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ON THE PARTITIONS OF A POLYGON.

[From the Proceedings of the London Mathematical Society, vol. xxII. (1891), pp. 237—262. Read March 12, 1891.]
1. The partitions are made by non-intersecting diagonals; the problems which have been successively considered are (1) to find the number of partitions of an r-gon into triangles, (2) to find the number of partitions of an r-gon into k parts, and (3) to find the number of partitions of an r-gon into p-gons, r of the form

 Problem (1) is a particular case of (2); and it is also a particular case of (3); but the problems (2) and (3) are outside each other; for problem (3) a very elegant solution, which will be here reproduced, is given in the paper, Η. M. Taylor and R. C. Rowe, “ Note on a Geometrical Theorem,” Proc. Lond. Math. Soc., t. xIII. (1882), pp. 102—106, and this same paper gives the history of the solution of (1).The solution of (2) is given in the memoir, Kirkman “ On the k-partitions of the r-gon and r-ace,” Phil. Trans., t. cxlvii. (for 1857), p. 225; viz. he there gives for the number of partitions of the r-gon into k parts (or, what is the same thing, by means of k — 1 non-intersecting diagonals) the expression 
but there is no complete demonstration of this result.If k = r— 2, we have the solution of the problem (1); viz. the number of partitions of the r-gon into triangles is

The present paper relates chiefly to the foregoing problem (2), the determination
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94 ON THE PARTITIONS OF A POLYGON. [915of the number of partitions of the r-gon into k parts, or, what is the same thing, by means of k — 1 non-intersecting diagonals.2. Assuming for the moment the foregoing result, then for k=l, the number of partitions is for k = 2 it is 
for k = 3 it is 
and so on. As a simple verification, k = 2, the number of partitions is equal to the number of diagonals, viz. this is number of pairs of summits less number of sides, that is,

For convenience, I give the first Table on the next page, which is a tabulation of the functions

3. And in connexion herewith, I give the second Table on the next page, which is a tabulation of the functions
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915] ON THE PARTITIONS OF A POLYGON. 95

4. These functions, U and V, are particular values satisfying the equation 
that this is so will appear from the following general investigation.5. Taking x, y as independent variables, denoting by X an arbitrary function of x, and using accents to denote differentiations in regard to x, we require the following identity:
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96 ON THE PARTITIONS OF A POLYGON. [915which I prove as follows. Writing U to denote the same function of u which X is of x, I start from the equation 
which determines u as a function of the independent variables x, y. We have 
where the accent denotes differentiation in regard to u; hence 
or say
Writing 
and therefore 
this equation may be written 
or, integrating with respect to x, we have 
or say 
that is,

6. But, from the equation we have 
and thence 
if for a moment X1 is written for ∫Xdx. And hence, from the relation obtained above, we have the required identity
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915] ON THE PARTITIONS OF A POLYGON. 97This of course gives the series of identities 

or say 

all of which may be easily verified.7. I multiply each side of the identity by x2, and write

We thus obtain two sets of functions U and V, satisfying the before-mentioned equation. We have 
and it will be observed that we have, moreover, the relations

8. In particular, if 
then the general term the first term occurring when

C. XIII. 13
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98 ON THE PARTITIONS OF A POLYGON. [915from which it appears that, for this value of X, U1, U2, U3, U4, &c., have the before-mentioned values (No. 2), and further that V2, V3, V4, V5, &c., have also the before-mentioned values (No. 3).9. We do not absolutely require, but it is interesting to obtain, the finite expressions of these functions. We have 

and here the factors in ( ) satisfy the series of relations 

corresponding to 
given by the before-mentioned equation (No. 7), between the functions V and U.10. It is to be shown that, taking U1, U2, U3, ... for the functions which belong to the partitions of the r-gon (assumed to be unknown functions of r and the suffixes), and connecting them with a set of functions V2, V3, V4, ... by the relations 
then we have the foregoing identical equation
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915] ON THE PARTITIONS OF A POLYGON. 99This implies the relations

Thus, if U1 is known, the equation 
determines Tr2, and then the equation 
determines U2, so that U1, U2 are known; and we thence in the same way find successively U3 and V3, U4 and V4, and so on; that is, assuming only that U1 has the before-mentioned value, 
it follows that all the remaining functions U and V must have their before-mentioned values. But the function 
where each coefficient is =1, is evidently the proper expression for the generating function of the number of partitions of the r-gon into a single part; and we thus arrive at the proof that the remaining functions U, which are the generating functions for the number of partitions of the r-gon into 2, 3, 4, ..., k, parts, have their beforementioned values.11. Considering, then, the partition problem from the point of view just referred to, I write Ar, Br, Cr, ... for the number of partitions of an r-gon into 1 part, 2 parts, 3 parts, &c., and form therewith the generating functions 

and also the functions 

where observe that the functions U, V are such that
To fix the ideas, consider an r-gon which is to be divided into six parts. Choosing any particular summit, and from this summit drawing a diagonal successively

13—2 
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100 ON THE PARTITIONS OF A POLYGON. [915to each of the non-adjacent r — 3 summits, we divide the r-gon into two parts in 
r — 3 different ways; viz. the two parts are 

say any one of these ways is
Next, writing that is, 

we divide in every possible way the α-gon into a parts, and the β-gon into b parts (so dividing the r-gon into six parts). Observing that A, B, C, D, E, F are the letters belonging to the numbers 1, 2, 3, 4, 5, 6, respectively, the number of parts which we thus obtain (corresponding to the different values of a, b) are 
and summing for the different values of a, β (α + β = r + 2), the whole number of parts is that is,

12. To obtain the whole number of the partitions of the r-gon into six parts, we must perform the foregoing process successively with each summit of the r-gon as the summit from which is drawn the diagonal which divides the r-gon into two parts; that is, the number found as above is to be multiplied by r. We thus obtain all the partitions repeated a certain number of times, viz. each partition into six parts is a partition by means of five diagonals, and is thus obtainable by the foregoing process, taking any one of the ten extremities of these diagonals as the point from which is drawn the diagonal which divides the r-gon into two parts; that is, we have to divide the foregoing product by 10. The final result thus is 
where 
we thus have
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915] ON THE PARTITIONS OF A POLYGON. 10113. The reasoning is perfectly general; and applying it successively to the partitions into two parts, three parts, &c., we have 

where any function V is related to the corresponding function U as above. The value of U1 is obviously 
and hence the several functions U and V have the values above written down; the general term of Uk is 
and the number of partitions of the r-gon into k parts is equal to the coefficient of xr in this general term.14. In the investigations which next follow, I consider, without using the method of generating functions, the problem of the partition of the r-gon into 2, 3, 4 or 5 parts; it will be convenient to state the results as follows:

Number of Partitions.

where the capital letters refer to different “ diagonal-types,” thus: 

viz. if, in a polygon divided into k parts by means of k — 1 diagonals, we delete all the sides of the polygon, leaving only the diagonals, then these will present themselves under distinct forms, which are what I call “diagonal-types”; for instance, when 
there are the two types A and B shown in the above diagram for four parts.
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102 ON THE PARTITIONS OF A POLYGON. [91515. It is to be observed that we have sub-types corresponding to the coalescence of the terminal points of different diagonals; thus, suppose
Writing now A° and B° to denote the forms without coalescences, we have the subtypes A°, A', A" and Bo, B', B'', B''', as follows:4 parts, or 3 diagonals:

where observe that under A" are included two distinct forms, which, nevertheless, by reason that there is in each of them the same number (= 2) of coalescences, are reckoned as belonging to the same sub-type.16. The numbers called A, B, C, &c., have values which may be directly determined. I write down as follows:1 diagonal,
2 diagonals, where the calculation is

3 diagonals, 

where the calculation is
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915] ON THE PARTITIONS OF A POLYGON. 103

4 diagonals, 

where the calculation is

Also 

where the calculation is

17. To explain the formation of these expressions, observe that:One diagonal.—There must be on each side of the diagonal, or say in each of the two “ intervals ” formed by the diagonal, two sides; there remain r — 4 sides which may be distributed at pleasure between the two intervals, and the number of ways in which this can be done is
Two diagonals.—There must be on each side of the two diagonals, or say in two of the four intervals formed by the diagonals, two sides; there remain r — 4 sides to be distributed between the same four, intervals, and the number of ways in which this can be done is
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104 ON THE PARTITIONS OF A POLYGON. [915But we must exclude the distributions where there is no side in the one interval and no side in the other interval between the two diagonals; the number of these is that for the case of the coalescence of the two diagonals into a single diagonal, viz. it is 
and thus the number required is

18. Three diagonals, A.—There must be on each side of the three diagonals, that is, in two of the six intervals formed by the diagonals, two sides; there remain 
τ — 4 sides to be distributed between the same six intervals, and the number of ways in which this can be done is
But we must exclude distributions which would permit the coalescence of the first and second, or of the second and third, or of all three of the diagonals. For the coalescence of the first and second diagonals (the third diagonal not coalescing), the term to be subtracted is 
and the same number for the coalescence of the second and third diagonals (the first diagonal not coalescing); that is, the last-mentioned number is to be multiplied by 2; and for the coalescence of all three diagonals the number to be subtracted is 
we have thus the foregoing value 
where it will be observed that we have the binomial coefficients 1, 2, 1 with the signs +, -, +.Three diagonals, B.—There must be outside each of the three diagonals, that is, in three of the six intervals formed by the diagonals, two sides; and there remain 
r — 6 sides to be distributed between the six intervals; the number of ways in which this can be done is 
and there is here no coalescence of diagonals, so that this is the number required.19. Four diagonals, A.—There must be on each side of the four diagonals, that is, in two of the eight intervals formed by the diagonals, two sides; there remain 
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915] ON THE PARTITIONS OF A POLYGON. 105

r — 4 sides to be distributed between the eight intervals, and the number of ways in which this can be done is
But this number requires to be corrected for coalescences, as in the case Three diagonals, A ; and the required number is thus found to be

Four diagonals, B.—There must be outside of three of the diagonals, that is, in each of three of the eight intervals formed by the diagonals, two sides; there remain 
r — 6 sides to be distributed between the eight intervals, and the number of ways in which this can be done is
There is a correction for the coalescence of two of the diagonals, giving rise to a form such as Three diagonals, B; and consequently there is a term 
which, with the first-mentioned term, gives the required number.Four diagonals, C.—There must be outside of each of the diagonals, that is, in each of four of the eight intervals formed by the diagonals, two sides; there remain 
r — 8 sides to be distributed between the eight intervals, and the number of ways in which this can be done is 
which is the required number.20. In the expressions of No. 14, A, 2A, 3A + 2B, 4A + 8B + 2C, if we regard the terminals of the diagonals as given points, then (1) we have two summits, which can be joined in one way only, giving rise to the diagonal-type A; (2) we have four summits, which can be joined in two ways only, so as to give rise to the diagonal-type A ; (3) we have six summits, which can be joined in three ways so as to give rise to a diagonal-type A, and in two ways so as to give rise to a diagonal-type B; and (4) we have eight summits, which can be joined in four ways so as to give rise to a diagonal-type A, in eight ways so as to give rise to a diagonal-type B, and in two ways so as to give rise to a diagonal-type C; we have thus the linear forms in question. To obtain the number of partitions, we have in each case to multiply by r. To explain this, after the polygon is drawn, imagine

c. xIII. 14
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106 ON THE PARTITIONS OF A POLYGON. [915the summits to be numbered 1, 2, 3, ..., r in succession (the numbering may begin at any one of the r summits); regarding each of these numberings as giving a different partition, we should have the factor r. But, in fact, the partitions so obtained are not all of them distinct, but we have in each case a system of partitions repeated as many times as there are summits of the diagonals, that is, a number of times equal to twice the number of the diagonals; and we have thus, after the multiplication by r, to divide by the numbers 2, 4, 6, 8, in the four cases respectively.21. We hence have immediately:—Two parts, the number of partitions
Three parts, the number of partitions
Four parts, the number of partitions 
the calculation being

Five parts, the number of partitions 
the calculation being

To complete the theory, it would be in the first instance necessary to find for any given number of diagonals, k — 1, whatever, the number and form of the diagonal-types, A, B, C, &c.; this is itself an interesting question in the Theory of Partitions, but I have not considered it.
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915] ON THE PARTITIONS OF A POLYGON. 10722. Although the foregoing process (which, it will be observed, deals with the diagonal-types, without any consideration of the sub-types) is the most simple for the determination of the numbers A, B, C, &c., yet it is interesting to give a second process. Considering the several cases in order:One diagonal, A.—The diagonal has two summits; we must have on each side of it one summit, and there remain r — 4 summits which may be distributed betweenthe two intervals formed by the diagonals. This can be done in —— ways, or we have, as before,
Two diagonals, A.—The diagonals have four summits; we must have outside each diagonal one summit, and there remain r — 6 summits to be distributed between thefour intervals formed by the diagonals; this can be done in                   ways,or we have this value for A°. But the two top summits of the diagonals, or the two bottom summits, may coalesce; in either case, the diagonals have three summits. We must have outside each diagonal one summit, and there remain r — 5 summits to be distributed between the three intervals formed by the diagonals; the number of ways in which this can be done is 

say this is the value of A'. And we then have A=A° + 2A', 
as before. The calculation is

23. Three diagonals, A.—See No. 15 for the figures of the sub-types. We have 
where the coefficients, 4 and 4, are the number of ways in which A' and A" respectively can be derived from A° by coalescences of summits. For Ao, the diagonals have six summits, and there must be outside of two diagonals one summit; there remain r — 8 summits to be distributed between the six intervals formed by the diagonals, and we have
For A', the diagonals have five summits, and we must have outside of each of two diagonals, one summit; there remain r — 7 summits to be distributed between the five intervals formed by the diagonals; we thus have

14—2
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108 ON THE PARTITIONS OF A POLYGON. [915For A", the diagonals have four summits; there must be outside of each of two diagonals one summit, and there remain r— 6 summits to be distributed between the four intervals formed by the diagonals; we thus have
The foregoing values give 
as before. The calculation is

Three diagonals, B.—See No. 15 for the figures of the sub-types. We have
For B°, the diagonals have six summits, and there must be outside each of the three diagonals one summit; there remain r — 9 summits to be distributed between the six intervals formed by the diagonals. We thus have
Similarly,
Hence 
as before. The calculation is

24. Four diagonals, A.—The figures of the sub-types of A, B, C can be supplied without difficulty. We have
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915] ON THE PARTITIONS OF A POLYGON. 109where I remark that the numerical coefficients 1, 6, 12, 8 are the terms of (1, 2)3. We have 

and thence 
as before. The calculation is

Four diagonals, B.—We have 
where the coefficients, 1, 5, 9, 7, 2, are the terms of (1, 1)3(1, 2). We have 

and thence 
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110 ON THE PARTITIONS OF A POLYGON. [915as before. The calculation is

Four diagonals, C.—We have 
where the coefficients are the terms of (1, 1)4. We have 

and thence
I omit the calculation, as the equation is at once seen to be a particular case of a known factorial formula.25. We may analyse the partitions of an r-gon into a given number of parts, according to the nature of the parts, that is, the numbers of the sides of the several component polygons. It is for this purpose convenient to introduce the notion of “ weight ”; say a triangle has the weight 1, then a quadrangle, as divisible into two triangles, has the weight 2, a pentagon, as divisible into three triangles, has the weight 3, ..., and generally an r-gon, as divisible into r — 2 triangles, has the weight r — 2. It at once follows that, if 
then a polygon of weight W is divisible into two polygons of the weights w, w', or into three polygons of the weights w, w', w" respectively; and so on. Thus the 2-partitions of an 8-gon (weight = 6) are 15, 24, and 33; the 3-partitions are 114, 
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915] ON THE PARTITIONS OF A POLYGON. Ill123, 222, and so on. Of course the number of the partitions 15, 24, 33, is equal to the whole number of the 2-partitions of the 8-gon, that is, = 20; the number of the partitions 114, 123, 222, is equal to the whole number of the 3-partitions of the 8-gon, that is, it is =120; and so in other cases. It is easy to derive in order one from the other the numbers of the partitions of each several kind of the polygons of the several weights 2, 3, 4, 5, 6, &c.; and I write down the accompanying Table (No. 26), facing page 112, the process for the construction being as follows:27. The first column (2 parts) is at once obtained. For a polygon of an odd number of sides, for instance the 9-gon (weight = 7), imagining the summits numbered in order 1, 2, ..., 9, we divide this into a triangle and octagon, or obtain the partitions 16, by drawing the diagonals 13, 24, ..., 81, 92: viz. the number is =9. In the Table this is written, 16 = 9; and so in other cases. Similarly we divide it into a quadrangle and heptagon, or obtain the partitions 25, by drawing the diagonals 14, 25, ..., 82, 93: viz. the number is again =9; and we divide it into a pentagon and a hexagon, or obtain the partitions 34, by drawing the diagonals 15, 26, ..., 83, 94: viz. the number is = 9, and here 
the whole number of 2-partitions of the 9-gon. For a polygon of an even number of sides, for instance the 10-gon (weight = 8), the process is a similar one, the only difference being that for the division into two hexagons, (that is, for the partitions 44), each partition is thus obtained twice, or the number of such partitions is 1/2 10, =5; the numbers for the partitions 17, 26, 35, 44, thus are 10, 10, 10, 5; and we have the whole number of the 2-partitions of the 10-gon.28. To obtain the second column (3 parts)—suppose, for instance, the 3-partitions of the 9-gon; these are 115, 124, 133, 223. We obtain the number of the partitions 115 from the terms of the first column: viz. in 16, changing the 6 into 15, that is, dividing the polygon of weight 6 into two parts of weights 1 and 5 respectively: this can be done in eight ways (see, higher up, 15 = 8 in the first column); and we thus obtain the number of partitions 
and again, in 25, changing the 2 into 11, that is, dividing the polygon of weight 2 into two parts each of weight 1: this can be done in two ways (see, higher up, 11 = 2 in the first column); and we thus obtain the number of partitions 
we should thus have, for the number of partitions 115, the sum 
only, as it is easy to see, each partition is obtained twice, and the number of the 
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112 ON THE PARTITIONS OF A POLYGON. [915partitions 115 is the half of this, = 45. And by the like process it is found that the numbers of the partitions 124, 133, 223 are equal to 90, 45, 45 respectively, and then, as a verification, we have 
the whole number of the 3-partitions of the 9-gon.29. The third column (4 parts) is derived in like manner from the second column by aid of the first column; and so in general, each column is derived in like manner from the column which immediately precedes it, by aid of the first column. And we have for the numbers in each compartment of any column the verification that the sum of these numbers is equal to the whole number (for the proper values of k and r) of the k-partitions of the r-gon.It might be possible, by an application of the method of generating functions, to find a law for the numbers in any compartment of a column of the table; but I have not attempted to make this investigation.30. In the table in No. 2, the numbers 1, 2, 5, 14, 42, &c., of the diagonal line show the number of partitions of the triangle, the quadrangle, the 5-gon, ..., r-gon into triangles: viz. these numbers show the number of partitions of the r-gon into 
r — 2 parts, that is, into triangles; and, for the r-gon, writing 
the number is
If, as above, taking the weight of the triangle to be 1, we write 
then the number is 
viz. this is the expression for the number of partitions of the polygon of weight w, or (w + 2)-gon, into triangles.31. The question considered by Taylor and Rowe, in the paper referred to in No. 1, is that of the partition of the r-gon into p-gons, for p, a given number > 3; this implies a restriction on the form of r, viz. we must have r — 2 divisible by 
p — 2. In fact, generalizing the definition of w, if we attribute to a p-gon the weight 1, and accordingly to a polygon divisible into w p-gons the weight w, then, 
r being the number of summits, we must have
In particular, if p = 4, so that the r-gon is to be divided into quadrangles, then r is necessarily even, and for the values we have

www.rcin.org.pl



915] ON THE PARTITIONS OF A POLYGON. 11332. To fix the ideas, I assume p = 4, and thus consider the problem of the division of the (2w + 2)-gon into quadrangles. Writing
we take at pleasure any one side of the (2w + 2)-gon, making this the first side of a quadrangle, the second, third, and fourth sides being diagonals of the polygon such that outside the second side we have a polygon of weight a, outside the third side a polygon of weight b, and outside the fourth side a polygon of weight c. Any oneor more of the numbers a, b, c may be = 0; they cannot be each of them = 0except in the case w = 1. The meaning is that the corresponding side of the quadrangle, instead of being a diagonal, is a side of the (2w + 2)-gon, viz. there isno polygon outside such side. Suppose, in general, that Pw is the number of waysin which a polygon of weight w can be divided in quadrangles, and let each of the polygons of weights a, b, c respectively, be divided into quadrangles: the number of ways in which this can be done is PaPbPc; and it is to be noticed that, if for instance α=0, then the number is = PbPc, viz. the formula remains true if only we assume P0=l. The number of partitions thus obtained is ∑PaPbPc, where the summation extends to all the partitions of w — 1 into the parts a, b, c (zeros admissible and the order of the parts being attended to). And we thus obtain all the partitions of the (2w + 2)-gon into w parts; for first, the partitions so obtained are all distinct from each other, and next every partition of the (2w + 2)-gon into w parts is a partition in which the selected side of the (2w+2)-gon is a side of some one of the quadrangles. That is, we have and it hence appears that, considering the generating function we haveThe reasoning is precisely the same if, instead of a division into quadrangles, we have a division into p-gons; the only difference' is that instead of the three parts 
a, b, c, we have the p — 1 parts a, b, c, ..., and the equation for f thus is33. Writing for a moment and expanding by Lagrange’s theorem, we have 
viz. after the differentiation, writing u = l, we have 
where it will be recollected that, for the number of sides of the polygon, we have
In the case of the partition into triangles, p = 3, and we have the before-mentioned value

C. XIII. 15
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