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951.

NON-EUCLIDIAN GEOMETRY.

[From the Tramsactions of the Cambridge Philosophical Society, vol. Xv. (1894),
pp. 37—61. Read January 27, 1890.]

I coNsIDER ordinary three-dimensional space, and use the words point, line, plane,
&c., in their ordinary acceptations; only the notion of distance is altered, viz. instead
of taking the Absolute to be the circle at infinity, I take it to be a quadric
surface : in the analytical developments this is taken to be the imaginary surface
2+’ +22+w=0, and the formule arrived at are those belonging to the so-called
Elliptic Space. The object of the Memoir is to set out, in a somewhat more
systematic form than has been hitherto done, the general theory; and in particular,
to further develop the analytical formule in regard to the perpendiculars of two
given lines. It is to be remarked that not only all purely descriptive theorems of
Euclidian geometry hold good in the new theory; but that this is the case also
(only we in nowise attend to them) with theorems relating to parallelism and
perpendicularity, in the Euclidian sense of the words. In Euclidian geometry, infinity
is a special plane, the plane of the circle at infinity, and we consider (for instance)
parallel lines, that is, lines which meet in a point of this plane: in the new theory,
infinity is a plane in nowise distinguishable from any other plane, and there is no
occasion to consider (although they exist) lines meeting in a point of this plane,
that is, parallel lines in the Euclidian sense. So again, given any two lines, there
exists always, in the Euclidian sense, a single line perpendicular to each of the
given lines, but this is not in the new sense a perpendicular line; there is nothing
to distinguish it from any other line cutting the two given lines, and consequently
no occasion to consider it: we do consider the lines—there are, in fact, two such
lines—which in the new sense of the word are perpendicular to each of the given lines.

It should be observed that the term distance is used to include inclination: we
have, say, a linear distance between two points; an angular distance between two
lines which meet; and a dihedral distance between two planes. But all these are
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951] NON-EUCLIDIAN GEOMETRY. 481

distances of the same kind, having a common unit, the quadrant, represented by % ;
and in fact, any distance may be considered indifferently as a linear, an angular, or
a dihedral distance: the word, perpendicular, usually represented by L, refers of course
to a distance =4m. We have moreover the distance of a point from a plane, that
of a point from a line, and that of a plane from a line. Two lines which do not
meet may be L, and in particular they may be reciprocal: in general, they have
two distances; and they have also a “moment” and “comoment,” the values of
which serve to express those of the two distances. Lines may be, in several distinct
senses, as will be explained, parallel; and for this reason the word parallel is never
used simpliciter; the notion of parallelism does not apply to planes, nor to points.

Elliptic space has been considered and the theory developed in connexion with
the imaginaries called by Clifford biquaternions, and as applied to Mechanics: I refer
to the names, Ball, Buchheim, Clifford, Cox, Gravelius, Heath, Klein, and Lindemann:
in particular, much of the purely geometrical theory is due to Clifford. Memoirs by
Buchheim and Heath are referred to further on.

Geometrical Notions. Art. Nos. 1 to 16.

1. The Absolute is a general quadric surface: it has therefore lines of two
kinds, which it is convenient to distinguish as directrices and generatrices: through
each point of the surface there is a directrix and a generatrix, and the plane
through these two lines is the tangent plane at the point. A line meets the surface
in two points, say A4, C; the generatrix at A4 meets the directrix at C; and the

Fig. 1.

directrix at A meets the generatrix at C'; and we have thus on the surface two new
points B, D; joining these we have a line BD, which is the reciprocal of AC; viz
BD is the intersection of the planes BAD, BCD which are the tangent planes at
A, C respectively, and similarly AC is the intersection of the planes ABC, ADC
which are the tangent planes at B, D respectively.

According to what follows, reciprocal lines are L, but L lines are not in general
reciprocal ; thus the two epithets are not convertible, and there will be occasion
throughout to speak of reciprocal lines.

C. XIII. 61
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2. Two points may be harmonic; that is, the two points and the intersections
of their line of junction with the Absolute may form a harmonic range: the two
points are in this case said to be L.

Two planes may be harmonic: that is, the two planes and the tangent planes
of the Absolute through their line of intersection may form a harmonic plane-pencil:
the two planes are said to be L.

Two lines which meet may be harmonic: that is, the two lines and the tangents
from their point of intersection to the section of the Absolute by their common
plane may form a harmonic pencil: the two lines are said to be L.

The locus of all the points L to a given point is a plane, the reciprocal or
polar plane of the given point; and similarly the envelope of all the planes L to a
given plane is a point, the pole of the given plane: a point and plane reciprocal
to each other, or say a pole and polar plane, are said to be L.

8. If a point is situate anywhere in a given line, the . plane passes always
through the reciprocal line: each point of the reciprocal line is thus a point of
the i plane, ie. it is L to the given point: that is, considering two reciprocal
lines, any point on the one line and any point on the other line are L. Similarly
any plane through the one line and any plane through the other line are L.

A line and plane may be harmonic; that is, they may be reciprocal in regard
to the cone, vertex their point of intersection, circumscribed to the Absolute; the
line and plane are said to be L. The L plane passes through the reciprocal line,
and conversely every plane through the reciprocal line is a L plane. It may be
added that the line passes through the 1. point of the plane; and conversely, that
every line through the L point of a plane is L to the plane. Moreover if a line
and plane be L, the line is L to every line in the plane and through the point of
intersection.

A line and point may be harmonic; that is, they may be reciprocal in regard
to the section of the Absolute by their common plane: the line and point are said
to be L. The . point lies in the reciprocal line, and conversely every point of the
reciprocal line is a L point. It may be added that the line lies in the L plane of
the point: and conversely that every line in the . plane of a point is L to the
point. Moreover if a line and point be L, the line is L to every line through the
point and in the plane of junction.

4. We may have a triangle ABC composed of three lines BC, CA, AB in the
same plane: the six parts hereof are the linear distances B, C; C, A; A, B of the
angular points, and the angular distances of the sides CA, AB; AB, BC; BC, CA.
Similarly we may have a trihedral composed of three lines meeting in a point, say
the planes through the several pairs of lines are A4, B, C respectively: the six parts
hereof are the angular distances C4, AB; AB, BC; BC, CA of the three lines, and
the dihedral distances B, C; C, 4; A, B of the three planes. According to the
definitions of distance hereinafter adopted, the relation of the six parts is that of
the sides and angles of a spherical triangle: in particular, if two sides are each
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=4, then the opposite angles are each = 4w, and the included angle and the
opposite side have a common value; and so also if two angles are each =4, then
the opposite sides are each =4, and the included side and the opposite angle
have a common value.

5. Let A4, C be points on a line, and B, D points on the reciprocal line; by
what precedes, each of the lines AB, AD, OB, CD is =4m: also each of the angles
ACD, ACB, CAB, CAD is =4m. The line AC is L to the plane BCD and to the
lines BC, OD, in that plane; it is also L to the plane BAD and to the lines BA,
AD in that plane; and similarly for the line BD. From the trihedral of the planes
which meet in C, distance of planes ACB, ACD = distance of lines BC, CD, viz. the
dihedral distance of two planes through the line AC is equal to the angular distance
of their intersections with the L plane BCD; and it is therefore equal also to the

Fig. 2.
A

>
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B

linear distance of their intersections with the other L plane BAD: and so from the
" triangle BCD, where BC, CD are each =}, the angular distance BCD is equal to
the linear distance BD; that is, the distance of the planes ACB, ACD, that of the
lines BC, CD, that of the lines BA, AD, and that of the points B, D, are all of
them equal; say the value of each of them is =6. And in like manner the
distance of the planes ABD, CBD, that of the lines AB, BC, that of the lines AD,
DC, and that of the points A4, C, are all of them equal: say the value of each of
them is =34.

The theorem may be stated as follows: all the planes L to a given line intersect
in the reciprocal line: and if we have through the given line any two planes, the
distance of these two planes, the distance between their lines of intersection with
any one of the L planes, and the distance between their points of intersection with
the reciprocal line, are all of them equal.

And it thus appears also that a distance may be represented indifferently as a
linear distance, an angular distance, or a dihedral distance.

6. Consider a point and a plane: we may through the point draw a line L to
the plane, and intersecting it in a point called the “foot”: the distance of the point
and plane is then (as a definition) taken to be equal te that of the point and foot.
It may be added that the . line is, in fact, the line joining the point with the L

61—2
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point of the plane; and that the distance of the point and plane is equal to the
complement of the distance of the point and the L point. Or again, we may in the
plane draw a line L to the point, and determining with it a plane called the roof:
and then (as an equivalent definition) the distance of the plane and point is equal
to the distance of the plane and roof. It may be added that the L line is, in fact,
the intersection of the plane with the . plane of the point, and that the distance
of the point and plane is also equal to the complement of the distance of the plane
and the . plane of the point. :

7. Consider a point and line: we have through the point a line L to the line
and cutting it in a point called the foot; the distance of the point and line is then
(as a definition) equal to the distance of -the point and foot. It may be added that
the foot is the intersection with the line of a plane L thereto through the point.

Again, consider a plane and line: we have in the plane a line . to the line
and determining with it a plane called the roof: the distance of the plane and line
is then (as a definition) equal to the distance of the plane and roof. It may be
added that the roof is the plane determined by the line and a point . thereto in
the plane.

8. If two lines intersect, then their reciprocals also intersect. Say the inter-
secting lines are X, ¥; and their reciprocals X’, ¥’ respectively; then K, the point
of intersection of X, ¥, has for its reciprocal the plane of the lines X', ¥’; and
similarly K’, the point of intersection of the lines X’, ¥/, has for its reciprocal the
plane of the lines X, ¥Y: hence KK’ has for its reciprocal the line of intersection
of the planes XY and X'Y’; say this is the line A, meeting X, ¥, X', ¥Y’, in the

Fig. 3.

points a, B, a, B’ respectively. Since K, K’ are points in the reciprocal lines X, X’
(or in the reciprocal lines ¥, Y’), the distance KK’ is =34m; and since the plane
XY passes through the line A which is the reciprocal of KK’, the line KK’ is L to
the plane XY and also to each of the lines X, ¥: (it is also L to the plane X'¥’
and to each of the lines X’, ¥’). Again, since the lines KK’ and A are reciprocal,
each of the distances Ka, KB is =4m; that is, the line A is L to each of the lines
X and Y, (and similarly it is .+ to each of the lines X' and ¥’). Moreover the
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angle at K or distance of the lines X and Y (which is equal to the distance of
the planes K’KX and K'KY) is equal to the distance a8 of the intersections of A
with the lines X and Y respectively. We have thus for the two intersecting lines
X and Y, the two lines KK’ and A each of them L to the two lines: where
observe that KK’ is the line of junction of the point of intersection of the two
given lines with the point of intersection of the reciprocal lines; and that A is the
line of intersection of the plane of the two given lines with the plane of the
reciprocal lines. The linear distance along KK’ between the two lines is =0; the
dihedral distance between the planes, which KK’ determines with the two lines
respectively, is equal to the angular distance between the two lines. The linear
distance along A is equal to the angular distance between the two lines; the
dihedral distance between the two planes, which A determines with the two lines
respectively, is = 0.

9. If two lines are such that the first of them intersects the reciprocal of the
second of them, then also the second will intersect the reciprocal of the first; the
two lines are in this case said to be contrasecting lines; or more simply, to
contrasect: and contrasecting lines are said to be L. Supposing that the two lines
are X, ¥ and their reciprocals X’, Y’ respectively, we have here X, ¥’ intersecting
in a point K, and X’, Y intersecting in a point K’: and the planes XV’, X'V
intersect in a line A which meets the lines X, ¥, X’, ¥’ in the points a, B, o, B
respectively. As before, the lines KK’ and A are reciprocal: the distance KK’ is
=4m; and KK’ is L to the plane XY’, that is, to each of the lines X, ¥Y’; and
also to the plane X'Y, that is, to each of the lines X', ¥; it is thus L to each
of the lines X and Y. Again each of the angles at a, 3, o, B is =}=; that is

Fig. 4.

“)I )r

the line A is L to each of the lines X, ¥/, X’, ¥, or say to each of the lines X
and Y. Moreover the angle at K, or say the angular distance of the intersecting
lines X and Y, is equal to the distance af8’; and similarly the angle at K’, or say
the angular distance of the intersecting lines X’ and Y, is equal to the distance
a’/3: but the distances aa, BB are each equal to Fm; and hence the distances
af’, o3 are equal to each other and each of them is equal to the complement of
the distance «B. Thus in the case of two contrasecting lines we have the lines
KK’ and A each of them L to the two given lines; where observe that KK’ is
the line joining the point of intersection of X with the reciprocal of ¥ and the
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point of intersection of Y with the reciprocal of X; and that A is the line of
intersection of the plane through X and the reciprocal of ¥ with the plane through
Y and the reciprocal of X. The linear distance KK’ between the two lines along
the first of these lines is thus = .

10. We have KK’ and A reciprocal lines; on the first of these, we have the
points K, K’ which are L points: hence also the planes AKX and AK’ are L; but
the plane AK is the plane AXY’ or say the plane AX, and the plane AK’ is the
plane AX’Y or say the plane AY; hence the planes AX and AY are L. Similarly
the line A cuts the two lines in the points a, B; and the line KK’ determines
with these two points respectively the plane KK'a, that is KK'X, and KK'B, that
is KK'Y; and thus the linear distance between the two points a, B is equal to the
dihedral distance between the two planes KK'X and KK’'Y. Thus the L line A
cuts the two lines in two points «, B the linear distance of which is, say, &: and
it determines with them two planes the dihedral distance of which is =47 And
the other L line KK’ cuts the two lines in the points K, K’ the linear distance
of which is =24, and it determines with them two planes the dihedral distance of
which is =38.

11. Consider a line X and its reciprocal X’: a line intersecting each of these
also contrasects each of them and is thus L to each of them: and similarly if ¥
be any other line and Y’ its reciprocal, a line intersecting ¥ and Y’ also contrasects
each of them and is thus L to each of them. Hence a line which meets each of
the four lines X, X', ¥, ¥’ is also L to each of them, or attending only to the
lines X, V, say it is a L of these lines: there are two Ls; and clearly these are
reciprocal to each other, for if ‘a line meets X, ¥, X/, ¥, then its reciprocal meets
X, Y, X, Y, that is, the same four lines. Looking wvack to figure 2, we may take
AB, CD for the given lines, and AC, BD for the two Ls; as just remarked, these
are reciprocal to each other. The L AC cuts the two lines respectively in the two
points A and C the linear distance of which is say =&; and it determines with them
two planes ACB, ACD, the dihedral distance of which is say =6. Similarly the
other L BD meets the two lines respectively in the two points B and D the linear
distance of which is =6, and it determines with them two planes BDA, BDC the
dihedral distance of which is =8. In the plane triangles which are the faces of the
tetrahedron A BCD, there is in each triangle an angle opposite to AC or BD and
which, or say the angular distance of the two including sides, is thus =8 or 6.
Except as aforesaid, the sides, angles, and dihedral angles, or say the linear, angular,
and dihedral distances, of the tetrahedron are each of them =}

12. Considering the lines X and Y as given, the distances 8 and 6 depend
upon two functions called the Moment and the Comoment: viz. moment =0 is the
condition in order that the two lines may intersect (or, what is the same thing, in
order that their reciprocals may intersect): comoment=0 is the condition in order
that the two lines may contrasect, that is, each line meet the reciprocal of the other
one. It may be convenient to mention here that the actual relations are

sin § sin @ = Moment, cos & cos # = Comoment.
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In particular, if moment=0, then the lines intersect; we have, say &=0, and there-
fore cos @ =comoment; if comoment=0, then the lines contrasect, that is they are L:
we have, say @ =4m, that is, sind=moment. These are the two particular cases
which have been considered above.

13. Consider as above the two lines X, ¥ met by the . & in the two points
A and C respectively. Consider at 4 a line 7 L to the lines X, 8; and take II
the plane of the lines (X, &) and Q the plane of the lines (X, 7). Similarly
consider at ' a line K 1 to the lines ¥, 8, and take II, the plane of the lines
(Y, 8 and Q, the plane of the lines (¥, K): we have thus through 4 two planes
II, Q meeting in the line X; and through C' two planes II,, ,, meeting in the
line Y. It requires only a little reflection to see that the distances of these planes are

(11, m)=6, (Q W) =33
(H, Q) =%7T, (Hl, \Ql):%'n'; (H: ‘Ql)=%7r’ (Hls Q):%ﬂ‘.

Fig. 5.

K

In fact, II, II, are the before-mentioned planes ACB, ACD the distance of
which was =6: Q, Q, are planes having the common . AC, which is the line
through the poles of these planes, and such that the distance AC' is equal to the
distance of the two poles, that is, the distance of the two planes. Moreover from
the definitions, the distances (II, Q) and (II,, ;) are each =4m: the plane II
passes through the . at C to the plane Q, that is, (II, Q,)=4=; and similarly the
plane II, passes through the L at 4 to the plane Q, that is, (II,, Q)=4%m; and we
have thus the relations in question.

The consideration of these planes leads, (see post 31 and 32), to the hefore-
mentioned equation, cos §cos @ =comoment; if instead of one of the lines, say ¥, we
consider the reciprocal line Y’, then the angles &, 6 are changed each of them into
its complement, and we deduce immediately the other equation, sin §sir @ = Moment.

14. It may happen that, instead of the determinate number 2, we have a singly
infinite system of 1s: viz this will be so if the lines X, X’, ¥, ¥’ are generating
lines (of the same kind) of a hyperboloid. They will be so if the lines X and ¥V
each of them meet the same two lines (of the same kind) of the Absolute, say if
X, Y each meet two directrices D,, D,, or two generatrices G;, G,; but it seems
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less easy to prove conversely that the lines X and Y must satisfy one of these two
conditions.  Suppose first that X, ¥ each meet the two directrices D,, D,; say X
meets them in a,, @, and ¥ in [B,, B, respectively. We have at a, a generatrix
which meets D,, suppose in a,, and at a, a generatrix which meets D,, suppose in
a; joining &', a), we have the line X' which is the reciprocal of X; viz. X’ meets
each of the lines D,, D,: similarly the generatrices at [,, 8. meet D,, D, in the
points B, B/ respectively, and joining these, we have the line ¥’ which is the
reciprocal of ¥: thus ¥’ meets each of the lines D, and D,: the line D, meets the
four generatrices in the points a, @', B, B respectively, and the line D, meets the
same four generatrices in the points a,, a,, By, B.: thus

AH (o, o, By, B) = AH (o), @, B, By,
AH denoting anharmonic ratio as usual. But

AH (a7, @, By, Bo) = AH (%, &', B, BY),
and thus the equation may be written

AH (@, o, B, B)=AH (@, &), Bsy BY);

viz. the lines X, X', ¥, Y, cut D,, D, homographically; and there is thus a singly
infinite system of lines cutting D,, D, homographically: that is, X, X’, ¥, ¥, are
lines (of the same kind) of a hyperboloid. And similarly if X, ¥ each cut the
same two generating lines Gy, G,, then will X', ¥’ also cut these lines and X, X',
Y, Y’ will cut them homographically, that is, X, X', ¥, Y’ will be lines (of the
same kind) of a hyperboloid.

Fig. 6.

D, \a2 \a'2 TBZ \5;

The condition may be otherwise stated; if the lines X, ¥ have for Ls any two
directrices D,, D, or any two generatrices (,, G, of the Absolute, then in either
case there will be a singly infinite series of Ls: the . distances are all of them
equal; say we have 6 =3, and therefore sin®& = moment, cos® = comoment; and
therefore moment 4+ comoment = 1; or as the equation is more properly written,
+ moment + comoment = 1.

15. Two lines X, ¥, each of them meeting the same two directrices D,, D,, are
said to be “right parallels”; and similarly two lines X, ¥ each meeting the same
two generatrices G,, (., are said to be “left parallels”: the selection as to which set
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of lines of the Absolute shall be called directrices and which shall be called genera-
trices will be made further on, (see post 35). We have just seen that, if two lines
are right parallels, or are left parallels, then in either case there is a singly infinite
series of Ls. It may be remarked that reciprocal lines are at once right parallels
and left parallels; and that in this case there is a doubly infinite series of Ls, viz
every line cutting the two lines is a ..

Observe that right parallels do not meet, and left parallels do not meet: their

doing so would imply in the one case the meeting of two directrices, and in the
other case the meeting of two generatrices.

16. If instead of the foregoing definitions by means of two directrices or two
generatrices, we consider a directrix and a generatrix of the Absolute, and define
parallel lines by reference thereto, then it is at once seen that there are 3 chief
forms, and several subforms; the directrix and generatrix meet in a point, or say an
ineunt, of the Absolute, and lie in a plane which is a tangent plane of the Absolute:
we may have two lines X, ¥ which

1°. Each pass through the ineunt, neither of them lying in the tangent plane;

2°. Each lie in the tangent plane, neither of them passing through the ineunt;

3°. One passes through the ineunt, but does not lie in the tangent plane: the
other lies in the tangent plane, but does not pass through the ineunt.

Observe that in the cases 1° and 2°-the lines X and Y intersect, but in the
case 3° they do not intersect. The lines in the case 3° are I believe what Buchheim
has termed @-parallels, his a-parallels being the foregoing right or left parallels*.
The subforms arise by omitting in 1° 2° or 3° as the case may be, the negative
condition in regard to the two lines or to one of them; as the question is not here
further pursued, I do not attempt to give names to these several kinds of parallel lines.

Point-, line-, and plane-coordinates : General formule. Art. Nos. 17 to 20.

17. We consider point-coordinates (z, y, 2z, w): line-coordinates (@, b, ¢, f, g, h),
where af+bg+ch=0: and plane-coordinates (&, 5, & w); if we have a line which is
at once through two points and in two planes, then the line-coordinates are given by

a - b § c s i : g . h
=112, — Yoy P LT — %1 L TmYa— Ly L TyWo — TyWy Y We — Yol D LWy — ZWy
=Ew,— by oy — Mo, ¢ Lo — Go, : b — by GE = LE  Eme — Em
Similarly, if a plane be determined by three points thereof, then the coordinates
of the plane are given by

E:n:¢:0=]|1 : 1 s e | : 180 1
Ty, Y %, U &y, Y, %1, W &y, Y1, 21, W &y, Y1y %1, Wr
Loy Yo, 22, W Loy Yo, 22, Wy ! Lyy Yo, 29, Wy Loy Yoy 25, Wo
X3, Y3, 23, W3 | @5, Ysy 25, W3 ‘ Ty, Ys, 23, Wy L3y, Y3, 23, W3
* See Buchheim, “A Memoir on Biquaternions,” dmer. Math. Jour. t. vir. (1885), pp. 293—326.
XTI, 62
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and if a point be given as the intersection of three planes, the coordinates of the
point are

w:y:z:w=|1 : 1 : 1 : 1
' &, m, &, o &, m, &, o &, m, &, o &, m, &, o

&y My Gy @ &, My Goy @ &, M Gy @ &, m, &) @,

& m & o &, 1, &, @ &, m, &, o &, s, &, @y

18. The conditions in order that a point (z, y, 2z, w) may be situate on a line

(a, b, ¢, f, g, h) are
hy—gz+aw=0,

—hz . +fz+bw=0,
ge—fy . +cw=0,
—ax—by—cz . =0,
viz. these constitute a twofold relation.
Similarly, the conditions in order that the plane (§ %, § ) may contain the

line (a, b, ¢, f, g, h) are
cn — b8 + fo =0,

—c¢ . +al+go=0,
bf—an . +he=0,
—fE—gn—ht . =0,
viz. these constitute a twofold relation.

19. The condition in order that two lines (@, b, ¢, f, 9, k), (4, B, C, F, G, H)

may meet is
Af+ Bg+ Ch+ Fa+ Gb+ Hc=0.

Supposing that the two lines meet, we have at the point of intersection

hy — gz + aw = 0, ; Hy—Gz+ Aw =0,
—hz . +fz+bw=0, —He . +Fz+Bw=0,
gr—fy . +ecw=0, Ge —Fy . +Cw=0,
—ax—by—cz . =0, —Az—-By —Cz . =0;

and from these equations we can find the coordinates =, 7, z, w of the point of
intersection in a fourfold form, viz. we may write

z:y:z:w=Ff44+bG+cH: gd4d—-a@ : hd—aH : hIG@—gH
= fB-bF :gB+cH+aF: hB-0H : fH-hIF
= f0—cF : gC-c¢G :hC+al'+0G: gF-fG
= b—-cB : cA—-aC : aB-bA :fA+gB+hC.

There is no real advantage in any one over any other of these forms, but it is
convenient to work with the last of them

z:y:z:w= b0—-cB : c¢d—-aC : aB-bA :fA+gB+IC.
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20. In like manner if two lines intersect, the plane which contains each of
them is given by

E:n:¢:w=aF+gB+hC: bF—-fB : cF-fC cB —-bC
a@ —gA :bG+hRC+fA: cG—9gC : al—cA

= aH—-hA : OH-WB :cH+fA+gB: b4 —aB

= gH-WG : IF—-fH : fG-gF :aF+bG+cH;

or say we have
E:n:¢: 0= gH-WM¢ : WF-fH : fG@—9gF :aF+0G+cH.

The Absolute. Art. Nos. 21 to 27.
21. The equation is
in point coordinates 2+ 7® + 2* + w*=0,
in plane coordinates £+ 9*+ &+ * =0,
in line coordinates a4 0*+c* +f* +g*+h*=0.

Hence
L of plane (§ 7, § o) is point (&, 7, § o),

L of point (2, ¥, 2, w) is plgne (@, vy, 2, w).
Reciprocal of line (a, b, ¢, f, g, h) is line (f, g, h, a, b, ¢);
Points (2, y, 2, w), («, ¥/, 2, w') are i if @/ +yy' + 22/ +ww' =0;
Planes (€, 7, & o), (&, 7, ¢, &) are L if EE' + 9y’ + L' + wo’ = 0. :
22. A line (@, b, ¢, f, g, k) and plane (§ 7, § o) are L when the line passes

through the L point of the plane, that is, the point (£ #», & ®): the conditions

(equivalent to two equations) are
hn - ¢+ aw =0,

—hE . +fC+bo =0,
9E—fn . +co =0,
—af—-bnp—c¢ . =0.
A line (@, b, ¢, f, g, k) and point (z, y, 2z, w) are L when ‘the line lies in

the . plane of the point, that is, in the plane (z, 7, 2z, w): the conditions (equivalent

to two equations) are
cy —bz +fw =0,

—cx . +az+gw=0,
bz —ay . +hw=0,
—fe —gy—hz . =0.
Two lines (a, b, ¢, f, 9, b, (@, ¥, ¢, f’, ¢, I) which meet, that is, for which
af’ +by +ch' +adf+Vg+ch=0, are L if
ad’ + bV +cc’ +ff' + g9’ + bl =0.
62—2
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23. There will be occasion to consider the pair of tangent planes drawn through

the line (a, b, ¢, f, g, h) to the Absolute. Writing for shortness
P= .  hy—gz+aw,
Q=—he . +fz+ bw,
B= gz—fy . +ow,
S=—az-by—cz . ,
it may be shown that the equation of the pair of planes is
P+ @+ R+ S2=0.

In fact, writing for a moment (£ %, § w) and (&, 7, {, ) to denote
coefficients of (z, ¥, z, w) in P and @ respectively, so that

& mn & o)=0,h —g, a), & 7,8 &)=(=h 0, 1 b),
then the equation of the planes is
{odia (EP—-EQr+ (P —2Q) +(I'P - Q)+ (o'P - 0Q) =0,
ar o E*+7"+8+ 0®) P2 =2 (E8 +9n' + ' + 00) PR+ (E+ 9 + 2+ 0*) @*=0,
viz. this equation is
G4k +f) PP+ 2 (fg — ab) PQ+(a* + g*+ 1*) @ = 0.
But P, @, R, S are connected by the identical equations
cQ —bR +fS =0,
—cP . +aR+gS=0,
bP—a@ . +h8=0,
—fP—gQ—-hR . =0;

using these equations to express R, S in terms of P, ), viz. writing
1 vl
R=—1(fP+9Q), S=—;(P-aQ)

we see that the last preceding equation is equivalent to P+ @Q*+ R*+ S*=0.
24. Similarly, if
= cy — bz + fw,
Q=—cx . +az+gw,
R= bz—ay . +hw,
S, =—fe—gy—hz . ,
functions which are connected by the identical relations
. h@Q, — gR, + aS, =0,
—hP, . +fR,+b8 =0,
!/P1 "le . + ¢S, =0,
—aP, -0, —cR, . =0;

www.rcin.org.pl

the



951]

then in like manner we have

for the equation of the ‘pair of tangent planes from the reciprocal line (f, g, h, a, b, c)
And we may remark the identity

to the Absolute.

(P"’+Q2+R"’+S“’)+(Pl2+Q12+R12+Sf)=(a2+b2+cﬁ+f‘2+g"+h2)(w2+y“+z’+w2).

We, in fact, have

NON-EUCLIDIAN GEOMETRY.

P12+Q12+R12+ Sl‘z:O,

@ Y b w
PL@Q+R+8%=x | &®+g*+ 1 ab - fg ac—hf cg — bh
Y ab - fy b+ 1* + f? be - gh ah - cf
z ac — hf be = gh S+ fr+ g bf —ag
w cg —bh ah —cf bf—ag @+ b +c?
and in like manner
x Y % w
P2+ Q2+ R2+8P2=x |+ +f* | —ab+fg | —ac+hf | —cg + bh
y| —ab+fyg |+ +g* | —bec +gh | —ah + of
z| —ac+hf | —bc+gh | a®+b02+ R | —bf + ag
w| —cg+bh | —ah+c¢f | —bf +ag | fP+P+R

25. For the distance of two points (z, y, 2z, w) and (2, ¥/, 7, w'); we have

cos &

' + gy + 27 + ww'

NPyt uw Ny w?
whence also

;\/a2+b2+02+j'2+g2+h2
Ve + P+ 2+ w Vo + y? + 2%+ w?

sin 6 =

where, in the numerator, (a, b, ¢, f, g, h) stand for the coordinates of the line of
junction of the two points, taken to be equal to

yd — 'z, 2 — 2z, wy — &'y, aw' — 2w, yw' —y'w, 2w’ — Jw
respectively.
Similarly, for the distance of two planes (£ 7, {, w) and (&, 7/, ¢, '), we have

EE + ' + £8 + 0o’
VEt 7+ 0+ o VE + 9"+ {2+ 0

cos 6=

whence also
NP oy

sin & = 4
\/E2+’72+§2+w2 ,\/f’2+n/2+€'2+m'2
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where, in the numerator, (a, b, ¢, f, g, k) stand for the coordinates of the linc of
intersection of the two planes, taken to be equal to

fo' — Ew, no’ —n'o, to' — o, n' =98, & —TE &' —En

respectively.

The distance of a point (z, ¥, 2z, w) and plane (&, 7, &, ') is the complement
of the distance of the point (z, y, 2 w) and the point (&, %, &, ') which is
the L point of the plane; viz. we have

zE +yn’ + 28 + wo'

sin 6 = ,
Nat 4+ 2+ w NE + 02 + {2 + o™

\/(}/g;f'b2+02+f2+g2+h2

cos & = !
«/x2+y2+z2+fw2 VE'2+n’2+é—’2+w'2

where, in the numerator, (@, b, ¢, f; g, k) stand for the coordinates of the line of
junction of the two points. Of course the same result might have been -equally
well derived from the formula for the distance of two planes.

26. If we now consider a plane triangle ABC, and write
(21, 9, 21, w,) for the coordinates of 4,
(wm yﬂ’ ZE) w2) 2 2 B7

(@'3, yS; 23: ’lU;;) 2% » O’
then the coordinates

a, b, ¢, +F g, h,
of the line BC will be
YoZs — Ysla, Zylly— Zolly, Xylfs— Lgla, BaWs— LWy, YoWs— YsWs, Z3Ws — Z3W;,
and similarly for the coordinates of the lines AB, CA4; the equations
t fo+bige+ a1y + ag fi + bagy + oy = 0, &c,,

which express that these lines meet in pairs in the points 4, B, C respectively, are
of course satisfied identically; and we then have for the sides and angles (linear and
angular distances) of the triangle

Loy + Yol + 2225 + Wal;

cosa = %
A 2 + 3/22 + 22 +w? W, z2 + Y2 + 22+ wy?
Gl ;\/alz+blz +012+f12+,(712+h12
. Vx2z + Y + 2 +w,’ '\/-'Z? + Y5t + 2" +wy ‘
Gos A — sy + Dyb; + C5C4 +f2f3 + 9295 + hoh c;

Vag + by + ¢y +f22 - dy ha? “/032 + b+ ¢y? +fs2 AR hy? ;
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and this being so, if with the values of cosa, cosb, cosc, we form the expression
for cosa—cosbcose, then reducing to a common denominator, the expression for the
numerator is at once found to be

= Aya3 + bebs + CaCy +f2ﬁs + 9.9 + hzhs;
and thence easily
cos @ — cos b cos ¢

cos 4 = : et
sin b sin ¢

b

viz. the expressions for the angles in terms of the sides are those of ordinary
spherical trigonometry.

27. Hence also

V1 — cos*a — cos* b — cos* ¢ + 2 cos a cos b eos ¢

sin 4 = — ;
sin b s1n ¢

whence
sind :sinB : sinC=sina : sinbd : sinc,
and
cos @ (1 — cos® @ — cos® b — cos? ¢ + 2 cos a cos b cos c)

cos 4 + cos B cos C = TP e :
sina sin b sin ¢

and consequently PR
cos cos B cos

cos @ = - -
sin B sin €

)

which completes the system of formulz.

And similarly for a trihedral, that is, if we have three planes A4, B, (' (meeting
of course in a point, O) then the dihedral distances BC, (A, AB and the angular
distances CA, AB; AB, BC; BC, CA are related to each other in the same way
as the angles and sides of an ordinary spherical triangle.

Distance of a point and line. Art. Nos. 28, 29.

28. The point is taken to be (2, %, 2, wy), the line (a, b, ¢, f; g, h). Drawing
through the point a L plane, say (& %, { ) meeting the line in the foot, and
taking the coordinates hereof to be (2, ¥, 2, w,), then &z, +ny, + {21+ 0w, =0 and

hn—g&+aw =0,

—hE . +fE+bw=0,
9€—fn . +cw =0,
—ak—bnp—ct . =0,

giving, say,

£ ¢y — bz, + fu,
n=—cx, . +az+gw,
¢= bz—ay, . +hw,
o =—fr, — gy, — hz,
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We have here
E4+n+ 8+ =0+ 2+ f?) 2 + &e.,
where (b*+ ¢*+ f?) 2,* + &c. denotes the before-mentioned quadric function of (@, v, 21, wy),
which, équated to zero and regarding therein (z;, %, 2z, w,) as current coordinates,
represents the pair of tangent-planes from the reciprocal line (f; g, %, @, b, ¢) to the
Absolute.

Resuming the question in hand, we have then

Exy + nYs + &2, + 0w, = 0,

which, with
by, — 92, + aw, = 0,

—hxy, . +fo+bw,=0,
9% —fy. . + cw, =0,

s —awy—by, —cz, . =0,
gives, say,
—z, = . cn—b¢+ fo,
— Y =_CE J +a§+gw’
—zy, =—0bE—an . +ho,
g —wy=—fE—gn—-h{ . ,
at is,

z=0++ e+ (—ab+fg)y+ (—ac+hf)z,+ (—cg + bh) wy,
= (—ab+ f o+ (@E+a+9P)pn+ (—be+gh)z+ (—ah+cf)w,
2= (-ca+hf)m+ (be+gh)y+(@P+8+)a+ (—bf +ag)w,
wy= (—cg +bh)m+ (—ah+cf)y+ (=bf +ug)a+ (f*+ 9>+ 1*) w,.
We have therefore :
&y + Yo + 2125 + wew, = (B + ¢ + ) 2 + &,
zr 4y +2° +w! =(@+0+c+ 240+ 8) (BP+ 2+ ) zd + &,
where (b*+ ¢*+ f?) 2*+ &c. denotes in each case the above-mentioned quadric function
of > (gl 2l v )
In verification of the expression for @2+ ¥+ z°+w? it is to be remarked that
we have identically
E 4 n+ 84 o'+ (af + bg + ch) (22 + y.2 + 2. + wy?)
=(@+ b+ + 2+ g+ 1) [P+ + f2) 2 + &e.}
here on the left-hand side the whole coefficient of 2 is
B+ + 22+ (ab—f9)* + (ca — hf )* + (cg — bR ) + (af + bg + ch)?,

where the last four terms are together = (b°+ ¢®+ f2)(a*+ ¢g*+4?), and thus the whole
coefficient is (as it should be) =(b*+c*+/%) (@ + b +c* + f>+ ¢*+h*): and similarly
for the coefficients of the remaining terms.

and
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29. Writing then & for the required distance, we have

cos & =

that is,

cos & =

&%y + Y1 Yo + 212, + Wy W,

Nz + Y2+ 22 + W ;\/'%2 + ¥ + 2+ wy? ?

VB + e T o + e,

Var+ it o2+ Va + B+ e+ i P+ i

where (b*+ ¢* + f?) a;® + &c. is the above-mentioned quadric function

Z % % W,
x [ BP+E+ | —ab+fy —ac+hf | —cg+bh
Y| —ab+fg | F+at+gt | —be+gh | —ah+cof
2 | —ac+hf | —bc+gh | A*+0*+RH* | —bf +ag
wy, | —cg+bh | —ah+cf —b0f+ag | P+ + R

30. This may be deduced from the last preceding result:

Dustance of a plane and line. Art. No. 30.

497

the formula, as written

down, gives the distance of the L plane (a2, v, 2, w,) from the reciprocal line

S 9 b a
for" (L1 g st 0,

(a, b, ¢, f, g, h) the expression

cos & =

\/(a’+g + h?) £2 4 &e.

VE P+ C+ o Ve + 0+ + g+ b
where (@?+ g* + h*) £* + &c. denotes the quadric function

¢ n ¢ o
E| a+gP+h0 ab—fy ac —hf cg —bh
i ab —fg O* + 1 + f* be —gh ah — cf
| ac-If be—gh | E+frvg® | b —
© cg —bh ah—cf ' of - @ + b2 + ¢

The theory of two lines.

Art. Nos. 81 to 38.

31. Considering any two lines X, Y, it has been seen that these have two Ls,

b, C): hence WTltiﬂg (E, "7: C) (0) fOI‘ (m!: 3/1: Zl’ wl) a'nd (a; b» c,‘f’ .9, h)

b, ¢), we have for the distance of plane (¢ 75, ¢ w) and line

viz. each 1 is a line cutting as well the two lines X, ¥ as the reciprocal lines
X', Y, say that one of them cuts the lines X, ¥ in the points 4, C respectively,
and the other of them cuts the two lines in the points B3, D respectively: and take,
as before, the distances AC and BD to be =8 and € respectively.

C. XIIIL 63
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The coordinates of the lines X, Y are

((J/, b: C, _f; g; h) a'nd (aly bl: 01, fl; 91, hl)
respectiv‘ely; and if we consider, as before, the planes II, Q, II,, Q, the coordinates
of which are (I, m, n, p), \, g, v, =), (b, M, m, P1), (M, pa, v, =) respectively, then
X is the intersection of the planes II, Q, and we have
@ - b : c p i )
=l —Ap :me—up : nw—vp : mv—np : nA—1v : lp—m\;
and similarly Y is the intersection of the planes II,, Q,, and we have
a $ b, : ¢ : Vi s & : Iy
=hm — APy P M — Py P G — Py Mgy — My 2 N — by Ly — mn.
Also the planes (II, Q), (II,, Q,), (I, Q,), (II,, Q) being naturally ., we have
IN +mp +nv +pw =0,
L\ + g + vy + pro = 0,
N+ mpy +nvy, + pwy, =0,
IN +mp +mp +pw =0;
and for the inclinations to each other of the planes (II, II,) and (Q, Q,), we have
AN+ ppn + vy + W
VA4 &e VA2 + &e.
iy, + mm, + nn, + pp.
VE+ &e. Vi + &c.

cos & =

cos 6 =

32. The expressions for the coordinates of the two lines give
aa, + bby + co, + ffy + goh + hhy = (U, +mn, + nng + ppy) AN + ppg + vv; + won)
= (N + mp + 1wy + pon) (W + mgp + v + pro)
= (I, + mmy+nn+ ppy) AWM+ ppy + vv + wory)

=12+ &e. V12 + &e. VA2 + &e. VA2 + &e. cos 8 cos 6.
But we have
@ 40+ + P+ R =B+ m+n + p) (N + pt 4 P+ o) — (I mp + o + pa )
=(?+ &ec.) (M + &e.) ;
and similarly
a? + b2+ e+ f 4 g2 + R = (024 md + 0l 4 pd) (A + p® Hod + @) = (b + My + vy + Py )
= (2 + &c.) (\* + &ec.).
Hence the last result gives

aay + by + co, + ffs + 99, + Il

e e (U e =cos dcos b ;
Va? + &e. Va,® + &e.
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or calling the expression on the left-hand side the comoment of the two lines, and
denoting it by MM,, the equation just obtained is

cos 0 cos 0 = comoment, = JM,.

And if for either of the lines we substitute its reciprocal, then for 8, 6 we have
4m — 8, 4 — 0 respectively, and consequently
afy+bgy + chi+a f+ big +cih
Va2 + &e. Va? + &e.

or calling the expression on the left-hand side the moment of the two lines and
denoting it by M, the equation is

=sin dsin 6

sin & sin @ =moment, = M,

where observe that M =0 is the condition for the intersection of the two lines,
M, =0 the condition for their contrasection¥.

33. But to determine the coordinates (4, B, C, F, G, H) of the L line AC
or BD, and the coordinates of the points 4 and ¢ or B and D of the points in
which it meets the lines X and Y respectively, I employ a different method.

We consider the lines
(a, b, ¢, f~ 9, h), (al: by, G, fl) 91> hy),

(ﬁ g) h) a, b’ C), (fl: 91, hl; al) bl: cl)'

A line (4, B, C, F, G, H) meeting each of these four lines is said to be a
perpendicular. We have

(4, B, C.'F, G, H)(a, "0, =c,."f g9 7)=0,

and their reciprocals

” (fi 9 h a, b ¢)=0,
2 (al’ bl; cl; fly gl’ hl)‘:O,
» (fn 9, ha, y, bl) ¢)=0,

equations which determine say 4, B, 0, F in terms of ¢, H, and then substituting
in AF+BG+ CH=0 we have two values of G : H; ie. there are two systems of
values (4, B, C, F, G, H), that is, two perpendiculars.

The equations may be written
A+F)a+f)+B+G) D +g)+(C+H)(c +h)=0,
A+F)(a+/)+B+6G) Gi+g)+(C+H)(er+ ) =0,
A-F)@@ -f)+B-G O -g)+(C-H)(c —h)=0,
(A=F)(a=f)+B-=G) (b—g)+(C—H)(c,—h)=0.

* The foregoing demonstration of the fundamental formulse cos § cos 6=M,, sindsin §=M, is, in effect,
that given by Heath in his Memoir “On the Dynamics of a Rigid Body in Elliptic Space,” Phil. Trans.
t. 175 (for 1884), pp. 281—324.

63—2
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Hence we have

A+ F : B+ @G : C+H, =
(b+9) (ar+h) = (bi+g)(c+h) : (c+h)(a+f)—(a+f) (et k) : (a+f)(bi+g)—(a+f)(b+g), =
R ¢ ! B+A ; C+ry;
A-F : B-@ : 0="H =
(b= 9)(cr=h) = (b= g1)(c =) : (c—h)(a,— ) —(a—f)(er— ) : (a—f)(br—g1)—(a. = f1) (b—9), =
A—a : B-B : C—v;

equations which may be written

A+F, B+Q@ C+H=2AA+a, B+B, C+v),
A—F, B—G, C—H=2u(A—a, B-p, C—q),

where
A= be, — be + ghy, — g1h, a= bh, — bih — (cqy — ¢19),

B=ca, —ca + hfi—hf, B=cfi - cf— (aly—ak),
C=ab,—abd+fo —fr9, v=0a9 —ag — fi=b.f)
34. We have
A+ap+(B+BP+ (€ +yy={a+f)+0+9r+(c+h)} {(aa+/)+ b+ 9) + (e + h)}
—{@+/)(@a+/)+0+9) b+ g)+(c+h) (e + ),
A=-ap+(B-B)+C—yp={a—fy+0®—gr+C—ry}{(a—rfi)+ b —g)+(a—h)}
—{@=r)(a=f)+(b—9)(bi—g)+(c=h) (e = h)}*;
pP=a* +b +c +f2+g +1
pt=al+ b+l + [P+ 90 + Ao
oy = aa, + bb, + cc, + ff1+ g9, + hhy,
o = afy + bg, + chy + a, f+ big + cih,

or putting

the foregoing values are
=p'p’— (0 +a), pplt—(0—a)
Hence

A+ B+ 24+ F* + G2 + H? =4\ {p%,° — (0 + 00)*} = 4* {p°p — (0 — &)} ;
or we may write
Mepipi=(o=a, o sy A= VFRTETER
W= p*p?— (o + a) p==Vpp? = (c + o).
Making a slight change of notation, if we put

oM =af1+b,9'1+chl+a1f+b],q+clh= o
Var + &e. Va,? + &e. PP

2

e aa, + bb, + cc, + ffy + g + hh, - O
Va2 + &e. Va,* + &e. PP

b
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then the values are
G ey - ARSI e greg

And, this being so, the two systems of values of 4, B, C, F, G, H, are

AA+ a)+pu A — a), AU+ a)—p @l - a),
AB+B)+u(B-B) | MB+B—u((B-7H)
AEC+ ) +u@—19), | MEC+y)—p(@-1),
AA+ a)—p@ - a), A+ a)+p (A - a),
AB+B)-pB=p), | MB+B+u®B-p),
AEC+q)—pu(@—9), | NEC+q)+pu(€ —9);

viz. the two perpendiculars are reciprocals each of the other.

35. Before going further I notice that, if
a1+.f1=b1+.‘71=01+}11 e al_f1=b1_gl=cl_hl
a+f b+g c+h a—f b—g c¢c—h’

then the four equations for (4, B, 0, F, G, H) reduce themselves to three equations
only: and thus instead of two perpendiculars we have a singly infinite series of
perpendiculars (see ante 15).

To explain the meaning of the equations, I observe that a line (a, b, ¢, £, g, k)
will be a generating line of the one kind, or say a “ generatrix,” of the Absolute if

a+f=0, b+9g=0, c+h=0:

and it will be a generating line of the other kind, or say a “directrix,” of the
Absolute if a—f=0, b—g=0, c—h=0. Or what is the same thing, we have

(a, b, ¢, —a, —b, —c), where a’+b*+c*=0 for a generatrix,

and
(a, b, e, a, b, c), where a’+b*+c?*=0 for a directrix, of the Absolute.

Consider now two directrices (a, b, ¢, a, b, ¢) and (a;, by, ¢, a;, by, ¢): if a
line (a, b, ¢, f; g, h) meets each of these, then
(a+f)a +(b+g9)b +(c+h)c =0,

(a+f)a+Ob+g)bi+(c+h)e,=0,

and consequently i
a+f:b+g:c+h=bc,—bec : ca—ca : ab,—ab;

and similarly if (@, b, ¢, f1, 91, 7) meets each of the two directrices, then
) a+fi i b+g e+ h=be,—be : ca;—ca : ab,—a)b,
that is, if the lines each of them meet the same two directrices of the Absolute, then

, a+f b+g c+h’
Conversely, if these relations are satisfied, then the lines each of them meet two
directrices of the Absolute.
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In like manner, if the lines each meet two generatrices of the Absolute, then
al“f1=b1_91=01—h1,
a—f b—g c—h’
and conversely, if these relations are satisfied, then the lines each of them meet the
same two generatrices of the Absolute. In the former case, the lines are said to be
“right parallels”: in the latter case, “left parallels.” |
A line (a, b, ¢, f; g, h) meets the Absolute in two points, and through each of
these we have a directrix and a generatrix: that is, the line meets two directrices
and two generatrices.

Through a given point we may draw, meeting the two directrices, or meeting
the two generatrices, a line: that is, through a given point we may draw a line

(ah by, e, fl: %) hy)

which is a right parallel, and a line which is a left parallel, to a given line. That
is, regarding as given the first line, and also a point of the second line, there are
two positions of the second line such that for each of them, the Ls of the pair of
lines, instead of being two determinate lines, are a singly infinite series of lines.

36. Reverting to the general case, we have found (4, B, C, F, G, H) the
coordinates of either of the lines L to the given lines (a, b, ¢, f, g, k) and
(az, by, ¢y f1, 91, h): supposing that the L intersects the first of these lines in the
point the coordinates of which are (#, y, 2z, w), and the second in the point the

coordinates of which are
(wl; Y1, %1, wl)’

then we have for each set of coordinates a -fourfoid expression; the choice of the
form 1is indifferent, and I write

z :y 12 :w=cB-bC:aC—-cA:b4—-aB:f4d+9B+hC,
2 i wm=cB-b0C:aC—-cd : bA—-aB : fid + g.B+ hC.

We have then, for the distance of these two points,

o8 b ol T LV AR T Viyn — ye¥ +&e. :
NG+ 32+ 22+ w N + 92 + 2 + wy? Na? + 2+ 22+ wr Na? + 2 + 2 + wy?

where ¢ =38 or 6, according to the sign of the radical A : u contained in the expressions
for A,B, 6 F .G H '

I have not succeeded in obtaining in this manner the final formule for the
determination of the distances: these in fact are, by what precedes, given by the
equations
sin 8sin @ =M, cosdcos b= M,.

For then, writing’ ¢ to denote either of the distances 8, 6, at pleasure, we have

M2 M2

sin?¢ ' cos’¢p
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that is, :
cos* ¢ + cos® ¢ (M — M* + 1)+ M2 =0,
or :

cos p=4 (M2 — M2+ 1 + VI + M*— 2MaM? — 20, — 20 + 1},
which is the expression for the cosine of the distance. '

In the case where the two lines intersect M =0, and if § be the . distance
which vanishes, then =0, and consequently cos@= M,: the last-mentioned formula,
putting therein M =0 and taking the radical to be =M;*—1, gives cos’¢=M? that
is, ¢=0, and cos® = M3 as it should be.

37. I verify as follows, in the case in question of two intersecting lines,
(afi+bg + ol + &y f+big + c.h'=0),

the formula .
xxy + Y1)y + 22, + wuw,

Nat + 2+ 24+ W N + 92 + 22 + w?’

cos O =

We have here
A=A = be, — be + ghy — gih,

B =3B =ca, —c.a + hf, = hf,
C=C=ab,—ab + fon — fr9,
F = oa=>0bh —bh —cqg, + ¢,9,
G=B=cf —clf—ahl'*'alh’
H=«q =ag,— a9 - bf, + b f.

I stop to notice that these formule may be obtained in a different and somewhat
more simple manner: the two lines (a, b, ¢; £, g, h) and (a,, b, ¢, f1, ¢, h) intersect;
hence their reciprocals also intersect: the equation of the plane through the two
lines and that of the plane through the two reciprocal lines are respectively

(gl —gih) @+ (hfys = i f) y + (fn = fi9) 2 + (afs + bgy + chy) w =0,
(be, — bie) z + (cay — ca) y + (aby, — ayb) z + (fa, + gby, + he) w=0:
the line (4, B, C, F, G, H) is thus the line of intersection of these two planes, and
it is thence easy to obtain the foregoing values.
From the values of 4, B, C, F, G, H, we have to find #, 4, 2z, w and @, w,
2, w, by the formuls given above. We have
z=cB-bC= ca,—cc,a+ chf,—ch f
— abb, + a;,b* — bfg, + bgf,
= (bg +ch) fr + a; (B* + ¢*) — bab — c,ac — bfg, — cfh,
= — f(afy+bg, + ch)) + a, (* + ¢*) — bab — c,ac;
or writing here @, f+bg+ch in place of —(af,+bg,+ch), this is a linear function
of a,, by, ¢;; and similarly finding the values of 7, z, w, we have
z=a,(B+c+f)+b,(fg—ab) +c, (Wf = ca),
y=a(fg—ab) +bi(¢+a*+g*) +c(gh—be),
z=a(hf —ca) +b(gh—be) +c (a®+ b2+ 1),
w=a,(bh — cg) +b(cf —ah) +c,(ag—"bf). -
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And in like manner, (I introduce for convenience the sign —, as is allowable),

—z=adl+ci+ )+ b(figr—ab) +c(hfi—am),
- =a(fir—ab) +b(e®+a’+ 92 + ¢ (gl — bicy),
—a=afi—aa) +b(gh—be) +c(a?+b?+hY),
—wy=a bl —cg) +b(cfi—ah) +c(amg —bf)

38. Write for shortness

p=a+b+c, »=f*+ g+, w=0af+bg+ch,
and therefore :
q=aa1+bbl+001, Q1=ff1+ggl+hh1; —w=af1+b91+0hn
r=a?+b2+c’ n = fi’+ 9 + A,
We have

z=mp—aq + fo, &y =—ar+aq + fio,
y=bp—bg + go, Yi=—"br+bq+ g,
z=cp— cq+ ho, z=—cr+aq + ho,

w=- f) g, h L ot fl) 1y hl 5
a, b, ¢ @y B
@, b, ¢ @, b, o

from which we easily obtain
o +y'+ 2 =p(pr—¢)+(p+2p) o,

and by expressing w?® in the form of a determinant

w'=p, (pr—g¢*) — pe?,
we obtain
@+ Y+ 2w =(p+p) (pr—¢*+o?;
and in like manner
22+ Y2+ 22+ wi=(r+mn)(pr—q¢ + o).
And again
w+ Yy +22:=q (pr — ¢*) + (¢ + 29) o*,

and by expressing ww, in the form of a determinant

wwn =g (pr—g°) — 9o,
we find
x@ + Y + 22 + ww = (9 + ¢) (pr — ¢* + o).
Hence substituting in
&xy + Yih + 22y + ww,

Nat + gt + 2 + W Nad + Yt + 22+ wd

cos 0 =

the factor pr—¢*+ w* disappears, and we have

cos 0 = b Bl =M,

Np+pNr+1

the required result.
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