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P R O B L E M A N D  H Y P O T H E TI C A L  T H E O R E M S I N R E G A R D  T O

T W O Q U A D RI C  S U R F A C E S.

[ Fr o m t h e M ess e n g er  of  M at h e m ati cs,  v ol. ιι. ( 1 8 7 3), p. 1 3 7.]

T w o  c o ni cs m a y  b e cir c u m- a n d-i ns cri b a bl e t o a n w- g o n ; vi z. t h e c o ni cs m a y  b e  
s u c h t h at t h er e e xists a si n gl y i nfi nit e s eri es of  7 λ- g o ns e a c h i ns cri b e d i n t h e first a n d  
cir c u ms cri b e d a b o ut t h e s e c o n d of  t h e c o ni cs. I n p arti c ul ar t h e y m a y  b e cir c u m- a n d-  
i ns cri b a bl e t o a tri a n gl e.

T h e  f oll o wi n g pr o bl e m  aris es :

C o nsi d er  t w o gi v e n  q u a dri c  s urf a c es a n d a gi v e n  li n e S ∖ t o fi n d t h e pl a n es  t hr o u g h 

S, w hi c h  c ut t h e s urf a c es i n t w o c o ni cs cir c u m- a n d-i ns cri b a bl e t o a tri a n gl e (it is 
pr es u m e d  t h er e ar e t w o or  m or e  s u c h pl a n es).

L et  t h e s urf a c es b e Θ,  Θ',  a n d l et t h e li n e > S a t a n g e nt t o Θ'  m e et  Θ  i n t h e 

p oi nts A,  B ∖  if t hr o u g h < 8 w e  dr a w t w o pl a n es as a b o v e, t h e n i n t h e first pl a n e  t h e 
t a n g e nts fr o m A,  B  t o t h e s e cti o n of Θ'  will  m e et  i n a p oi nt C  of Θ;  a n d i n t h e 
s e c o n d pl a n e t h e t a n g e nts fr o m A,  B  t o t h e s e cti o n of Θ'  will  m e et  i n a p oi nt D  
of Θ. T h e  p oi nts C,  D  b ei n g t h us d et er mi n e d t h e li n es A B,  A G,  B G,  A D,  B D  all  

t o u c h t h e s urf a c e Θ',  a n d it is pr es u m e d t h at t h e s urf a c es Θ,  Θ'  m a y  b e s u c h t h at 
C D  als o t o u c h es t h e s urf a c e Θ' ; vi z. i n t his c as e w e  h a v e a t etr a h e dr o n A B G D,  t h e 
s u m mits of w hi c h  li e i n t h e s urf a c e Θ,  a n d t h e e d g es t o u c h t h e s urf a c e Θ';  a n d n ot  
o nl y  s o, b ut it is f urt h er pr es u m e d t h at t h e s urf a c es m a y  b e s u c h t h at st arti n g fr o m 

a n y p oi nt A  of Θ  a n d usi n g eit h er a n y t a n g e nt or a pr o p erl y s el e ct e d t a n g e nt A B  
of Θ',  it s h all b e  p ossi bl e  t o c o m pl et e t h e fi g ur e as a b o v e ; or, w h at  is t h e s a m e t hi n g, 
t h e s urf a c es m a y  b e s u c h t h at t h er e e xists a d o a bl y or a tri pl y i nfi nit e s eri es of  
t etr a h e dr a, t h e s u m mits of e a c h l yi n g i n Θ  a n d its e d g es t o u c hi n g Θ'. It is als o  
pr es u m e d t h at t h e f a c es of t h e t etr a h e dr a all t o u c h o n e a n d t h e s a m e q u a dri c s ur 

f a c e Θ ".
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