NyCinduct:
e (T+1): (3)
|= 120422124 ) |- (Uz).7¢,N,Cinduct: o = (z+1): D
5 &(N,C induct = 5 0) (4)
= (5):(4) D= FProp.
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1204231 |- ospvomnduem(ﬁ?;.?e,(Nocinduct—f A"):.

(c +1)—(z+1)
Dem |—.Hp.EI( a4+1)D) (d7). zsl(NCmduct—z AR
. (c+1).9_(?+1): (1)
= 120-302:303 . D) |=. HP:(5+1)‘0—' AUy
 Ne(— \)&,(NC induct — G A (04 )= (Ne(— A)+1);
) (H7).7e,(NyCinduet — 5, \”):. (a B 1)= (?a+ 1): (2
F).@. Dk Prop. &
1204232 |= o (NyCinduct v ,0)=(Uz). rsl(.'\'o()inductTz"l NG
6= (?+ 1): [120:423:4231]
120424 =0 0:A (1 40). 0. ((1+c)—1)—('$+(c——1))
[11042:62.120:414.1104.120516 . 11056 . 120311 .]
120425 = (64 7)(NC—10) D:((6+7)—1)=(s+(z—1)). V.
((6+7) 1)%(@ —1)+2): [110‘629.120-424.103'2.]
120426 | e, Clsinduct: C w: 8,0 MN,—).TNco.

D :Nex< New:~wsmzx.
[110:14.101'14.12042.(117:05).]
120427 |=.Rel—1:0 R CD,R:4,(D,R—A,R).T{R,C}.

Red (D,R). ) ~ D,R& Clsyinduct
(10426 . Transp.]
120-428 |—.cs,NoCinduct.H’(c+1):z:{|2:0:3.(c+'z)>c.
[117511.1104.117-561.12042 ]
120429 = og,NyCinduct D:z>0.=.7>(c+1).
[120-428.117-47:31-631]
120-43 L gSpecris=" o<t NG =1

120432 |—.cspect_ o<7.\.o=1 [117 281]
120436  J=.ospeco’.=.0,0'g, NC. (Jz) (c+¢);c kot +1)
.€{7, 1}:[120432. 11751 Y
120437 |= o0& NC D) .Ospeco. [120432.117-281]
120438  |=.aspecz.d'(c+1). ).(c 1)specz.
[120436417.1104°61.]
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12044 = .0e,NC.76(N,Cinduct — ¢, \"). D) zspecs.
: [120-37438.1104 )
120442 = . c&(NCinduet o LN T e NG E)
oL T =~ 020 T =~ O T

: (12044 .117-281 |
120443 = &{ D, 0. D{(v' + o). e, 0,1}, ]}
Constr.
= .121.0261. D= (,{z[ Dlo ’\|(D{z ®‘a‘}|@'z, ]}
[0-41- 441.0° 243]DL\T!.¢{O}I¢ z}.],z[l.(P{(z +a')} c{T a. 1| d{z).))
[023:26:261] D j= T{o[. Pla}| Do}, o|:Ple'+0)) Tle' o', 1}.| Bla) |}
[0-2411] D = Prop.

We prove in a similar manner:

120444 = T{ D, o|. P{(2’ X o). ov.0,1} ]y

120445 = TP, o] D{a%)} Tlz,0,1). }

120446 = C{ D, o] P{a@+0) &{s,7, 0, 1} i

120447 |= ¢{o((7). N, Clxlduct{(H-a} clz, 0,1}] NyCinduct )
Constr.

|- 12:3121-3122 . D) |= ¢{o[(h): (v'+ 0)&, R |(7) . (1006, k| T{w, 7, 0. 1}:
[ €{k. ®).], N,Cinduet}
[02712:2421] D= ¢{o[(F) (7): (W+-0)e, k| . (v+0)e, K| T{7, T, 6,1):
| ¢{&, @}.], NyCinduct}
1251 D+ &{olf) (7) (#): @+oje, F| (T40)e, T | €77, 0,11
|c{h ®}), N Clndwt}
[024:27.12:51.] D | lo[(7)(R): (r+0)elh|(z 1#0)51/;|<,{r 7,0.1):
| L{fl. ®}.], NyCinduct}
[(1).120443] ) j= Prop.
12045 I= H(g,0).06,9. 16, N,Cinduct. Z{g. ®}. D) (6+7.6, 9
Dem J= . 110:6:02.10323. D= Hp Dia+0ig9 (1)
I=-120121.11056 . ) J= Hp D:(0+4-0")&,9 D) (0 +-(0'+1))g,q: T, ). 2)
I -(1).2). D= HpD H(o'[.g{(o+0'}. &o" .1}.],0)
[120°1-443) D gilo+ 7))
[(Hp. 20:042.] D) |= Prop.
Remark that this proposition is muech more gencral than its
correlate of Principia. We shall see its importance for the further
development of our theory.

Rocznik Polskiego Tow. matematycznego., 9
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1204502 |= o0,7¢ N,Cinduct D) (64-17) & N, Cinduct
Dem |= 12045 D= . Hp. H(g,0). T{g, ®}. D (6 +1)&9
[120-1] D |— Prop
120451 |=.(0,7):0" = o+1 (9,0). D .78 (9= A" B0 1),
.1 (0" 1) = (0 0 D d.va(g— A7)
[120414:124-425. 11042 1193211, |
120452 |= . (0+1)e,(N,Cinduct - 11/\") H(g,0). Do, 'zsl(g—z‘/\”)
Dem |= .120451'12.11062. :)
|- Hp D H(o[(", 7). 0'“/\"\/ 0—‘(0"-!- V') {0, 1}
(9— (i A") {'”}-(9—]11/\” (31,0
[12042] D | HpDa o' =A".V. 0'=(041): D06, (g -1, A")
D ek 9 =A" V. ()= 6+ 95 D sraly < A7,
Sk Prop. g
12046 |= .06 (NCU, ¢, \"). 7, NCinduct. H(g,0). D(0-}1) &9
Demt §= 1106 Jife-Hp D gilo+0) (1)
|= 11056 D= Bp D HE@[.g{(o+7)}. ¢{7, 1} ],
(Hp] D gile+)}
[Hp.20042.] D) |= Prop.

1204601 = .o'e,(NCU, 5 \").(9): H;,G)D'Ls,; c@, Py
D (Ho): v = ( 0): T{s, 1}.
Q
Dem |= 11061 D= Hp D .o'= (o' 0).
Q

D (da): C";—(G'—i-c-): (s 1)
= 110'56:)|u-Hp:):z= d’-—l—c).].(r+1)=(c’—|—(c-{—l)):

D). (Ho) : 2= (a'+0): ¢{5,1}. 2)(Ho): ): (1) =(o (0’43 : ¢{5,1}. (2)
= -(1)-(2)-)|- Hp O
H(i[.(H3):7 = (o' +3): ¢{5, 7, 1}. V(P i Ao) {7} 1,0)
[(Hp] D |= Prop
120461 |= . o’e, N,Cinduet. ( H(g,c):)ze,g e{g, d):
j (45) . o&, NyCinduct: © = (¢’ + o):
Dem |= 12011 D j=.Hp. H(3,0). Clg, ). D Higyo)

DHpD :-H(g ') Dve g.D- H( 9»0)Dre,9:-@'{9,¢}-
7) 7, NyCinduct
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[120:4601] D) . e, N,Cinduct (i5) ;z=(c’+?}: oo, 1): (1)
= .(1).120452 D= . Hp.@'z. D) (o). osl‘\ Cinduct: z— +c) (2)
i= Hp D = .Hp:'z?/\": ) /\”E,NOCmduct:'rj(c —|-—/\”)

O (ds).5& N,Cinduet: ¢ = (o' +9): (2)

- .-(1).(2).D= Prop.
1204611 |= . ’e, NyCinduct . (dc) cs,N Cinduct: z—(c +o )

D (9): H(g, o) D reg: &g, @)
Dem |=.C{g, ®}. H(g,0") o’,06 N,Cinduct: v=(c"+a): D g{ a'+0)} (1)

(11056] D @+ D+ 1)) (@)
D H@lg{e' + 7). ¢, 1}.1,0)
(120 11] D 9{(e’+ o)}
(Hp] D glry (3)
- 3) D)= .a'ya8, NyCinduct: 7= (¢'+0): D) : Hig,o') Dreyg: Tlg, D).
D |= Prop. 2

12043 |- o'e,N,Cinduct D). (ds). 56, N,Cinduct: 7= (o' 4 5,: =
Q
(9): H(g,0) D &, g: Ty, P):
Dem |= .120'461:4611. ) |= Prop.
120-47 = 7&(N,C induct — ¢, 0)==(9): H(g,1) D 7¢, 9: ¢{g, P).
1
[120 423-463)
120471, |= (Ho).5¢ (N,Cinduct — ¢, 0).c8;f. =
1
(43) . 5¢ NyCinduet . (54 1)e,/:
[120423] . ;
12048 |= .o0&NyCinduet: 6 =>7: ) 78 (NyCinduet — l,/\")

[120452.117-31 .]
120481 |= . %€Clsyinduct:  C %: I'Ne'w . ) we'Cls;induct

[120-21-48|
12049 |= .05 NC — N,Cinduct) . 7&(N,Cinduct — c,/\”
D.0>1.
[120 4844]

To prove the theorem 12013, I assume the following tem-
porary definition:
120013 Hy(9.0)=.0¢,¢ . (B:?s,gzs,NoCinduct. =)
a/

T+ 1)eg: Ty, P}
9‘
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We now have:
120-13 |= . o0&, N,Cinduet . Hy(g,0). ) o¢,9
Dem |- 12012448 . D
|- .Hp.~o0&9. 16,9 <L o: D76, NyCinduet.
[22:621] D:te,gitCoi=.78¢9:7 << 0: 76 NyCinduet: (1)
|= . 117501.120114.(1). D= .Hp.~069.70) 06,9:0<0: (2)
|= .(1).120429 . D= .Hp.~06,9. D)
128910 ). (et 1)gg: (v 1)<a:. (3)
= .(2).(3).12011 . D= .Hp.~o08&9.) oy
D |= Prop.
12023 . = . A\€h.J(h). Tlh,o[@{Ncw}]}.D). Clsyinduct Ch.
(120 2213
120-24 |= @& Clsyinduct= () N'eh . J(h) ) weh:
T{hy o[P{Ncw)]}. D weh. [120:23:22]
120:2601  Jy(h) = (%) (n): %€’k . %€ Cls, induct . extens (%) .
dar

D(AU cuyeh: Tua).
120-261 I= . we Clsyinduct. A\ ‘e'h. Jo(h). T{h o[P{NCwY]} Dweh
Dem j= .Hp .~ w&'h. D:ue'h: Ne'x < Ne'w: =.
#e'h:Ne'n < Nc‘w: z&'Clsyinduet: (1)
- . 117501.12014. (1). D |=. Hp .~ we'h . D). A'e'h: M \'<Ne“w>: (2)
|- . 101:1005.(1).120424. D= .Hp.~ we'h. D)
b NenK Nefw: D). (w U, 6 u)eh: Nef(n! ), f ) < Ncw:. (3)
J= -(2).(3).12023 . D= .Hp.~weh. D weh
, D= Prop.
120473 |- .o&(N,Cinduet — 5,0) . le, g ..(;): 76,9,
1

zé, (NyCinduet — ¢5,0) . D(z+ 1)e, g: T{g, B}. D sty g
1
This proposition is to be proved by the same method as
120°13.
120491 |= ~xe Clsolnduct—(o) celN(deuctD ,
((Hw) ) Cu e’
[120'49'429‘13'121'21 .101-11.117 42 ]
120493 |= »€&Clsyinduct ) : Ne‘w << Ne'x =(Ho’). o'¢' Nc‘w:
@ C i~ @eigx: [120481-426 .13 37:3. 10314 ]
120501 = 0,7 N,Cinduct O (63<7)&,N,Cinduct
Dem |= . 12014.10323.113601. D)
j= Hp D:(aX0) - 0.V:(eX0) i GO ?/\”:.
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(120:12] |= .a¢ NiCinduet. H(g,0). D g{(sX0)} (1)
- 113 Dk o40.D.GXEF)= (6X¥)+9). @
= (2).12045.D) |= : ch: Hp. H(g,0). {9, P}.D
9{eX7)} D glle X (@' +-1)). (3)
I (1).8).Dl :s3:0:Hp. H(g,0). &{g, ®}.
D H(@[.g{(sX7)} . T(¥.1)}.],0)
[120-11] D gi{leX7)} 4)
J= 113601 = = : c=0 Hp D) (sXX7)e, N,Cinduet (5)
F .(4).(5). D} Prop.
This is the second fundamental theorem concerning the group-
properties of inductive numbers.
12051 |- .o,0',7¢ N,Cinduct: zj:O qA'(zXo): (TXG) (zXo"):
D ==
e
[120°436 44.113-43:602:203.1106 .
1205611 l= .57 N,Cinduct: z:l:O HA'e: (z)(o')::'z 0 4 c—l
[12051 118621 1
120512 = (6X7)&((N,Cinduct — ¢,0) — ¢, A")
1 1
D 6,78 ((N,Cinduet — ¢, 0) — ¢, \")
1 1
(12048 .113602203.11762.]
120513 I= . z&(( NCmduct - 0)—L ADrxdy==+:
D.o=1. [120511512]
2
The axiom of infinity is to be defined as follows:
12003 Infingez = (3) . 56, N,Cinduet ) U’s.
dr

120031  Infinar = (3). 56 NCinduct D) U'5.

af
We have the following propositions:

120321 |= .6 (c41). ) T’ [1104]
Q
120822 |+ ogNoCinduet . Wo=.o (s 1): [12032:321]
12033 = Infin,ar = (5).5e N,Cinduet ). 54 (5 41):[120-322]
Q

12512 |= Infinyaz=(s).5¢N,Cinduct D H'(z+1).
[120-423)
12515 |= Infingaz = (). %e, Clsyinduet D) T, (—7%).
[120°18:21'426.1256'12,)
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125-21 |= Infinjaxr =~ (— A’)&'Clsyinduct [125°15]
125211 |= Infinar =~ (—u/\’) & Clsinduct
I shall use the followiné abbreviations:
12051401 (s+4 +z\— +4d)+17)
1206141 (644 —1)=((c—f—a)—r)
1206142 (s — G'—’L’);((G—- ¢'(— 1)
1205143 (6—o' — 7' -{d—/ )= (6 —¢')— v +17")
1205144  |= ¢ NyCinduct Dd/ .(6—0) = 0.

[1106. 12041248]
1205146  |= .6’ N,Cinduct.d'(¢" — (64 1)). D).
@— @) =6—o—1).
Dem |= .120411'48. 119-34. O HpD.(6"—(s +1)+(r+1))=n.

[1105156] D4 — G+ 1)+ Df5) =0 "
[110 6.120-5144.] D.(G'——(O‘+l)+l)?(a'”—c). @)
|- - ).119-45.7) |= Prop.

1205146 |- celNCInduct (' — (c41).D
(Al b B =)
Dem = 11061 D= Hp D .(¢'+1—(5+41)) = (145"~ (c+l)).

(119:32] 5_ (14-(o'—(s+1)).
(1205145 = (1+(—s—1)).
[110:51.(120:5141). (120 5143) ] =@ —s—1+1)

(119:34] ) |= Prop.
120515 | . Infinax.
(@) H(7,0): ¢ C(N(,C'lnduct—1 CAAG D, g\ c{g,NCmduct\
) 6¢& NCinduet
Dem |= .3:47.(120001).D |= . H(g,0). H(¢',0). D H((gM:¢'),0) (1)
I= (1)D)= HpD: H(y, 0):9'(]:(A’00induct—] 5 /\"): ¢{g, NyCinduect}.
D H(g,0)D (g ng) e}
, DAL
D= Hp D: H(y, O):g’(l: (NyCinduct . G A\"): & g’y NyCinduct }.
) 6& NCinduct, (2)
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|= 1201011 D = Hp D) .66 NCinduct O) ¢, (N, Cinduet ¢, A\).
1
[Transp] Dj= . ~ s&(N,Cinduct - ¢, A”).Hp . ~ &, NCinduet
1
D= Hp D(dyg). Hig,0):9C (Ny,Cinduet — i A"): G{Z Ny,Cindue'} (3)
1 1

I .@ (3).D [~ Prop.
12051501 = Inﬁnaz].(?):.H(;,()):_gC(;\YOCinduct— )
1 1

D 9{s} T{g. N,Cinduct}.== s, NCinduct. [120:515.2 05.]
I shall use the following abbreviations:
1206151  go'*t? — glo’+D

df
120i0kp2 N uet e giel o

: as
12051021 g{s+ 1} = g{(s +7)}
@
1205163  g,'7y0) = . g{v' 4 2% ¢} .~ g{v'429F 9} C{7,51}.
as

120516 |= . Infinax.s’e, NCinduct. H(g.0):
gC (N,Cinduet — ¢y, A\"): ¢{g. N,Cinduet}.
1 1

D-9{27} D g{2"}.
= 11061 D = .Hp g,000,.7 40,0,
(10 24] D (A7) g4(7,0) (1)
= .1205146.11051. D = . Hp.g,(00).D
g*f'z”,a).~g{'z”-1 20'-g+2g’—(0+])}.D,Vg{,t”_{,_20’"(0'*‘”+2(0'+|/_(0+])}‘ (2)
(Hp.11366.11652:32 1205145 | D) g{r"’ 420~ (o) 4 20'~(@D} _ (3)
[(2.(3).1024 ] D (U7) g,@,c+1) (&)

|- .120:5146.11366.116:52:32. ) ]= . Hp . ,(0,0). D

:g*(z", 6) .9{1”+ 20’-a+20’—(a+1)}. :) o 9{1'/+20'—a +20'+1-(a+1)}‘

[1024] D (A7) g,(@, (c41) (5)
I~ - (4).(5). Dl= - Hp.g,(00). D .9,(", 0) D (A7) g,(¥', (s 4 1)) .
[1024) : DL (A7) 957, 5) D (A7) 947, (5 + 1)
[(1). 120515447 ] O (H7) g, (7, 5")
[(1205153).120 5144 ] D7) g{v + 2% .~ g{v+21}. &7 1),
[116:32:301] D). g{v+1) .~ g{7 +2} . {7, 1)).
[Travsp] ) |= Hp ) ~ g,/0,0)
D |= Prop.
1205617 |- . Infinax.s e, NCinduet. H(g,0). ¢{g, N,Cinduct }.
s L

Dem |- 116:301 D= Hp D {2} (1)

http://rcin.org.pl



136

J= 120516 ) |= . Hp: g C (Ny,Cinduet — i, A”) 2 D)
1 1
:9{2°} . 5¢, NCinduct . ) g{2°'}. (2)
J= .(1).(2).120:13. D |= . Hp:g C (N,Cinduet — 5 A"): D g{2°}
1 |

(120561501] O = Prop
120518 |= ~ Infinax. ¢{7, 0.1}.7) 1%, NCinduct

Dem = 1.5211 D |= Hp D) Ne‘(— /\")& NCinduet (1)

[]20 121] B /\”e,;\’Cinduet (2)
f=.(1).(2).12048. O j= Prop.
12052 |— re, NCinduet ) 2%, NCinduct
J= 120517518 O) |- Prop.
120'623 |= .Infinax . s ve; NCinduct . O) s’ NCinduct
- 117661 D }= Hp D) .o<<20.
[117:591] . (20
[120°501. Hp. 116:63.] 7). " 200%9,
(12050152 48] O) J= Prop.
: 120524 |= 5,16, NCinduet 7) s% NCinduct
(120-523-518]
This is the third and last fundamental theorem concerning
the group properties of inductive numbers.

IX. Some remarks concerning Finite and Infinite.

I assume the following definition of finite classes:
122001 fmfx)— extens(x). (u ).~u£,,w:) Acu:{:N (x\U.0,

We see that all inductive classes are finite classes

To prove that all finite classes are inductive classes, we need

the multiplicative axiom, unless we assume that (N,Cinduct— NCinduect)
1

is not a null-class. With this last hypothesis we get finite num-
bers, which are not inductive numbers; but we can prove that any
®-order inductive class, being no N,Cinduct-order inductive eclass
must be an infinite class in a sufficiently high order. Now. as the
multiplicative axiom cau be proved in the system of Nominalism,
as remarked above, we see that in this system we have no other
finite numbers, as inductive numbers,
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Note that Infinaxz by no means implies the existence of x,.
The existence of any aleph must be assumed separately. — It is
easy to see that if we deal with alephs, we assume the reducibility
of the corresponding’ classes, and by this method we get a system
which is practically equivalent to the simplified theory of types.
We then see that Cantor’s theory is closely connected with the
simplified Theory of Types.

The fundamental idea of this work being that there are no
other primitive propositions than those belonging to the Logical
calculus, we are obliged never to deal with an hypothesis without
having a parallel system based on a contradictory hypothesis. Now
it is interesting to see what is to be done, if we assume an hypo-
thesis inconsistent with the multiplicative axiom. Such an hypothe-
sis being somewhat connected with the ideology of Realism, we
can deal with it by means of the simplified Theory of Types. This
matter will form the subject of a separate paper'). Here I wish
to expound only the fundamental ideas of this work. On the other
hand, I shall prove the fundamental proposition of Nominalism
which I have mentioned above. I begin with this proof.

A. Nominalism.

I shall use the following definitions:
1341 i = no(u): #{u}y = (0 =u): Ty o, V}. %, o))
af L
1342 (ive) = u[(u = a). T{u, e, V}]
dy L

The direction 04, enabling us to take functions in ary type
for all individuals occurning explicitly or implicitly in a given ex-
pression, we ean use any function instead of a. Then our Theory
of Cardinals applies to classes of any type. Now we shall have to
deal with classes of the type [i“]a’:m,(y) o', instead of K and with

corresponding cardinals and inductive numbers. This Theory enables
us to prove the fundamental theorem of Nominalism, which I call
the theorem of M. Greniewski. I use the following abbreviations:

1343 Be= x[.B{x} | V{x}.]

L]

1) ,Uber die Hypothesen der Mengenlehre*, to be printed in ,Mathema-
tische Zeitschrift*.

http://rcin.org.pl



138

1344 By =x[-B{#} | V{x)]
1345 int(w) = (u): 0 {u}. ~ (-u= 7): D

(Hv). (T= ). 0{o}. T, V}: ¢{u, V).

L

1346 id(0) = (u,?) (u=? o {2}.D o,{u}.
13-47 max(w)—u w, \“} e P B
®): 0, {v}. ~ GT w). D 0,{v, )]

1848  To=[i|\ %
& )

13481 A=(AmNroi)

1 denote by () the function we get from (), if we use fun-
ctions of the type 2% instead of functions of the type K. I shall
also use the abbreviation:

13-482 /\"'—(/\(w L O

il oy
The mterval determined by ¢’ is to be defined as follows:

1349 Int(0) = 0[: 0 = Ne'(i" ® Ui A" o{V}.
(H7) . max (@) {v} . int (o) . id(w) . {o, (i, V)}]
We have the following lemmas:
135 = Int(1){G,V)} [1315]
1351 - id() D id(. w(,)uLV @)r.) [1317]
13512 [(1349)] J= Int(o) {0} =:0= Nc'(i“w uw,,),, A" 0{V}.
Al Ka
(Hv) . max(w) {0} . int(w) . id(0) . T{o, (i, V)}.
13613 = .int(w).max(w){f}. D int (. 0wy U @By -)
Dem |- .Hp.o{a}. ~ (e = V). @).(e="7,). 0o{v}. (1)
F .Hp.(B){a}. ~ (a=7).D(e=4). 08}
D (@) (a=7,). (). (2)
- (1).(2).344 ) | Prop.
13514 |- . Intax . w{V}.ini(w). id(w) . max(w){B}. T{w,(i,V)}.
D max (- oy U (ivBy)ry.) {Bak
Dem |- HPD s (ivﬂee) :ﬂ»*} (1)
D-Bsx=A. (@)
F20UDE Fu=V)D b=V 3
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F @0k B.D ~@u=" @

|- 155613 .Intax. Hp. ). (ﬁ**f a)ade) ") (ﬂ*T a). w{a}:
((1346)] : D o{By}-

(Hp] D o{By) . ~ 0By}

[Transp] D - 0{e) D ~ (Buo= )

Hp] D:i~(@=VF).0{e}.D ~Bu=a) )

F WG .D HPD ~ 0 U ( Vﬁ*)(V) {8z} (6)
(Hp) D -0 U @By A7) ~ B=7)-D

% w(y)u (lVﬂ*)(v) . {y*} (7)
I= 6)(7). D |= Prop.
1852 |- Hp 13514:0= N¢' (,«wu i

(o4 1) = Mol w(V)U (irBa)r) - Uw'(';)/\"')-

(110631]

13521 |= . Intax . H’'Int(c). D " Int(o+1)

' (13'514:61352]
1363 J= . Intax.o& (NCinduct s ¢, 0). D H'Int(o)
[120-47.13:521-6612]
1364 |= Intax ) Infinax [13'53]
This is the theorem of Mr. Greniewski.

B. Realism and hyperrealism.

Let us assume the following definition :

Transcax = (;) . ~ %€ Clsinduct = (— )& Cls induct.
ar a

If we assume Transcax, we can prove without any difficulty
that V,, is a finite class, i. e. a class which is not similar to any
proper part of itself, not being an inductive class. We also prove
the proposition:
Transcax —) Infinax.

It is easy to see that Transcax is not consistent with Multax.
Nevertheless there is an hypothesis, which is practically as much
fruitful as the multiplicative axiom, being consistent with the
Transcax. To get this hypothesis, I shall use the idea of self-
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comparable classes (intspec). We have the following definition of
this idea:

intspec () = (;’, 2w Crnn” Cu:D. Net % spec Nen'’:
daf a a

With this definition we can build up the tollowing definition
of the Axiom of Affinity (Affinax)
Affinax = (%, w): int spec (@) . int spec (%) . D)

ar
: Ne“x spee N @. D) . NeCls" % spec Ne“ (1 @):.

We see that Affinax cannot be applied to classes, which are
not self-comparable. Therefore we never can prove with this axiom
the multiplicative axiom or some equivalent axiom. It is easy to
see, although it can by no means be proved that Affinax is con-
sistent with Transcax. If we take Transcax for Infinax and Affinax
for Multax, we get a system, which is as well founded as Cantor’s
system, and which enables us to have a generalised Arithmetic
and Mathematical Analysis.

Additional errata to Part I.

20, 1. 34, read yp for fg
p- 21, 1. 2, 3 and 4 read @ for f
p- 23, L. 16 read ,Fundamental class-letters“ for ,Fundamental and
functional class-letters“.
p- 24, 1. 26 read G (4,u) for KE(4,7)
25, footnote read 014141 for 0-13-131
RO:hetor G OMD
25, footnote 3 read x for z, y for a
26, 1. 22 read ,noted individual variables“ for ,noted variables“

5

s

26, 1. 24 read zy(plz,y)l, yz|plz,y)l for rolp{r}l, pr(p{s}]

28, 1. 8 read ,are-to be used in K as denotinz* for ,denote“

28, 1. 17 read ,expression or a real variable, A% {or ,expres-
sion, K¢

BrE e e

p- 28, 1. 23 read ,we can make any substitution for a letter in
all its occurrences, allowed in the defining symbol¢ for ,we
can take a functional expression for a determined real va-
riable.
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28, 1. 28 read ,F(E’) is a proposmonal expression“ for »F (),
F(Q) are propositional expressions“

.29, 1. 15 read E’, if all determined variables of K are deter-

mined variables of E’.“ for ,E'.“
29, 1. 17 read ,in respect of thls expression“ for  expressions“

. 29, 1. 26 read ,fundamental indetermined“ for ,fundamental“

. 29, footnote read ,conformable* for ,conform*

. 29, 1. 32 read ,and if“ for ,or if“

. 30, 1. 12 read ,in respect of E“ for ,one with another and with £¢
. 31,1 4 and 1. 11 read ,any fundamental letters or any functio-

nal expressions“ for ,any functional expressions“

.32, L 7 read ,any compatible propositional“ for ,any propo-

sitional “

. 317, 1. 12 is to be cut out
. 420 1D Tread =afoni =

daf

24201510 read —for = and’=—"for =

daf df
. 42, 1. 256 read uy,) = v, for W=y
. 43, read = for =
4 k13, 1') read u’ for u and w and v for v and v

44. 1. 11 read —V for .a—7V.

44, 1. 12 read —V,, for . %, — 7V, .

40, 122 read 7\ tcfon ="

45, 1. 21 read . R'(, 4= R uyu. for . By v =—1u.
47, 1. 11 and 12, read @ for D

Errata to Part II.

596, 1,08 resd”  ig4 for. sin¢
»108; 1:+10 read extens,‘, for extens?
< Bl L. 6-and 26 read =— for —

2

119, last line read w” o' (D). 0’ (Z, A0 @ = ((P| Z) | (1%)f )] ]

I am indebted to Mr. Skarzenski for valuable remarks con-

cerning the errata to Part I. I am also indebted to Mr. M. H. Dzie-
wicki for the reading of proofs.
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