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O N  A  P E N U L TI M A T E Q U A R TI C  C U R V E.

[ Fr o m t h e M ess e n g er  of  M at h e m ati cs,  v ol. i. ( 1 8 7 2), p p. 1 7 8 — 1 8 0.]

I H A V E  h a d o c c asi o n t o c o nsi d er wit h  s o m e p arti c ul arit y t h e f or m of a c ur v e  
a b o ut t o d e g e n er at e i nt o a s yst e m of m ulti pl e  c ur v es ; a si m pl e i nst a n c e is a tri n o d al 
q u arti c c ur v e a b o ut t o d e g e n er at e i nt o t h e f or m =  0, or s a y a “  p e n ulti m at e  ” of  

> p θ β χ  ⅛ h θ  i d e as, t a k e x, y, z t o d e n ot e t h e p er p e n di c ul ars o n t h e si d es of  a n  

e q uil at er al tri a n gl e, altit u d e = 1  (s o t h at x  +  y  - ∖- z  =  V),  a n d l et t h e c ur v e b e  s y m m etri c al 
i n r e g ar d t o t h e c o or di n at es x, y, its e q u ati o n b ei n g t h us 

w h er e  a,  f h ar e ulti m at el y all i n d efi nit el y s m all i n r e g ar d t o u nit y : t o di mi nis h t h e 
n u m b er  of  c as es I f urt h er ass u m e  

b ut I d o n ot i n t h e first i nst a n c e t a k e a,  f, h t o b e i n d efi nit el y s m all. T h e n  if — / 
is n ot t o o l ar g e, t h e c ur v e is as s h o w n i n t h e fi g ur e (f), vi z. it is a tril o o p c ur v e, wit h  
t w o h ori z o nt al d o u bl e t a n g e nts, 3 t o u c hi n g t h e c ur v e i n t w o r e al p oi nts, 4 t o u c hi n g 

it i n t w o i m a gi n ar y p oi nts. I m a gi n e —  f i n cr e as e d : t h e n e w  c ur v e will  h a v e t h e s a m e 
g e n er al f or m, i nt ers e cti n g t h e first c ur v e at A  a n d £  b ut  t o u c hi n g it at C,  vi z. it will  
p ass  i nsi d e t h e l o o p C  b ut  o utsi d e t h e l o o ps A,  £ ; a n d o utsi d e t h e r e m ai n d er of t h e 
c ur v e ; a n d t h e 4 will  als o m o v e  d o w n w ar ds as s h o w n. T h e  n e w p ositi o n of 4 will  
b e  b el o w t h e first p ositi o n.

S u p p osi n g  t h at a, h h a v e gi v e n v al u es, a n d t h at —  f c o nti n u all y is i n cr e as e d i n 
r e g ar d t o V( a);  t w o t hi n gs m a y  h a p p e n. First,  t h e d o u bl e t a n g e nt 3 m a y  m o v e  d o w n

1 T h e  fi g ur e is dr a w n wit h  v er y s m all v al u es of a,  f, h, i n or d er t o e x hi bit as n e arl y as m a y  b e o n e  
of t h e p e n ulti m at e f or ms of t h e c ur v e; b ut t his is n ot i n a n y wis e ass u m e d i n t h e r e as o ni n g of t h e t e xt. 
O bs er v e  i n t h e fi g ur e t h at t h e p oi nts  A,  B  ar e or di n ar y d o u bl e p oi nts, a n d t h at t h er e ar e at e a c h of t h e m 
t w o disti n ct  t a n g e nts i n cli n e d at a s m all a n gl e t o e a c h ot h er.
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to = — ∞ , the lower loops lengthening out and finally becoming each of them a pair 
of parabolic branches parallel at infinity; and then reappearing at 2; = + ∞ , again move 
downwards, each loop becoming in this case a pair of hyperbolic branches touching 
two asymptotes at z = — ∞ , and then again on the opposite sides thereof at z = + 00 ,

and coming down as a single branch to touch the double tangent 3 which is now 
above 4. Secondly, the double tangent 4 may come to coincide with the horizontal tangent 
2, at the instant of coincidence being a tangent of four-pointic contact; and becoming 
afterwards (being as before above 2) an ordinary double tangent with two real points 
of contact; viz. instead of a simple loop at G we have a heart-shaped loop.

But to investigate whether the two cases actually happen, and in what order of 
succession, we require the expressions of z for the several lines in question; we find, 
without difficulty, 1

where λj, λg, λ3, λ4 are all positive. Observe that in the limiting case
where, instead of the loops at j4, B, we have cusps; z^, z^, and z^ are (in general)
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p ositi v e ; λ 3  =  ∞  , a n d t h er ef or e =  0  ; t h at is; t h e li n e 3 c oi n ci d es wit h  A B,  c e asi n g  
t o b e a d o u bl e t a n g e nt; t h er e is i n t his c as e t h e o n e d o u bl e  t a n g e nt 4.

First, z-i b e c o m es  i nfi nit e f or 1  — 2 X 3  =  0;  t h at is, a  — Λ  =  - √( α)-  f, or  — ∕ = √( α) +( α-A);  
vi z. f or —  y =  √( α)  +  ( α —  ∕i)-e, w e  h a v e 2 3  =  —  ∞  , a n d f or — / = √( α) +( α- Λ)  +  e, w e  
h a v e  2∙ 3  =  +  ∞  .

S e c o n dl y. T h e  li n es 4  a n d 2 will  c oi n ci d e if 

t h at is, if 

or, s u bstit uti n g f or λ < its v al u e.

t h e c o n diti o n is

( o bs er v e t h at, f h a vi n g b e e n ass u m e d n e g ati v e, t his i m pli es —  h > 3 α). T h at  is, 3 α  +  h  
h

b ei n g =  —  b ut n ot ot h er wis e, t h e d o u bl e t a n g e nt 4 will,  f or t h e v al u e —  / = -r ~ ∏ ∖ ~ >  

c o m e t o c oi n ci d e wit h  t h e li n e 2  ; a n d f or a n y gr e at er  v al u e of — / will  b e as b ef or e  
a b o v e li n e 2, ( b ei n g i n t his c as e a n or di n ar y d o u bl e t a n g e nt wit h  r e al p oi nts of  
c o nt a ct) as a p p e ars fr o m t h e f or m, U ^  =  Q,  of t h e f or e g oi n g e q u ati o n f or t h e d et er mi ­
n ati o n of  /.

T h e  p ass a g e of t h e li n e 3 t o i nfi nit y, a n d t h e c oi n ci d e n c e of t h e li n es 4 a n d 2  
m a y  t a k e pl a c e  f or t h e s a m e v al u e  of  / vi z. t his will  b e  t h e c as e if 

t h at is, if

or, a b ei n g s m all, f or t h e v al u e  - h = ^ a a p pr o xi m at el y. If —  li is l ess t h a n t h e a b o v e  
_

v al u e,  t h e n t h a n +  α  —  h, or — f i n cr e asi n g fr o m √( α),  t h e c oi n ci ­

d e n c e of t h e li n es 2, 4 t a k es pl a c e b ef or e t h e li n e 3  g o es off t o i nfi nit y: c o ntr ar y wis e,  
if —  h is gr e at er  t h a n t h e a b o v e v al u e.

I n a n y f or m of t h e c ur v e (i. e. w h at e v er  b e t h e v al u e of  / i n r e g ar d t o a, h), if 
w e  i m a gi n e α,  h i n d efi nit el y di mi nis h e d, t h e li n es 1, 2 a n d 4 will  c o nti n u all y a p pr o a c h  
G,  a n d t h e c ur v e will  g at h er its elf u p i nt o c ert ai n d efi nit e p orti o ns of t h e li n es 
aj  =  O,  y  =  0. T h us  a n y s e c a nt t hr o u g h A  ( n ot b ei n g  i n d efi nit el y n e ar  t o t h e li n e A G),  
w hi c h  m e ets  t h e c ur v e i n r e al p oi nts, will  m e et  it i n t w o p oi nts t e n di n g t o c oi n ci d e  
at t h e i nt ers e cti o n of t h e s e c a nt wit h  t h e li n e a;  =  0 ; a n al yti c all y t h er e ar e al w a ys t w o 
i nt ers e cti o ns r e al or i m a gi n ar y w hi c h  (t h e s e c a nt n ot b ei n g i n d efi nit el y n e ar t h e li n e 
A G)  t e n d t o c oi n ci d e at t h e i nt ers e cti o n of  t h e s e c a nt wit h  t h e li n e a ? =  0; a n d w e  
t h us s e e h o w w e  ulti m at el y arri v e at t h e li n e ι v =  0 t wi c e r e p e at e d; a n d si mil arl y f or 

t h e li n e y  =  0.
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