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N O T E  O N  T H E  P R O B L E M O F  E N V E L O P E S.

[ Fr o m t h e M ess e n g er  of  M at h e m ati cs,  v ol. i. ( 1 8 7 2), p p.  3,  4.]

T h e r e  is a m o d e  of  l o o ki n g at t h e pr o bl e m of E n v el o p es,  w hi c h,  s o f ar as I a m  

a w ar e, h as n ot b e e n e x pli citl y n oti c e d. L et U  =  { x, y, b e a f u n cti o n of t h e 
c o or di n at es { x, y, z), Θ  =  Θ'  =  { x, y, zf " ( x', y', z'f a f u n cti o n of t h e t w o s ets of c o or di 
n at es { x, y, z } a n d ( √, z' ^ ∖ it b ei n g u n d erst o o d t h at w h e n  w e  writ e  Θ  w e  r e g ar d 
( a;, y, z } as t h e c urr e nt c o or di n at es, w h e n  Θ'  w e  r e g ar d { x, y, z ^ as t h e c urr e nt  
c o or di n at es. S u p p os e t h at w e  h a v e U  =  0 ; t h e c ur v e Θ'  =  0 is t h e n a c ur v e t h e 
e q u ati o n w h er e of  c o nt ai ns as p ar a m et ers t h e c o or di n at es ( x, y, z) q { a p oi nt P  o n t h e 
c ur v e ϋ  =  Q;  a n d w e  m a y  s e e k f or t h e e n v el o p e of t h e c ur v e Θ'  =  0 as P  d es cri b es  
t h e c ur v e C Γ  =  0 ; t h e r e q uir e d e n v el o p e is of  c o urs e o bt ai n e d as a n e q u ati o n i n { x', y',  zf } 
gi v e n b y  t h e eli mi n ati o n of  x, y, z, ∖  fr o m t h e e q u ati o ns ( e q ui v al e nt t o f o ur e q u ati o ns  

o nl y)

B ut,  o bs er v e t n at t h e r e q uir e d e n v el o p e is t h e l o c us of t h e p oi nts  of i nt ers e cti o n 
of t h e c ur v e Θ'  =  0 b el o n gi n g t o a p arti c ul ar p oi nt { x, y, z } of  t h e c ur v e Z 7  =  0, b y  
t h e c ur v e Θ'  =  0 w hi c h  b el o n gs t o a c o ns e c uti v e p oi nt of U. T h e  c ur v e Θ  =  0, c o n 
si d eri n g t h er ei n { x', y', z' } as t h e c o or di n at es of a gi v e n  p oi nt  of t h e pl a n e,  d et er mi n es  

b y its i nt ers e cti o n wit h  t Z =  0 t h os e p oi nts { x, y, z ^) o n t h e c ur v e t Z =  0, t o e a c h of  
w hi c h  b el o n gs a c ur v e Θ'  =  0 p assi n g  t hr o u g h t h e p oi nt  i n q u esti o n  ( √, y, af). H e n c e,  
if t h e c ur v e Θ  =  0 t o u c h t h e c ur v e i Z =  0, t h e p oi nt of c o nt a ct, c o or di n at es { x, y, z }, 
is a p oi nt s u c h t h at t o it a n d t o t h e c o ns e c uti v e p oi nt t h er e b el o n g c ur v es, e a c h of  
t h e m p assi n g t hr o u g h t h e gi v e n p oi nt { x', y, z'). H e n c e  e x pr essi n g t h at t h e c ur v es·  
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<") = 0, U = 0 touch each other, we have a relation in («', y', z'} which is the locus of 
the point of intersection of the curves Θ' = 0 belonging to two consecutive points of 
the curve U= 0; that is, the equation of the required envelope is obtained as the 
condition that the curves Z7= 0, Θ = 0 shall touch each other. But when the curves 
touch each other, they have at the point of contact their derived functions proportional, 
or we have simultaneously 

the same equations as before, since Θ and Θ' denote the same function.

It is to be added that, when a = m, the equations 

are homogeneous in (a?, y, z), and we may by the elimination of {x, y, z} from these 
equations obtain an equation Disct. (Θ + λCZ) = 0, say for shortness Λ = 0, involving λ 
and also the coordinates {x', y', z'}. Now it is a known theorem that the condition for 
the contact of the two curves U = 0, Θ = 0 can be obtained by expressing that the 
equation Λ = 0 shall have a pair of equal roots, or, what is the same thing, by equating 
to zero the discriminant of the function Λ; this last-mentioned process leads therefore 
to the equation of the envelope of the curve Θ' = 0, viz. (α being = m as above) the 
equation of the envelope of the curve Θ' = 0, is in fact 

viz. λve first take the discriminant of the function Θ + λ U in regard to the coordinates 
{x, y, z), and then taking the discriminant in regard to λ of this discriminant we equate 
it to zero. This is in many cases a more simple process than that of the direct 
elimination of x, y, z, λ from the five equations.
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