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942.
ON SEMINVARIANTS.

[From the Quarterly Journal of Pure and Applied Mathematics, vol. XXVL (1893),
pp. 66—69.]

I wisH to prove the following negative: a given sharp seminvariant is not in
every case obtainable by mere derivation from a form of the same extent and of the
next inferior degree. The meaning of the statement will be explained.

According to the general theory developed in Clebsch’s Theorie der bindren
algebraischen Formen, Leipzig, 1872, the covariants of a given binary quantic f are all
of them obtainable, the covariants of a given degree from those of the next inferior
degree, by derivation (Ueberschiebung) of these with f; viz. if the covariants of the
next inferior degree are P, @, &c., then the covariants of the degree in question are
all of them included among the forms

s PY(=fP), (f; P}, (f, PY,...,
s @ , (L Q) (f Q...
&e.,

the index of derivation for (f, P) being at most equal to the degree of f or to that
of P, whichever of these is the smaller, and so for @, &c. The forms thus obtained
are far too numerous; but rejecting repetitions, we have a complete system of the
covariants of the given degree, viz. every covariant whatever of that degree is a linear
function (with numerical multipliers) of the several distinet forms thus obtained by
derivation.

We can therefore, by linear combination as above, obtain all the sharp covariants
of the given degree, but we may very well have a sharp covariant not included among
the several distinct forms thus obtained by derivation, but only expressible as a linear
combination of two or more such forms; or say we may very well have a sharp
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covariant not obtainable by mere derivation from the forms of the next inferior degree;
and it is important to verify that there are sharp covariants not thus obtainable by
mere derivation. I remark that the notion of a sharp covariant does not present
itself in Clebsch, and that it will be presently explained.

Passing from a covariant to 1its leading coefficient which is a seminvariant, the
statement may be applied to seminvariants; viz. it is to be verified that there are
sharp seminvariants not obtainable by mere derivation from the seminvariants of the
next inferior degree. But we have to introduce the notion of “extent” so as to
connect the seminvariant with a quantic of some particular order, thus, if the highest
letter of the seminvariant is £, we say that the extent is =5, and thus connect it

with the quintic
(1510, ‘0 die £ @ )

The notion *“sharp” applies to the seminvariants of a given weight. Suppose,
for instance, the weight is =8; we have a series of initial or non-unitary terms
1, c¢g, df, ¢, &c., and a series of final or power-ending terms e?, cd?, b%d? ¢!, &c., and
we denote by cg —c* (where observe that here and in all similar cases the — is not
a minus sign, but is simply a stroke), the whole series of terms (including c¢g and c*)
which are in counter-order (CO) subsequent to cg, and in alphabetical order (40)
precedent to ¢¢; and so in other cases. This being so, arranging the seminvariants
with their final terms in A0, we have the seminvariants j

1 —é
cg — cd?,
df — b,
e — ¢4
&e.,

viz. we have a seminvariant ¢—e® containing all or any (in fact, all) of the terms of
this set as above defined; a seminvariant cg—cd?* containing all or any of the terms
of this set, a seminvariant df—b*d* containing all or any of the terms of this set;
and so on. These are sharp forms; a seminvariant ending in €%, must of necessity
have the leading term 4, and thus belong at least to the octic

@b e dhe fogy by aa ),
a seminvariant ending in cd® must of necessity have a leading term as high as cg,
and thus belong at least to the sextic

(sEbchid e fghie: o)
Any linear combination of these would be a seminvariant 4—cd?, belonging to the
octic, but it is not a sharp form; the final term cd* does not of necessity imply
an initial so high as ¢ (in fact, as we have seen, it only implies the lower initial cg):
and so in.other cases.

For the quintic (1, b, ¢, d, e, SO yy, we have (for the weight 8 and degree 4)
the seminvariants df — b*d? and e*—c*, this last belongs, of course, also to the quartic
1, b, ¢, d, eJ, y), it is, in fact, the squared quadrinvariant (¢ — 4bd +3c*). I wish to
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show that df—b%d* is not obtainable by mere derivation from the covariants of degree
3 of the quartic.

The quintic and its covariants up to the degree 3 are

Ad=(| 1 1 5b I 10¢ ] 10d ’ be ‘ f | Q= ),
| U
sa.y
(@, opesid; e, o Do iR
Bi=i( e e sl ] of + 1 ’Z{x,y)g,
T A T 7 A A
pERIE T d2+3|
say

(e~ f=cd, bf—dTa, y¥;
=(c—0 d—bc, e—c f—cd, bf —d? cf —de, df — e*Yz, y)",
D= (ce -, of —cd, df — cd?, bdf — d*Yx, y),
E=(f-be, bf - ¢, cf —c'd, df — cd?, ef — &, f2— d*eQ«, y),
F=(d-0 e-bec, f-bc bf —c, ¢f—cd, df —cd?,
ef =, f2—d, bf*—de*, cf?— &Yz, y) .

Hence all the covariants of the degree 3 are A% AB, AC, D, E, F, where
AB=(e—c, f=bc, bf — &, ¢f — c*d, bef — cd?, bdf — d°, bef — die, bf* — d*f Yu, y)
AC=(c—b, d—bc,...Qx, y)*;

and the derivatives are

(4, 4% , (4, 4°%), &c. weights of leading coefficients are 0, 1, 2, 3, 4, 5
(A, ABY, (A, AB), &6, s.crvinsisssivessiscisssnsiosoissssasase 4, 5, 6,7, 8,
(A, ACY, (A, AC), &C., ..covrvinriiniiinuensnienninisiiresanarans 2,0 3.4 560116, 57
(4, Dy , (4, D) o ORER AU B i T e SRR RS S il 6, 7,§,9
od, By (4,8 /Rt as e e Sl 56,789, 10
(A, Ty, i LA, IARERG T b R R e i R 3, 4, 5, 6, 7,§
The terms giving rise to a seminvariant of weight 8 are
. fe—¢ f—be bf - &, of — ¢'d, bef —cd? {1k g
(A, AB) { e d 1 ¢ , b X 1 } e df_ C >
= )
4 Dy {2 SO s
bet, bf — ¢, cf —cd, df — cd?
(4, Ey { dc, f fb : fl } =df - ¢,
. d—b, e—b’c f ber, bf — ¢, ¢f —cd, df —cd?| _ A
4, F) { 7 sy v }_df-c,
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where to explain the algorithm, I remark, that if

A=A A A sl sy and s D= OO D e Dy G o, R,
then
(A-: D)3 = D0A2 o 2D1A1 e Der;

represented as above by
(4, Dy = {Do; b;, Dz} i {ce -, ¢f—cd, df— cd?}

A2) AO; Al c > b b 1

The result is in every case given as df—c¢'; in each case there is only a single
term c.c’, =c!, and the term in ¢* certainly presents itself. In (4, AB)* there is a
single term d.f, =df, and in (4, D)* a single term df, and thus the term df certainly
presents itself: in (4, E) there are two terms d.f, =df and df, and it is conceivable
that, inserting the proper numerical coefficients, these might destroy each other: if
this were so, the form instead of being df—c¢* would be e*—¢*; and similarly in
(4, Fy, there are two terms df, =df and df, which it is conceivable might destroy
each other, and the form would then be e*—¢ But in every case we have the term
¢!, and it thus appears that the form df —0°d* is not obtainable by mere derivation.

The form in question is in fact obtained by a linear combination of df'—c¢* and
¢ —¢*, viz. writing down the leading coefficients of .the covariants B* and H, we have

SHL =T B =
ar|~ 8 3
¢ 0 - 2|- 2
bef | — 9 A
bde | =156 +16 | + 1
¢ | +30 —12 | —18
cd? | —12 - 12
A e + 6
b%e | — 15 - 15
2z | +42 -32 | -10
be’d | — 48 + 48 0
¢t | +18 -18 0
viz. the form in question df —b%d* is = 3df — 2¢* —... —100°d*.
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