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436.

ON A CERTAIN SEXTIC TORSE.

[From the Transactions of the Cambridge Philosophical Society, vol. xι. Part ill. (1871), pp. δ07—523. Read Nov. 8, 1869.]
The torse (developable surface) intended to be considered is that which has for its edge of regression an excubo-quartic curve, or say a unicursal quartic curve. I call • to mind that (excluding the plane quartic) a quartic curve is either a quadriquadric, viz. it is the complete intersection of two quadric surfaces; or else it is an excubo- quartic, viz. there is through the curve only one quadric surface, and the curve is the partial intersection of this quadric surface with a cubic surface through two generating lines (of the same kind) of the quadric surface. Returning to the quadriquadric curve, this may be general, nodal, or cuspidal; viz. if the two quadric surfaces have an ordinary contact, the curve of intersection is a nodal quadriquadric; if they have a stationary contact, the curve is a cuspidal quadriquadric.The unicursal quartic is a curve such that the coordinates (x, y, z, w) of any point thereof are proportional to rational and integral quartic functions (*](^, 1)* of a variable parameter θ; and the general unicursal quartic is in fact the excubo-quartic; but included as particular cases of the unicursal curve (although not as cases of the excubo-quartic as above defined) we have the nodal quadriquadric and the cuspidal quadriquadric. The torse having for its edge of regression a unicursal curve is a sextic torse; and this is in fact the order of the torse derived from the excubo-quartic, and from the nodal quadriquadric; but for the cuspidal quadriquadric, there is a depression of σne, and the torse becomes a quintic torse. The equations have been obtained of (1) the sextic torse derived from the nodal quadriquadric, (2) the quintic torse derived from the cuspidal quadriquadric, (3) the sextic torse derived from a certain special excubo-quartic; but the equation of the torse derived from the general unicursal quartic has not yet been found. To show at the outset what the analytical problem is, I 13—2
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100 ON A CERTAIN SEXTIC TORSE. [436anticipate the remark that the coordinates {x, y, z, w) of a point on the curve may by an obvious reduction be rendered proportional to the fourth powers (θ ÷ α)∖ {θ ÷ β)*,
+ (β ÷ parameter ; this leads to an equation 

for the osculating plane at the point {x, y, z, w}; or observing that this equation, when integralised, is of the form {x, y, z, w^θ, l)θ = 0, we see that the equation is obtained by equating to zero the discriminant of a certain sextic function in θ', the discriminant is of the order 10 in the coordinates {x, y, z, w), but it obviously contains the factor xyzw, or throwing this out we have an equation of the order 6, so that the torse is (as above stated) a sextic torse.
Theorem relating to Four Binary Quartics.1. Consider the four quartics: 

then if λj, λ2, λg, λ4 are any four quantities, these may be determined, and that in four different ways, so that 
a perfect fourth power; in fact, equating the coefficients of the different powers of {x, we have five equations, which determine the ratios of the unknown quantities ∖> λg> λg, λ4; α, β-. eliminating λj, Ag, λg, λ4, we find the equation 

giving four different values of the ratio α : β∖ or, assigning at pleasure a value to 
a. or β (say β = 1), then to each of the four sets of values of (a, β) there correspond a determinate set of values of (λι, λo, λ3, λ4); that is, we have as stated four sets of values of λ], λg, λ3, λ4; α, β.
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436] ON A CERTAIN SEXTIC TORSE. 101
Standard Equation of the Unicursal Quartic.2. The coordinates {x, y, z, w) being originally taken to be proportional to any four given quartic functions (*][^, 1)* of the parameter θ, then forming a linear function of the coordinates, we have four sets of values of the multipliers, each reducing the function of θ to a perfect fourth power; that is, writing (X, K, Z, IF) for the linear functions of the original coordinates, and taking (X, Y, Z, IF) as coordinates, it appears that the unicursal quartic may be represented by the equations

Tangent Line, and Osculating Plane of the Unicursal Quartic.3. The equations of the tangent line at the point {θ} (that is, the point the coordinates whereof are as {θ + α)^ : (θ + β}* ; (θ + y'∕ : {Θ + δ)^) are at once seen to be 

and that of the osculating plane to be

Writing as in the sequel 
the equations of the tangent line become

(equivalent of course to two equations), and the equation of the osculating plane becomes
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102 ON A CERTAIN SEXTIC TORSE. [436
Modification of the foregoing notation, and final form for the Unicursal Quartic.4. If instead of the coordinates {X, Y, Z, IF) we introduce the coordinates (λ?, y, z, vf connected therewith by the relations 

or, what is the same thing, 
then the curve is given by the equations

The equations of the tangent line are 

and the equation of the osculating plane is

Determination of the Sextic Torse.5. Starting from the equation of the osculating plane written under the form 

the equation of the torse is obtained by equating to zero the discriminant of the sextic function. Writing as before
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436] ON A CERTAIN SEXTIC TORSE. 103equations which give

and also
then the discriminant is a function of (λ∙, y, z, w∖ (a, δ, c, f, g, h} of the degree 10 in (x, y, z, w} and the degree 30 in (a, b, c, f, g, h}. But the equation in θ has two equal roots, or the discriminant vanishes, if any one of the quantities (x, y, z, w) is = 0; and again, if any one of the differences α — β, &c. (that is any one of the quantities a, b, c, f, g, h} ∖s, =(i-. the discriminant thus contains the factors xyzw and 
{abcfgJι)~, and throwing these out, we have an equation of the form
which is the equation of the sextic torse.∖

Principal Sections of the Torse.6. Consider for instance the section by the plane w = 0. Writing w = 0, the equation of the osculating plane is
The discriminant of the sextic function vanishes identically in virtue of the double factor {θ + δ)'. But omitting this factor, the equation becomes
The discriminant of this quartic function of θ is a function of x, y, z, a, b, c oι the degree 6 in {x, y, z} and 12 in (a, b, c); it contains however the factors xyz, aSb^c^, and the remaining factor is of the degree 3 in {x, y, z} and 6 in («, b, c}; this remaining factor is as will presently be seen
The last mentioned sextic equation in θ will have a triple root θ = — δ, if only the value θ = — δ makes to vanish the factor in [ ], that is if we have
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104 ON A CERTAIN SEXTIC TORSE. [436The foregoing results lead to the conclusion that for w=Q, we have 
but this will appear more distinctly as follows.7. First, as to the factor (α⅛ + δ≡y+ c⅛)≡-27α⅛Vajy2∙r writing in the equation of the osculating plane w = Q, the equation becomes 
which equation is therefore that of the trace of the osculating plane on the plane w = 0; the envelope of the trace in question is a part of the section of the torse by the plane w = 0. To find the equation of this envelope we must eliminate θ from the foregoing, and its derived equation 
the two equations give 
and thence 
that is, we have or, what is the same thing, 
for a part of the section in question.8. I have said that the foregoing cubic is a part of the section ; the equations 
which for w = 0 give θ = — 3, and thence x : y : z = a∕^ : bg^ : cA®, show that the last mentioned point is a four-pointic intersection of the curve with the plane w = Q. But the curve, having four consecutive points, will have three consecutive tangents in the plane w = 0; that is, the tangent at the point in question will present itself as a threefold factor in the equation of the torse. Writing in the equations of the tangent w = 0, θ = — δ, we find for the equation of the tangent in question 
or, what is the same thing.

Hence the section by the plane w = Q is made up of this line taken three times, and of the last mentioned cubic curve.
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436] ON A CERTAIN SEXTIC TORSE. 1059. By symmetry, we conclude that the sections by the principal planes x = 0, 
y = 0, z = 0, w = 0, are each made up of a line taken three times, and of a cubic curve: viz. these are 

where for shortness I have written the equations of the four cubics in their irrational forms respectively.
Partial Determination of the Equation.10. As the value of Δ is known when any one of the coordinates x, y, z, w is put = 0, we in fact know all the terms of Δ, except those which contain the factor 

xyzzo, which unknown terms, as Δ is of the degree 6, are of the form {*'^x, y, z, w)iI remark that if {xyzw} is any homogeneous function {*^x, y, z, wf, and (xyz}, (xy∖ 
{x) are what {xyzw} become on putting therein (w = 0), (2^ = 0, w = 0), {y = ^, 2· = 0, w = respectively, and the like for the other similar symbols, then that

{xyzw) =

+ terms multiplied by xyzw;in fact, omitting the last line, this equation on writing therein x = 0 or y = 0 or 2 = 0 or τo ≈ 0, becomes an identity, that is, the difference of the two sides vanishes when any one of these equations is satisfied, and such difference contains therefore the factor 
xyzw; which proves the theorem. It hence appears that the equation Δ = 0 of the torse is

where the ten coefficients of y, z, w'f remain to be found.
C. VII. 14
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106 ON A CERTAIN SEXTIC TORSE. [436

Process for the Determination of the Unknown Coeficients.11. At a point of the cubic curve in the plane ?ϋ = 0, we have 
and the tangent plane at this point is the osculating plane of the curve; that is, it is the plane 
if for a moment (λ∙', y∖ z', w') are the current coordinates of a point in the tangent plane. But the equation of the tangent plane as deduced from the equation Δ = 0 is 
where in the dilferential coefficients of Δ, the coordinates {x, y, z, w} are considered as having the values

Hence, with these values of (zr, y, z, io), we have 
conditions which determine the values of certain of the coefficients of (*](ic, y, z, w}∙, viz. the six coefficients of the terms independent of w; and when these are known the values of the remaining four coefficients are at once obtained by symmetry.12. To develope this process, disregarding the higher powers of w, we may write
where Θ denotes the terms independent of w, 3wΦ the known terms which contain the factor w, and xyzw (*}(λ∙, y, z}- the unknown terms which contain this same factor; the value of (* ](zr, y, zj∙ being clearly = y, z, 0)-.λVe have, moreover.
and
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436] ON A CERTAIN SEXTIC TORSE. 10713. The equations, putting after the differentiations w = 0, and writing for shortness (*) in place of y, become
Now, observing that the second factor of Θ vanishes for the values 

we have simply
But 

in virtue of the relation a (^ + α) + b {θ + β} + c {θ +γ) = 0 and hence 
where

Hence
and similarly 

whence the above-mentioned conditions reduce themselves to the single condition
14. But we have

14—2 
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108 ON A CERTAIN SEXTIC TORSE. [436if for shortness
P≈gh{θ + a.}-^hf{θΛ-β}+fg{θ + y}.Hence, substituting, 

which when the values α(^÷α)≡, b(Θ-∖-βγ, c(^ + γ)* for {x, y, z} are substituted in the functions Φ and (*), will be an identical equation in θ.lδ, It is right to remark that what we require is the expression of (*), = (*](zr, y, z}-∙, the foregoing equation leads to the value of (*) expressed in terms of θ; and it is necessary to show that this leads back to the expression for (*) as a function of 
{x, y, z)', in fact, that the function of θ is transformable in a definite manner into a function of (x, y, z). Suppose that the function of θ could be expressed in two different manners as a function of {x, y, z); then we should have two different functions {x, y, z'f each equivalent to the same function of θ∖ and the difference of these functions would be identically =0; that is, we should have a function (zr, y, byvanishing identically by the substitution 
but these relations are equivalent to the single relation 
which, qud cubic equation, is not equivalent to any equation whatever of the form 
that is, the function of θ is equivalent to a definite functi ∣n {x, y, bp.16. To proceed with the reduction, I remark that we have 

where
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436] ON A CERTAIN SEXTIC TORSE. 109if for shortness 

and I represent the foregoing equation by
Hence, writing for x, y, z the foregoing values, we have 

and thence 
that is

In order that this may be the case, it is clear that we must have 
viz. the left-hand side expressed as a function of θ must be divisible by the product 
{θ + α) {θ + β} {θ + γ). Assuming for a moment that this is so, the quotient M will be a function (^, 1 )*’ expressible in a unique manner in the form (λ∙, y, zf, and assuming it to be so expressed, we have 27Mabe + 3∩ + (*) = 0 ;which equation, without any further substitution of the ^-values of {x, y, z∖ gives (*) in its proper f∙u∙m as a function of (⅛∙, y, z}.

Reduction of the Eqaation, U + {abo^ (θ + δ)∙* Q ≈(0 + a) (θ + /3) (i? + y) M.17. We have by an easy transformation
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110 ON A CERTAIN SEXTIC TORSE. [436if for shortness

Substituting the ^-values, the terms of U, other than U', are at once seen to contain the factor {θ + a)(θ + β) (θ + 7), and we have

Λvhere
18. Write for shortness p, q, r = (af, bg, ch); after a complicated reduction, I obtain

We then have 
as above; andΛvhich gives (*).19. After all reductions we find:
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436] ON A CERTAIN SEXTIC TORSE. Illor observing that the coefficients of a-(j-1i~x∖ and <5- are equal to each otherand to the equation becomes 

and we thence obtain by symmetry the complete value of (*](ic, y, z, viz. we have only to complete the literal parts of the foregoing expression into the forms 

respectively.20. The equation of the torse thus is

I recall that

Developing, we have finally the e(pιation of the torse in the form following.
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ON A CERTAIN SEXTIC TORSE. [436

Equation of the Sextic Torse.21. The equation is
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436] ON A CERTAIN SEXTIC TORSE. 113

Gomp(irison with the E(piMtion of the Gentvo-surfuce of dn Ellipsoid.22. In the Equation 
for X, y, z, w write f, ζ~, ω", and then 8 = ∞ , the equation is converted into
or writing a^, for α, β, y, and understanding η∙, ζ^, ω- to mean α≡ic≡, b~y∙,— 1, this is

This is an equation, the envelope of which in regard to the variable parameter θ, gives <y2 2pthe surface which is the locus of the centres of curvature of the ellipsoid —h <- -+ — = 1 
b- ’or say the Centro-surface of the Ellipsoid. (Salmon’s Solid Geometry, Ed. 2, p. 400, [Ed. 4, p. 465].)Making the same substitution in the foregoing equation (*][ar, y, z, w'f = 0, the quantities /, g, h become equal to — δ, and p, q, r to —a8, —b8, — c8 respectively, and the whole equation divides by throwing out this factor, we have a result which is obtained more simply by changing 

into
where α, β, y now signify b^ — c-, c- — dy — b- respectively, and f, ζ'y ω'∙^ are retainedas standing for b-y-, c^z"^, — 1 respectively; viz. the equation of the centro-surfaceis found to be

C. VII. 15
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114 ON A CERTAIN SEXTIC TORSE. [436

This agrees with the result given in Salmon’s Solid Geometry, Ed. 2, p. lδl, [Ed. 4, p. 178], and Quarterly Mathematical Journal, vol. ιι. p. 220 (18.58); in the latter place, however, the term 
is by mistake written 
viz. a factor a® is omitted in one of the coefficients.Some of the coefficients are presented under slightly different forms; viz. instead of
Salmon hasand instead ofhe has
but these different forms are respectively equivalent in virtue of the relation α + /3 + 7 = 0.
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