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716.

AN ILLUSTRATION OF THE THEORY OF THE ^-FUNCTIONS.

[From the Messenger of Mathematics, vol. vil. (1878), pp. 27—32.]
If X be a given quartic function of x, and if u, or for convenience a constant 

. Γ dxmultiple au, be the value of the integral ∣ taken from a given inferior limit tothe superior limit χ∙, then, conversely, x is expressible as a function of u, viz. it is expressible in terms of ^-functions of u, where ⅛w, or say ⅛(w, $) (~g a parameter upon which the function depends), is given by definition as the sum of a series ofexponentials of u ; and it is possible from the assumed equation au= i , and the 7 √(a)definition of ‰, to obtain by general theory the actual formulae for the determination of x as such a function of u.I propose here to obtain these formulae, in the case where I is a product of real factors, in a less scientific manner, by connecting the function ‰ (as given by
.- dxsuch definition) with Jacobi’s function Θ, and by reducing the integral ∕ - by a 

J f(Λ)linear substitution to the form of an elliptic integral; the object being merely to obtain for the case in question the actual formulae for the expression of x in terms of ^-functions of u.The definition of ‰ or, when the parameter is expressed, ⅛ (w, is ⅛M = Σ (-)s e~^ι+2isu,where s has all positive or negative integer values, zero included, from — ∞ to + ∞ (that is, from —$ to + S, S = oo ); the parameter ft, or (if imaginary) its real part, must be positive.
C. XI. 6
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42 AN ILLUSTRATION OF THE THEORY OF THE ⅛-FUNCTIONS. [716Evidently is an even function : ⅛ (— u) = ‰. Moreover, it is at once seen that we have ⅛ (m ÷ 7r) = ⅛M, ⅛ (-μ + = — e%~2iu ‰,whence also
⅛ (u + mτr + m’$),where m and n are any positive or negative integers, is the product of ‰ by an exponential factor, or say simply that it is a multiple ofWriting u=-⅜i%, we have ⅛(—⅛⅛3) = ⅛(⅛t'S)> that is,⅛(⅛^) = 0,and therefore also

⅛ {mπ + (w+ I) i5∫ = 0.The above properties are general, but if § be real, then k, K, K', q being as in Jacobi (consequently k being real, positive, and less than 1, and K and K' real and
ιtK'positive), and assuming $ = , or, what is the same thing,_πΧ'

q(=e *) = e~S,the function ⅛ is given in terms of Jacobi’s Θ by the equation ‰=Θf-----J; or,what is the same thing, Θw = ⅛ ∙
We hence at once obtain expressions of the elliptic functions sn u, cn u, dn u in terms of ⅛, viz. these are

som=√j *^,τ'*~2,",⅛(SHiδ) ÷a(s)∙
cn m=√z (I) e"ffili' ^2,,^l ∙* (s+iv+iiδ) +* (s) ∙
dnw=√fc' ^(∑⅛+⅛7r)Consider now the integral

∕* doc C doc
J aO{(-)^-a∙^-b.X-C.HC-d}, Ja↑∕(X) suPPose,where a, b, c, d are taken to be real, and in the order of increasing magnitude, viz. it is assumed that b — a, c — a, d — a, c — b, d — b, d — c are all positive ; æ considered as the variable under the integral sign is always real ; when it is between a and b or between c and d, X is positive, and we assume that √(W) denotes the positive value of the radical ; but if æ is between b and c, X is negative, and we assume
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716] AN ILLUSTRATION OF THE THEORY OF THE ^-FUNCTIONS. 43

that the sign of √(Z) is taken so that is equal to a positive multiple of i,and this being so the integral is taken from the inferior limit a to the superior limit x, which is real.Take x a linear function of y, such that for 
x — a, b, c, d, 
y = 0, 1, ^2, ∞ , respectively,

so that, x increasing continuously from a to d, y will increase continuously from 0 to oo. We have
7 b — a . d — c 

~d-b.c-a,

_ b — d x — a 
b — a x — d’

d — a x — b 1 - y = τ------------- 7,b — a x — d

7 ,o d — a x — c 1 — k-y =------  ------7 ;
c — a x — dand, thence, vtta-,.1-⅛,-⅛√(⅛).⅛Sl.

where ∕∖J (ç—^) taken to be positive, and the sign of √(W) is fixed as above. Then 
for y between 0 and 1 or > ~ , y. 1 - y. 1 - k'iy will be positive, and √(y. 1 - y. 1 - Kiy) will also be positive ; but y being between 1 and y.l-y.l-k2y will be negative, and the sign of the radical is such that 1—y l-k2y) a Pθs^ve mu^tiplθ of i.We have moreover

7 d — a , 7 , x dx

and therefore -77—-—-λ = √(iZ — b.c — a) d°c 
^y.l-y.l-k2y) 7 √ Wwhere √(cZ — b.c—a) is positive ; or, say,

ί ~Γ∕—⅞—---- zF∖ = -b.c-a)f -yτγτ ∙
J 0<∕(y .1 — y .l-k2y) Ja∖∕(X)

6—2
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44 AN ILLUSTRATION OF THE THEORY OF THE ^-FUNCTIONS. [716Hence, writing y = z2 = sn2 u, we have2w = √(cZ - 6 . c - α) J ,and it is to be further noticed that to
x = a, b, c, d,correspond sn m = 0, 1, y, ∞ , κor we may say w=0, K, K+iK', 2K + iK,.Writing for shortness _ 2__________√((Z-δ.c-α) a,we have f dx

aιljavm',and moreover
τ∙r l'b dx

aK=Lvm·

*<κ+iκΗAy

aVκ+iκΗ⅛ryor if for a moment we write
[a dx 0

J,, ∙J(X)~a' &c-then these equations are
aK = B — A, 

a(K + iK') = C-A, 
a(2K + iK,) = D-A.Hence B+C — 2A = D — A, that is, A — B — C + D = 0, or B — A = D — C, that is, fδ dx Γd dx
Jav(χ)je vm,where observe as before that x = a to x = b, or x = c to x = d, X is positive, and the radical √(W) is taken to be positive.We have also

κι'-c-i½-
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716] AN ILLUSTRATION OF THE THEORY OF THE ^-FUNCTIONS. 45where, as before, from b to c, X is negative, and the sign of the radical is such that1 ς is a positive multiple of i ; the last formula may be more conveniently written √(A)
τr, Γc dxa -1 b √(VΓy)-where, from b to c, — X is positive, and √(- X) is also taken to be positive.Collecting the results, we havef dx _ _ 2 7 2 _ δ — α. <Z — ca-√(d-δ.c-a), dΓ-b7c-a,and also

7 ,o d — a . c — b 
k = j—I— ’d — b . c — aand then conversely

_ a(d —b) + d(b —a) sn2zι 
(d-b) + (b- a) sn2u ,or, what is the same thing,

β b — d . x — a sn2 u = r------------7,
b — a . x — dj

„ d — a . x — b cn2 u = 7----------------7,
b — a . x — d

1 o d— a . x — c an- u = ——----------, ;c — a . x — dwhere, in place of the elliptic functions we are to substitute their ^-values ; it will be recollected that ‰ the parameter of the ^-functions, has the value
ςt /_ πK'∖____ Γc dx ib dxdΓ jγ ∕ 7r.∕δ √'C--sr)4^’and, as before, „ 1 fδ dx

κ='a}a^yHence, finally, α, k, k', K, 3 denoting given functions of a, b, c, d, if as above f dxia^X)-aU}we have conversely
!∙⅛S5-÷~b-(S÷w) ∙a'5'

fc⅛g}- i∙",*s*'S÷f÷w)*s>'5∙
(Z CC ∙ tV C if f∖ 9 ∕ TΓU ∙ι λ rx9 7ΓZZ-c-a.χ-d= k + Η ÷⅛which are the formulae in question.
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46 AN ILLUSTRATION OF THE THEORY OF THE ^-FUNCTIONS. [716The problem is to obtain them (and that in the more general case where a, b, c, d have any given imaginary values) directly from the assumed equationf dæ
Lvm~au,and from the foregoing definition of the function ⅛.It may be recalled that the function ‰ is a doubly infinite product⅛w = ππ -h----------- ,u ""i^r"ι⅞}~ ;
( mττ + (w + ⅜) ⅛gj

m and n positive or negative integers from — ∞ to + ∞ ; I purposely omit all further explanations as to limits ; or, what is the same thing,
⅛ J772f = ∏∏ J i__ __ _ u_ __ 1.

2K ( 2mK + (2n + l)iK'∖,and consequently that, disregarding constant and exponential factors, the foregoing expressions of
b — d.æ — a d — a.æ — b d — a.æ — c 
b — a. æ — d, b — a . æ — d’ c — a. æ — d,

χ y Zare the squares of the expressions -^r, where X, Y, Z, W are respectively ofthe form
u∏πh+.-—∏∏fi + 7Ji-l,

( (m, n)) ( {m, n))

∏∏ -iι + -Λ-}, ∏∏ ∙fι ÷ z -u~--} ,t (m, n)} I (m, n))where (m, ri) = 2mK + 2niK', and the stroke over the m or the n denotes that the 2?ζλ or the 2n (as the case may be) is to be changed into 2wι + 1 or 2n +1. But this is a transformation which has apparently no application to the ^--functions of more than one variable.
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