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519.
ON CURVATURE AND ORTHOGONAL SURFACES.

[From the Philosophical Transactions of the Royal Society of London, vol. cLXmL (for the
year 1873), pp. 229—251. Received December 27, 1872,—Read February 13, 1873.]

THE principal object of the present Memoir is the establishment of the partial
differential equation of the third orde- satisfied by the parameter of a family of
surfaces belonging to a triple orthogonal system. It was first remarked by Bouquet
that a given family of surfaces does not in general belong to an orthogonal system,
but that (in order to its doing so) a condition must be satisfied; it was afterwards
shown by Serret that the condition is that the parameter, considered as a function of
the coordinates, must satisfy a partial differential equation of the third order: this
equation was not obtained by him or the other French geometers engaged on the
subject, although methods of obtaining it, essentially equivalent but differing in form,
were given by Darboux and Levy; the last-named writer even found a particular form
of the equation, viz. what the general equation becomes on writing therein X =0,
Y=0 (X, Y, Z the first derived functions, or quantities proportional to the cosine-
inclinations of the normal). Using Levy’s method, I obtained the general equation, and
communicated it to the French Academy, [518]. My result was, however, of a very
complicated form, owing, as I afterwards discovered, to its being encumbered with the
extraneous factor X2+ V24 Z2; I succeeded, by some difficult reductions, in getting rid
of this factor, and so obtaining the equation in the form given in the present memoir, viz.

((4), (B), (©), (F), (@), (H)}3a, b, &, 28f, 28g, 20h)
- 2((4), (B), (), (F), (&), (H)}a, b, @ 2f, 25,2k )=0:

but the method was an inconvenient one, and I was led to reconsider the question.
The present investigation, although the analytical transformations are very long, is in
theory extremely simple: I consider a given surface, and at each point thereof take
along the normal an infinitesimal length p (not a constant, but an arbitrary function
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519] ON CURVATURE AND ORTHOGONAL SURFACES. 293

of the coordinates), the extremities of these distances forming a new surface, say the
vicinal surface; and the points on the same normal being considered as corresponding
points, say this is the conormal correspondence of vicinal surfaces. In order that the
two surfaces may belong to an orthogonal system, it is necessary and sufficient that at
each point of the given surface the principal tangents (tangents to the curves of
curvature) shall correspond to the principal tangents at the corresponding point of the
vicinal surface; and the condition for this is that p shall satisfy a partial differential

equation of the second order,

((A)v (B)» 0), (F')’ (G)r (H)ﬁdx’ d@/’ dz)2P=0x

where the coefficients depend on the first and second differential coefficients of U, if
U=0 is the equation of the given surface. Now, considering the given surface as
belonging to a family, or writing its equation in the form »—7»(z, y, 2)=0 (the last
r a functional symbol), the condition in order that the vicinal surface shall belong to

this family, or say that it shall coincide with the surface »+8r—r(z, y, 2)=0, is p=8»1;,

where V=VX*+ Y24+ 2, if X, ¥, Z are the first differential coefficients of  (z, ¥, 2),
that is, of the parameter r considered as a function of the coordinates; we have thus

the equation

((4), (B), (O, (B), (@), (H)ds, dy, do¥ =0,

viz. the coefficients being functions of the first and second differential coefficients of 7,
and V being a function of the first differential coefficients of r, this is in fact a
relation involving the first, second, and third differential coefficients of », or it is the
partial differential equation to be satisfied by the parameter » considered as a function
of the coordinates. After all reductions, this equation assumes the form previously

mentioned.

Article Nos. 1 to 21. On the Curvature of Surfaces.

1. Curvature is a metrical theory having reference to the circle at infinity; each
point in space may be regarded as the vertex of a cone passing through this circle,
say the circular cone; a line and plane through the vertex are at right angles to each
other when they are polar line and polar plane in regard to the cone: and so two
lines or two planes are at right angles when they are harmonics in regard to the
cone, that is, when each line lies in the polar plane, or each plane passes through
the polar line of the other. A plane through the vertex meets the cone in two lines,
which are the “circular lines” in the plane and through the point; a line through
the vertex has through it two tangent planes, which might be called the circular
planes ” of the point and through the line; but the term is hardly required. Lines
in the plane and through the point, at right angles to each other, are also harmonics
(polar lines) in regard to the two circular lines.

2. Consider now a surface, and any point thereof; we have at this point a
tangent plane and a normal. The tangent plane meets the surface in a curve having
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294 ON CURVATURE AND ORTHOGONAL SURFACES. [519

at the point a node, and the tangents to the two branches of the curve (being of
course lines in the tangent plane) are the “chief tangents” of the surface at the
point.

3. The chief tangents are the intersections of the tangent plane by a quadric cone,
which may be called the chief cone; but it is important to observe that this cone
is not independent of the particular form under which the equation of the surface is
presented. To explain this, suppose that the rational equation of the surface is U=0;
taking & 7, ¢ as curreut coordinates measured from the point as origin, the equation
of the chief cone is (&3, + 79, + £0,)* U=0, where z, y, z denote the coordinates of the
point. But it is in the sequel necessary to present the equation of the surface in a
different manner; say we have an equation between the coordinates (z, y, z) and a
parameter 7 (r being therefore in general an irrational function of =, y, z), which, when
r=r,, reduces itself to U=0: we have then r=1m as the equation of the surface;
and the corresponding equation of the chief cone is (£0,+ %9y + £0,)*r =0; this is not
the same as the cone (£9,+ 70, + £0,)* U =0, although of course it intersects the tangent
plane in the same two lines, viz. the chief lines; and so in general there is a distinct
chief cone corresponding to each form of the equation of the surface. But adopting
a definite form of equation, we have a definite chief cone intersecting the tangent
plane in the chief tangents.

4. Observe that the equations U =0, r=r, although each relating to one and
the same surface, serve to represent this surface, and that in different ways, as belonging
to a family of surfaces, viz. one of thesz is the family U=const, and the other the
family » =const. In order to represent a given surface as belonging to a certain
family, we need the irrational form of equation; thus » denoting the irrational function

z® y? 2?
at+r brrtorr

equation of the ellipsoid §+%2+%2=1, considered as belonging to a family of confocal

=1, we have r=0 as the

of #, y, z determined by the equation

quadrics.

5. Although at first sight presenting some difficulty, it is convenient to use the
same letter » to denote the parameter considered as a function of the coordinates, and
the special value of the parameter; thus in general the equation of a surface may
be written 7 (z, y, z)—7=0 (in which form the first » may be regarded as a functional
symbol), or simply »—»=0, viz. the first » here denotes the given function of (z, y, 2),
and the second 7 the particular value of the parameter.

6. By what precedes we have through the point and in the tangent plane two
circular lines, the intersections of the tangent plane by the circular cone having the
point for its vertex.

We have also through the point and in the tangent plane two other lines, termed
the principal tangents, viz. the definition of these is that they are the double (or
sibiconjugate) lines of the involution formed by the circular lines and the chief
tangents, or, what is the same thing, they are the bisectors (and as such at right
angles to each other) of the angles formed by the chief tangents.
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519] ON CURVATURE AND ORTHOGONAL SURFACES. 295

7. The principal tangents may also be considered as the intersections of the
tangent plane by a quadric cone, called the principal cone; this being a cone con-
structed by means of the circular cone and the chief cone, and thus depending on
the particular chief cone, that is, on the form of the equation of the surface. The
definition is that the principal cone is the locus of a line (through the point), such
that the line itself, the perpendicular (or harmonic in regard to the circular cone) of
the polar plane of the line in regard to the chief cone, and the normal of the surface
are wn plano.

8. Analytically, taking, as before, (#, y, z) for the coordinates of the point, and
u, v, w as current coordinates measured from the point as origin, then the equation
of the circular cone is u®+v*+w*=0; and taking Xu+ Yv+ Zw =0 for the equation
of the tangent plane, and (a, b, ¢, f, g, hQu, v, w)*=0 for that of the chief cone, then,
if the line be u : v : w=§ : 9 : & we have

(a,. JE m, EJu, v, w)=0
for the equation of the polar plane, and thence
u:v:w=af+hm+gl: hE+bn+ [ : g€+ fo+c

for those of the perpendicular, or harmonic in regard to the circular cone; also for the
normal w, v, w=X : ¥ : Z; whence, if the three lines are in plano, we have

AN g ¢ e
af+hn+g8, hE+bn+fE gE+fn+ef
Koz iy Z
as the equation of the principal cone. This is in the sequel written, for shortness, as
E > M, C =0. g
8¢, on, 8¢
> e g

9. Consider any point P’, not in general on the surface, in the neighbourhood
of the point on the surface, say P; then the point P’ has in regard to the surface
a polar plane, which plane, however, is dependent on the particular form of equation—
viz. &, y, 7 being the coordinates of P, and U’ the same function of these that
Uis of @ y, 2z, then the form U=0 of the equation of the surface gives for P’ the
polar plane (udy+vdy, +wd;) U'=0; and we may through P’ draw hereto a perpen-
dicular (or harmonic in regard to the circular cone), say this is the normal line of
P’. Then for points P’ in the neighbourhood of P, when these are such that their
normal lines meet the normal at P, the locus of P’ is the before-mentioned principal
cone. The analytical investigation presents no difficulty.

10. Taking P’ on the surface, the normal line of P becomes the normal at a
consecutive point P’ of the surface (being now a line independent of the particular
form of equation), and this normal meets the normal at P; that is, we have the
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296 ON CURVATURE AND ORTHOGONAL SURFACES. [519

principal cone meeting the tangent plane in two lines, the principal tangents, such
that at a consecutive point P’ on either of these the normal meets the normal at P;
viz. we have the principal tangents at the tangents of the two curves of curvature

through the point P.

The plane through the normal and a principal tangent is termed a principal
plane; we have thus at the point of the surface two principal planes, forming with the
tangent plane an orthogonal triad of planes.

11. I proceed to further develop the theory, commencing with the following lemma:
Lemma. Given the line Xu+ Yv + Zw =0, and conic
(a, b, ¢ f, 9, hQu, v, wp=0,

then, to determine the coordinates (u,, v, w;), (%, v,, w,) of the points of intersection
of the line and conic, we have

(a,--ny—ZTh ZE_‘X{’ X"?“ YE)2
= (Euy + 7oy + Ewy) (S + v, + Sw),
or, what is the same thing, we have
(@, ...0Y¢—2Zn, ZE—XE, Xn—YEP=0

as the equation, in line coordinates, of the two points of intersection. The proof is
obvious.

12. Making the equations refer to a plane and a cone, and writing throughout
£ m, ¢ as current point coordinates, the theorem is:

Given the plane X&+ Y7+ Z¢ =0, and cone
(@, b, ¢, f, g, RRE m =0,
then, to determine the lines of intersection of the plane and cone, we have
(a,. QY —2Zn, ZE-XE Xn—YER=0
as the equation of the pair of planes at right angles to the two lines respectively.

13. Denoting the coefficients by (@), (b), &c., that is, writing

(a,.. QY — Zn, ZE—XE, Xn— YE)

= ((a), (®), () (f) (@), (WE 0, &y,
(a) = bZ* +cY?* —-2fY2Z,
) = cX® +aZ® —-29ZX,
(c) = aY?+0bX? -2hXY,
(f)=—a¥YZ—-fX* +9XY +hX2Z,
(9) =—bZX +fYX —gY* 4 1YZ,
(h) =—cXY+fZX +gZY — h2,

the values of these are
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We have the following identities :
(@)X +(0) Y+(9)Z=0,
WX +@®) Y+(f)Z=0,
DX+ Y +(c) Z=0,
(B =(fr,.., @B =@ (f),...) == (X, V*, 22, YZ, ZX, XV),
that is, (b)(c) - (f)=— X°¢ &c., where

¢=(c—f%..gh—qaf,. YX, ¥V, Z).
Writing also

aX + hY +gZ, hX +bY + fZ, gX +fYV +cZ =8X, 8Y, 8Z,
and X2+ Y2+Z2=V2; also a+ b+c=w, then
(@) = +c¢) V7?— X + XX — Y8Y — Z862Z,
b)) =(c+a) V2—wY? — XX + Y3V — Z5Z,
() =(a+b)V2—wZ: —X8X — Y8V + Z8Z,
fy=-fV —wYZ + Y8Z + Z8Y,
(9) =—9gV* —wZX +28X + X382,
(h) ==hV* —wXY+ X8Y + V8X.

14. I give also the following lemma:

Lemma. The condition in order that the plane X&+ YVy+Z¢=0 may meet the
cones

(4,B,0C, F, G, HYE 9, =0,
(4, B0, ¥ G, HNE, 9,.82=0
in two pairs of lines harmonically related to each other, is
(BC'+ BC—-2FF,.., GH' + GH—-AF'—A'F, 3X, Y, Zy=0.

Writing here
‘ (A,.3Yt— 2y, ZE— X, Xn— YE)

=((A)> (B), (), (F), (G), (Hﬂif, 7 &)
that is, (4) = BZ2+ CY* —2FYZ, &c., the condition may be written

(A) A"+ (B)B +(O)C' +2(F)F' +2(Q) @+ 2(H) H' =0,

or say
(c4),.545.)=0;
and we may, it is clear, interchange the accented and unaccented letters respectively.
C. VIIL 38
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15. I take r—r =0 for the equation of a surface, X, ¥, Z for the first derived
functions of 7, (a, b, ¢, £, g, h) for the second derived functions. The equation of the
tangent plane at the point (@, y, 2), taking & =, ¢ as current coordinates measured
from this point, is

XE+ Y+ 2¢=0;
the equation of the chief cone in regard to this form of the equation of the surface is

(a': b’ C,f; 9, hIEr 7, C)2=O,
and the equation of the circular cone is &+ *+ £*=0, or, what is the same thing,

(1,1, 1, 0, 0, 0QE, », §*=0.
Imagine a quadric cone
(4, B, C, F, G, HY§ », &P =0,
such that it meets the tangent plane in the sibiconjugate lines of the involution
formed by the intersections of the tangent plane by the chief cone and the circular

cone respectively; that is, in a pair of lines harmonically related to the intersections
with the chief cone, and also to the intersections with the circular cone; the

conditions are

((4),...5a,.)=0,
(4)+(B)+(0)=0,

viz. if only these two conditions are satisfied the cone will intersect the tangent plane
in the two principal tangents.

and

16. The principal cone, writing, for shortness,
af + I+ g8, hE+bn+fE g€ +fn+ cf=38¢, on, 8¢,

was before taken to be the cone

E, », & |=0.
8¢, &n, oF
s ) A

Representing this equation by
5(4, B, C, F, G, HYE », §F =0,

the expressions of the coefficients are

A =2hZ - 297,

B =2fX — 2hZ,

C =29Y-2fX,

F= nW- gZ-0b-c)X,

G=fZ—- hX—-(c—a)l,

H= gX- fY—(a—0)Z
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519] ON CURVATURE AND ORTHOGONAL SURFACES. 299
These values giye

AX + HY + GZ = Z8Y — YoZ,

HX + BY + FZ = X8Z — 73X,

GX + FY +0Z =Y8X — X8Y;

whence also

4,..3X, ¥, Z;r=0,
as is, in fact, at once obvious from the determinant-form ; and also
A+B+C=0.
17. Writing for shortness
@, b, 5, f, g, h)=(bc—f* ca—g, ab—Nh, gh—af, hf by, fy— ch),

we find
Ao+ Hh+ Gg=w (hZ —gY )+ hZ — g7,
Hh+Bb + Ff =0 (fX —hZ )+ fX - 1Z,
Gg+Ff +C =w(gY —fX)+9Y —fX;
whence

(4, .ala, «..)=0
18. By what precedes, we have

((4), ..5& m, &p=0

for the equation of the two principal planes, where the coefficients (4), (B), &c. are
functions of A4, B, &c. and of X, Y, Z, as mentioned above. These coefficients satisfy
of course the several relations similar to those satisfied by (a), (b), &c., and other
relations dependent on the expressions of 4, B, &c. in terms of @, b, &c. and X, ¥V, Z

19. Proceeding to consider the coefficients (4), (B), &c., we have then

A)+B)+(O)=(A+B+0O)V*—(4,.3X, Y, Z),
that 1is
(A)+(B)+(0)=0.

Observing the relation 4 + B+ C'=0, the equations analogous to
@ =0b+0) VP —(a+b+c) X +&c, are (4)=—AV*+ X§X — V8V — 287, &,
if for a moment we write S'X; 8'Y, 8Z to denote the functions
AX +HY + GZ, HX + BY + FZ, GX + FY + CZ.

But, from the above values, X&'X + Y8’V + Z8'Z = 0, or the equation is (4)=—AV*+2X§'X,
that is =— AV?+ 2X (Z8Y — Y8Z). The equation for (F) is (F)=—FV*+ Y&Z + Z8'Y,
where Y&'Z + Z8'Y is = Y (V8X — X8Y) + Z (X8Z — Z8X), viz. this is

= (V- 2% 8X — XY8Y + X282,
38—2
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We have thus the system of equations

(A)=—AV> : +2X28Y  —2XYz
(B) =— BV* — 2VZ8X : +2XV8Z,
(C) =—CV? +2VZ6X  —2XZ5Y

(F)=—FV*4(YV2—22)8X — XY3Y + XZdZ,
(G)=-GV*+ XY8X + (22— X*)8Y — YZéZ,
(H)y=—-HV:— XZX + YZ3Y +(X*—1?) 8Z.
20. We hence find
A)a+H)h+(G)g=— (Ao + Hh + Qg) V2 + (Z8Y — Y8Z) X + X P,
(H)h+(B) b+ (F)f=—(Hh+ Bb + Ff) V*+ (X8Z — Z8X ) 8Y + Y,
@ g+E)f +(C)c=—(Gg+Ff +Cc) V*+ (VX — X8Y)8Z + ZR,
if for shortness
P =(g9Y —hZ)8X +(aZ — gX)8Y +(hX —aY)8Z,
Q =(fY-0b2)8X +(hZ — fX)8Y + (bX —hY)8Z,
R= (Y —fZ)6X +(9Z - cX)8Y +(fX —gY)8Z.
Forming the sum PX + QY + RZ, the coefficient of 8X is found to be
=—ZMhX +bY +f2)+ Y (9X +fY +cZ), =—-Z8Y + Y3Z;
hence the whole is
=8X (Y8Z — Z8Y )+ 8Y (Z8X — X8Z) + 6Z (X8Y — Y8X), which is =0, that is,
PX + QY+ RZ=0.
21. Hence, adding, we find
((4),...9a,.)=0;
viz. in this and the before-mentioned equation
(4)+(B)+(©)=0

we have the d posterior: verification that the cone (4,...7& », £)*=0 cuts the tangent
plane in the double lines of the involution.

In what precedes I have given only those relations between the several sets of
quantities a, @, (a), 4, (4), &c. which have been required for establishing the results
last obtained; but there are various other relations required in the sequel, and which
will be obtained as they are wanted.
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The Conormal Correspondence of Vicinal Surfaces.
Art. Nos. 22 to 35.

22. We consider a surface U=0 (or »=7), and at each point P thereof measure
along the normal an infinitesimal length p, dependent on the position of the point P
(that is, p is a function of #, y, 2). We have thus a point P’, the coordinates of
which are

@, Y, Z=w+pa, y+pB, z+py,
where a, B, v are the cosine-inclinations of the normal, that is,

XY )

4B y=p p» 3 if VAT T V125,

the locus of P’ is of course a surface, say the vicinal surface, and we require to find
the direction of the normal at P, or, what is the same thing, the differential equation
X'de' + Y'dy + Z'dZ of the surface. We have

de’ = (1 + dypa) da+ dypa .dy + d.pa.dz,

dy' = dzpB.dz+ (1 +dypB) dy + d.pB . dz,
ds' = dzpy «dx + dypy «dy + (1 + d,py) dz,
0 = X dx+ Y dy+ Z dz;

whence, eliminating dz, dy, dz, we have between da/, dy’, d2’ a linear equation, the
coefficients of which may be taken to be X’, ¥’, Z'. Taking these only as far as the
first power of p, we have

X'=X(1+dypB + d.py) — Ydopf3 — Zd,py,
or, what is the same thing,
X' =X 1 +dpa+dypB+ d,py)— Xd,pa— Yd,pB — Zd,py,
with the like expressions for ¥’ and Z’. I proceed to reduce these. The formula for
X' is
X'=X{1+p(dsa+dyB+d,y)+adyp+ Bd,p+ vyd,p}
B 12 (Xdya + Ydo B+ Zdyy) — (aX + BY + yZ) dzp.

23. I write, for shortness, 8 =Xd,+ Yd,+ Zd,, whence 38X, 8Y, 8Z=aX +hY +gZ,

hX +bY +fZ, gX +fY +cZ, agreeing with the former significations of 38X, 8Y, 86Z; also

va,v, vd,V, Vd,V=28X, 8Y, 8Z, and V3oV =X8X+ Y8Y +28Z. It is now easy to
form the values of

. XX b _YeX ZsX

dua, doB, day, vin these are 5 -r, Z-pr. -5,
h XY b YSY f &Y

dye, dyf, dyy, PEIEPY P RPVR R
9 X8z Yo7 o 4%,

dza; dzﬁx dz')’, -—V.—- Ve Iif_ —Vs' ) 'I_,_ 59
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and hence
dza+dy/3+dzfy=a+3+c—871—j,
Xd,a+ Vd 8+ Zdyy= 51‘}'_ T‘f,gsx, it

1
adyp + Bdyp +vd:p = 3 3p,
V;

oX +8Y+4Z =

and we have

, bk BTy 31
X =X{1 +p(“+V+°_ﬁ)+73p}- Vdup,

with the like values of ¥’ and Z’. But we are only concerned with the ratios
X' : Y’ :Z'; whence, dividing the foregoing values by the coefficient in { }, and
taking the second terms only to the first order in p, we have simply

X, Y, 2 =X~Vd,p, Y—Vd,p, Z—Vd.p.

24. We may investigate the condition in order that the surface a/, ¥, 2/ may be
the consecutive surface » +dr=r(z, y, z). This will be the case of

r+dr=r(w+p)T(,, y+pT{, z+p-IZ7),

dr Yo

that is, r+dr=r+pV, or p=dV1~‘. This value of p gives d.p=— ﬁde= V*SX’ and

similarly d,p=— 1873 oY, dp=— TF;—? 8Z; whence

’ ’ g ﬁ i _e_ fl
X, Y, Z=X+ VSX, Y+V8Y, Z+VBZ,
which is as it should be, viz. these are what X, ¥, Z become on substituting therein
for z, y, z the values z+ pa, y+ pB, z+py.

25. I return to the case where p is arbitrary, and I investigate the values of
a, b, ... for the point P’ on the vicinal surface; say these are a/, b', &c., then we
have a'=d, X’ &c. The relation between the differentials may be written

dz=(1—dypa)ds’ — dypa dy — dypa dz,
dy= —dypBda’+(1—dypB)dy —  d.pB d7,
dz= —dzpy da’— d.'/P'Y dy, HAS - dzp')’) dz,
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and we thence have dy = (1 — d,pa) d, — d,pBd, — dypyd, &e.; hence
@' = {(1 = dxpa) dy — dupfBdy — dypyd,} (X — Vdp)
= (1 = dypa) a—dopf. h— dapry. g — dy (Vdep)
=a— p(adya+ hd,B + gd,y)
—(aa + hB +gy) dap

— 3 8Xdyp — Vidp; -
and similarly, f'=d,Z’ (or d;Y’), that is

S =f—p(9dya+fd,B +cdyy)
—(ga+fB +cy)dyp

~ 1 8¥dep — Vilydep.

26. Completing the reduction, we find

i aw—b—¢ (8X)y\ 2

= — p( e ) VSdep Vd.2p,
bo —¢c—a (BY 2

b =b— P(w : ('Vs)) VSYdyP Vdyp,

Cw—a b (8Zy\ 2 d
=) - 5 87d.p - Vi,

el

ke
Ii
\

=¥ ("’f+f ‘?I@Z) g —11}—, (8Yd,p + 8Zd,p ) — Vd,d,p.

wg+g ZSX
g =9-pr gy—g Vs

h+h SX8V\ 1
Ko p(“’ S VT) 7 8Xdyp +8¥d,p) — Viddyp:

say these expressions are o = a + Aa, &c.

27. Taking £ n, ¢ for the coordinates, referred to P as origin, of a point on the
given surface near to P, and &, 7/, ¢ for the coordinates, referred to P’ as origin, of
the corresponding point on the vicinal surface, the relation between &, %', {’ and § 9, §
is the same as that between do’, dy’, d2’ and dz, dy, dz; viz. we have

£ =(1—dypa) § —dypa.n —dzpa . §,
n=—dspB.& +(1—dypB)n' —d.pB.¢,
E=—dipy. & —dypy.n +(Q—depy)l':
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or conversely
E=1+d.pa) £+ dypa . n+ d.pa . g,

n=  depB.E+(Q+dypB)n+  d:pB. ¢,
§'= dupy.E+ dypy -n+ 1 +d.py) &
say £, v, {'=E+AE g+ Ay, {+AL; hence
XE+ V0 + 2'¢ = (X — Vdep) (£ + AE) + &
= XE+Vn+Z¢
+ XAE+ VAq + ZAE
-V (Edzp +ndyp + Cdzp),
where second line 1s
(Xa+ YB+ Zy) (Edsp + ndyp + £d-p)

+p{(Xdya+ Yd,B + Zd,y) €+ (Xd,a+ Yd, B + Zdyy)n+ (Xd,a+ Yd,B + Zd,y) &}.
But

Xdpa+ Ydof + Zdysy = %{ — 78X =0,
Xd,a+ Yd,B + Zdyy =0,
Xd,a+ Yd,B + Zdyy ok

or second line is = V' (Ed,p+ nd,p + {d.p); and we have therefore
XE+YV 0 +2¢ =XE+ Y+ 28
4, B, ¢, F', @, H'YE, 7, {');
viz., to the first order in p, this is

=(4’,...9& n, §F
+2(4, IA& A, ACZSE’ 7, §).

We require

928, Here second line is

2 (A€ + Hy+ GY) AE + (HE + By + F{) A + (GE + Fn + 00 AL :

T Af+ Hn+G¢=28y - Y8+ | a, h, g |,
DTl e
iy ek

HE+By +Ft=X8t—Z8t+|h, b, f |,
Xy N
& %%

GE+Fn+C6=Y +Xon+|9g, f, ¢ |,
X e o
Ehn g
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whence term in { } is

AE, An, AC |+ | aAE+hAn+ gAL hAE+ bAn +fAL,  gAE + fAn + cAL |,
8¢, o, 8¢ X : & ' Z

x, 7oy £ " ; ¢
which might be written

AE, Ar, AL |—| dAE 8Arn, S8AS

Of, o, o8 B

Xy R it Xy X . -Z

but it is perhaps more convenient to retain the second term in its original form.

29. As regards the first line, we have
A=W —2gY
—2(h+ AR) (Z— Vdup) - 2(g+Bg) (¥ — Vd,p)
= A+ 2(ZDh — YDg)— 2V (hdyp — gdyp),

with similar expressions for the other coefficients. Attending only to the terms of the
first order, we thus obtain

A’ =A +2(ZAh— YAg) — 2V (hd,— gdy) p,
B =B +2(XAf—-ZAk) -2V (fd, — hd,) p,
C'=C +2(YAg—-XAf)—2V (9d, — fd) p,
F'=F + YAh—ZAg— X (Ab— Ac)—V (hdy—gd, —(b—c) dy) p,
G =G +ZAf —XAh—Y (Ac—Da)-V (fd,— hd,—(c—a) d,) p,
H'=H+XAg— YAf —Z (Aa— Ab) — V(golx—-fdy—-(a— b) d.) p,
say these are A’=A4 + 04, &c., where 0 is a functional symbol; we thus have
(A, TE oy OP= (4, E 7, O +(04, . TE m, O +2(A, .. & 0, LYAE An, AL),
which, for shortness, I represent by

=(4,...3& », EP+(4",...3E 0, &F;

and I proceed to complete the calculation of the coefficients 4”, B”, &c.
30. We have
A”=6A + coeff. £ in
2[(AE+ Hy+ G8) AE + (HE + Bn + F§) Aq + (GE + Fn + 00) AL]

=04 + 2 (Adypa + Hd,pB + Gdpry),
that is,

A" =04 + 2 Il,(AX + HY + GZ)dyp

+ 2p (Adya + Hd,B + Gda:'y)z
C. VIIL A
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where coeff. 2p is
_da+ Hh+Gg (AX +HY + GZ)8X

v Vs

= Tlr{“’ (hZ —g¥) + EZ—gY} - %(ZSY— Y8Z).

31. And similarly,

F" =0F + (Ha+ BB + Fy) d.p + (Ga+ FB+ Cy) dyp
+p {(Hd,a + Bd,B + Fd,y) + (Gdya + Fd,B + Cd,q)}

—orsl 7 {(HX +BY + FZ)d;p +(GX + FY + CZ) dyp)

+P{Hg+Bf+Fc_(HX+BY+ F7Z)8Z

Vs
L Gh+ b+ Cf _(GX +FY +02)5Y
14 v :

Gh+Fb+Cf= oMV —-bX)+hY—-bX +0X +aX +41Y +5Z,
Hyg+Bf+ Fc=—w(9Z —cX)—-gY +e¢X—0X —aX — hY — gZ.
Sum is @ {hY — gZ — (b — ) X} + h¥Y —gZ —(b— ) X, which is = wF + hY—§Z — (5—c) X :

hence

F~=9F+(st—st)(Il,d,p PSZ)+(Y8X XSY)( R, Pf,Y)
+ 8 (0P +hY - gZ-(b—-72) X}.

32. We may write

A"=0A+2<Il,d¢ PSX)(ZSY YSZ)+ {(wA + A4},

B"=0B+2(I—1,d,,p—”$—f)(xaz—281()+%{w3 + B,

0" = 60 +2(%—,dzp PSZ)(YBX X87)+ £ o€ + 0,

P =0F + (dip—L32) (X57Z — 28X ) + (3 dyp— P ) (VOX — X8¥) + & (wF + F),
v

G’ =06 + <%,dzp P8X>(Y8X XSY)+<II,dzp Psz)(zsy ¥8Z)+ £ (a6 + @),

—0H + (dup - Bf,Y) (BBY — V7 + (3 dup f’f,)_() (X8Z — 23X) + £, (ol + H),

in which equations A, _E, &c. are the like functions of @, b, &c. that A, B, &c. are
of a, b, &c.; viz. A =2hZ —2gY, &ec.
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The value of 04 is

= 1
04 =27 <{— £ (ho + 1)+ £ SXBY} — 2 (8Vdep + 8Xdyp) ~ Vidodyp)

~ 27 ({- § (g0 +9) + £ 828X} — 3 (8Zdop + X dep) — Viudip)
— 2V (hd, —gd,) p,
which is

—— L (ed+ 1) ‘+$—,’338X(Z8Y— Y32)

28X
S (Zd, - Yd)p -2V (hd,—gdy) p

& T, (Z8Y — Y8Z) dyp — 2V (Zd, — Yd;) dyp.

Hence the value of A” is equal to the last-mentioned expression, together with
the following terms:—

+ £ (04 + 4) = 225X (Y - Y3Z) + 5 (Z5Y - YoZ) dup,

which destroy certain of the foregoing ones; viz. we have

a7 =(2vy - 2_21,2{)01 (Vh—2—Y—8£() o IV (21, + Tdy)dup.

33. Similarly, the value of 0F is

OF = Y(——- (ho + 1) + b SXSY-—— (8Ydyp + 5Xdyp)— V4 dyp)

-z ( £ (g0 +9) + 5, 845X - ]—,(szoz,p +8Xd,p)— Vd, dzp>

_.X(—;’—,{(b—c)w+5-c}+”f,f-ﬂ%—gaycﬁyﬁ $7d.p — Vidyp + Visp)
T V(}'dy_.qdz*(b—c)dz) P>
which is
= b (- Fo- F)+PSZ(XSZ ZBX)+p8Y\Y8X XsY)

% {— L (VSY - 282)+ V (b~ c)} b
Y.l ey

+{—I—,8X+—V—8Y —Vh }dyp
i gy

+{ Zsx+ 2287 47y }d;p

+ (= VYdyd, + VZd,d,+ VXd, - VXd2)p.
39—2

|
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Hence F” is equal to the foregoing expression, together with the following terms:—

pSY

P2 x5z z5x)- %Y (vsx - x5Y)

oy F) — ¥
+y (Fo+ F)
455 (VX — X8Y) dyp + 3, (X87 — ZX) dip,
which destroy certain of the foregoing terms; viz. we thus have
1 1 X X
F= {—I—,(YBY— 22+ V(b—0)} dup + {3 8Y — Vil dyp+ {—I—,sz_ Vg} dop

+ V(- Ydd, + Zd,d, + Xd,? — Xd?) p.
34. We thus have

A7 = 2 (¥ -Zﬂ() dyp =2 (Vi Yf—;’f) dop +2V (= Zdydy + Vddy)p,
B =2 (V-2 ) dp v2(Vh=F3) 4o + 2V (- Xdody + Zdua)p
o =+2 (7~ Y2) dup—2 (Vg - Xg-z-) i + 2V (= Vdyd, + Xdydy)
P = {V(b—c)—~(Y8Y ZSZ)} (Vh-)isz)d +(vg- VZ)(ZZD

+ V(- Ydud, + Zd,d, + Xd,? — Xd2)p,

¢ = (Vh-ﬁ”—()dxp+{V(c—a)—Il—,(zsz_X5X)}d (Vf_Y‘ﬁ?)
+ V(= Zdyd, + Xd,d, + Yd,2 — Yd,2) p,
= (Vg—.ZiV:Y)d (VJ—?S_Y) yp+{V(a—b)——(X8X YSY)}

+ V(= Xd,d, + Yd,dy + Zd,2 — Zd,?) p.

35. It will be recollected that we have X'& + Yo'+ Z'¢' = X& + Y+ Z¢; by what
precedes it appears that for the given surface the principal tangents are determined
by the equations

(A’ 0 IE: /) .§)2= 0)
XE+ Yo+ 2¢=0,
and that the lines which (in the tangent plane of the given surface) correspond to

the principal tangents of the corresponding point of the vicinal surface are determined
by the equations

(4,. 3 » P+ (4",. JE 9, Ep=
XE+ Y+ 2Z8=0.
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Condition that the two surfaces may belong to an Orthogonal System.
Art. Nos. 36 to 41.

36. The condition in order that the two surfaces may belong to an orthogonal
system is that the principal tangents shall correspond, or, what is the same thing, the
lines which (in the tangent plane of the given surface) correspond to the principal
tangents of the vicinal surface must be the principal tangents of the given surface.
When this is the case, the plane and cone X&+ Yy + Z¢=0, (4”,.. Q& », £)*=0 inter-
sect in the principal tangents, and this is therefore the required condition.

The plane X&+ Yn+Z{=0 meets the cone (4”,..4& », £)*=0 in the principal
tangents, that is, in a pair of lines harmonically related to the circular lines and also to
the chief tangents. Forming then the coefficients (4”), (B"), (C”), (F"), (G”), (H") from
A”, &c. in the same way as (4) &c. are formed from A, &e, that is, writing
(A"Y=B"Z*+C"Y*—-2F"YZ, &c.; the conditions are

(AII)+ (BII) +(CI/) =()’
("), ...Ya,...)=0,
(4”,...5(a),...)=0.

The former of these, as about to be shown, is satisfied identically; we have
therefore the second of them, say (4”,..%(a),..)=0 as the required condition.

37. We have
A"+ (B)+(C")=(4"+B"+0") V2 —(4",. YX, Y, Z),

or, what is the same thing,

A"+ B +0" = %.{(ZSY— Y8Z) dyp + (X% — Z8X) dyp + (Y8X — X3Y) d,p}.

Forming next the expressions of A”X + H"Y + G"Z &c., and, for cohvenience, writing
down separately the terms which involve the second differential coefficients of p, we have

A"X+ H'Y+ Q"Z =

dep V(WZ—gY)+dyp [ VSZ —Z8V + V (9X — aZ)]+ d.p[— (VY = YV)— V (hX —aY)),
H'X+B'Y+ F'Z=

dup [—(V8Z = ZV )=V (fY = b2)]+ dyp. V (fX —hZ)+d,p [(VEX — X8V)+ V (hY —bX)],
FX+F'Y+0"Z =

dep [VBY =YV + V(fZ —cY)] +dyp [—(VEX — X8V) — V(9Z —cX)|+ d.p. V(9V — fX),

where &V stands for %,(XSX + Y8Y + Z8Z), and where the three expressions contain

also the following terms respectively :

(. —YZd +YZd:+(V' - P dyd,+  XVddy— XZd,d,) p,
B F NI Y o ) N ¢ 0 T N S YZd,d,} p,
PPy XY (o)) % (38 Rddydl YZd,d, +(X* - ¥°) d,d,} p.
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Multiplying by X, ¥, Z, and adding, the terms which contain the second differential
coefficients disappear, and we obtain

(A”,.3X, Y, Zy =2V [(Z8Y — Y8Z)d,p + (X8Z — Z8X) dyp + (Y8X — X8Y) d,p] ;
so that, attending to the above value of 4” +B”+ ¢, we have the required equation
A4”)+ (B")+(C")=0.
38. Proceeding now to form the value of (4”,...§(a),...), that is,
A” (a)+ B” (b) + C” (¢) + 2F” (f) + 2G” (9) + 2H" (h),

it will be shown that the terms involving the first differential coefficients of p vanish
of themselves; as regards those containing the second differential coefficients, forming
the auxiliary equations

A=2mZ% -2(@7Y,
B)=2(NX-2(WZ,
@) =2Y -2(H)ZX,
)= WY - @9Z-(®-0©)X,
@= NZ- WX-(©-)7,
H= X - (HY-(@-®)Z

we find without difficulty that the terms in question (being, in fact, the complete
value of the expression) are

=V(4),...4ds, dy, d,)p.

39. As regards the terms involving the first differential coefficients, observe that
the whole coefficient of d,p is 2

—2(b) (Vf_ Z_fg)
a0 (=73
+2(f) (V(b-c)—I—I,(YBY—ZSZ))
r0 (-

which is

=2V{@Dh+ (N b+ (0) g~ ((h) g+ ) f+(f) )}
+ 22 () 3X 4+ (4 5Y + (f) 87) — Y ((9) 8X + (/) 8Y + (0) 82)}.
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40. The reduction depends on the following auxiliary formule :

a(@)+h(h)+g(g)=VEV—-X8X, || a(h) +h(d) +g(f)= — X8Y, || a(g)+h(f)+g(c)= -X5z,
h:; +bn +fn= —YSX, hu +b ) +fu =VSV_YSY’ hn +b,, +f”= —YSZ,
9on+futec,= —Z8X,||g.+fn+c, = -Z8Y,llg »» +f , +c ,=VSV-252,

where,_for shortness, I have written 8X, 8Y, 8Z to stand for aX + LY + 9%, hX +7LY+/_“Z,
GX + fY +¢Z vespectively, and V&V for X8X + Y8Y + Z8Z, (=a,.. Y X, ¥, Z).

From these we immediately have
(a)8X +(h) 8Y +(g) 8Z =V (X8V — V&X),
(h) 8X +(b) 8Y +(f)8Z=V (Y&V — V§Y),
(9)8X +(f)8Y +(c) 8Z =V (Z8V — V&Z).
Hence, in the coefficient of d,p, the first line is

=2V (- Y8Z + Z3Y),
and the second line is

2

=+ \VZ(Y8V~ VEY) — VY (Z8V - V52)}, =2V (V82— Z5Y);

so that the sum, or whole coefficient of d,p, is =0. Similarly, the coefficients of d,p
and d,p are each =0.

41. We have thus arrived at the equation
((4),...Ydy, dy, d,)p=0

as the condition to be satisfied by the normal distance p in order that the given
surface and the vicinal surface may belong to an orthogonal system, viz. this is a
partial differential equation of the second order, its coefficients being given functions
of X, Y, Z a b, c f, g h, the first and second differential coefficients of r (where
r=r(w, y, 2) is the equation of the given surface).

The equation, it is clear, may also be written in the two forms

4, ...%2d, - Yd,, Xd,— Zd,, Yd,—Xd,)p=0,

and
P ’ Q ) R 1P=0’
aP+hQ+gR, hP+bQ+fR, gP+fQ+cR
b alndhd Z |

if, for shortness, P, @, R are written to denote Zd,— Yd,, Xd.,—Zd,, Yd.— Xd,
respectively, it being understood that in each of these forms the dj, dy, d, operate on
the p only.
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Condition that a jfamily of surfaces may belong to an Orthogonal System.
Art. Nos. 42 to 49.

42. We pass at once to the condition in order that the family of surfaces
r—n(z, 19,;2)=0
may belong to an orthogonal system, viz. when the vicinal surface belongs to the

family, we have p proportional to %,(: '\7‘X—T+:1YT¢22> , and the condition is

((A),...9ds, dy, d.) 1_1, )

where 7 is a function of (z, y, 2), the first and second differential coefficients of which
are X, Y, Z a, b, ¢ f, g h; and the equation is thus a partial differential equation
of the third order satisfied by ». The form is by no means an inconvenient one, but
it admits of further reduction.

43. We have dz 7 dy% : dz—]17 equal to — %3 X, — % Y, — %é 0Z respectively,
and thence
A2 == (@ + ¢ + g+ Ba) + 5 (B,
Gy 3y == s (gh+ b+ of + 8) + 1, 8T,

or, as these may be written,

A 5=~ 7 (a0 — B+ +8a)+ (XY,
i L il iy el 00 Wl
i L e ;
with the like values for d?}ll,, &c.  Substituting, the equation contains a term multiplied

by o, viz. this is
1 E
—w((4),..3a,..),

which vanishes; and a term multiplied by o, viz. this is

o ((4)+ (B) +(0)),

which also vanishes. Writing down the remaining terms, and multiplying the whole
by — V3, the equation becomes

((4),..5a,..)+((4),..58a, .. ———((A) U8X, 8Y, 8Zy=
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44. The last term admits of reduction; from the equations

(A)=—AV>+2X7Z8Y — 2XY3Z, &c., we find

(A)8X + (H) 8Y +(G) 8Z = — V* (48X + HOSY + GdZ) + VOV (Z8Y — V87 ),
(H)8X +(B)8Y + (F) 8Z = — V* (HOX + BSY + F8Z) + VoV (X8Z — Z8X ),
(G)8X +(F)8Y +(C) 8Z =~ V:(GOX + FSY + C8Z) + VoV (Y8X — X5¥),

and hence

((4),..78X, 8Y, 8Zy=—V2(4, ...18X, 8Y, 8Z);
wherefore the equation becomes
(A),..3@,..)+((A),..78a..)+3(4,.. 38X, 8Y, 8Z)=0.

45. It will be shown that we have identically

(4),...%@,...)=-(4,. Y8X, 8Y, 8Zr=2| 8X, &Y, &% |.

X ¥ ihl
8X, 8Y, &2
The partial differential equation thus assumes the form
((4),..78a,...)+ Q =0,
where  may be expressed indifferently in the three forms,
=+2(4,..34a,..),
=+2(4,..98X, 8Y, 82y,

=—4 | 86X, &Y, &z |.
XU vy Z

| 86X, §Y, &2
46. Taking the first of these, the partial differential equation is
((4), ...78a,..)—2((4),..7@,...)=0;
or, written at full length, it is

(4) 8a + (B) 8b+(C) 8¢ + 2 (F) 5 + 2 (&) 8¢ + 2 (H) 8

—2{(4) a+B) b+(0) c+2(F) f+2(G) g+2(H)h} =0,

313

where the coefficients are given functions of X, ¥, Z, a, b, ¢, f, g, h, the first and

second differential coefficients of r; and 8 is written to denote Xd,+ Yd, + Zd,.

C. VIIIL
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47. It remains to prove the above-mentioned identities.
To reduce the term (4,..§8X, 8Y, 8Z)*, we have
ASX + H8Y + G3Z

= A@X+hY+9gZ)+H X +bY +fZ2)+ G (9X + fY +cZ)
= X{ whZ—-gY)+ hZ-gY}

+Y {~o(fY=0bZ)—(fY —bZ)— wZ—8Z)

+Z{ o(fZ —cY)+ fZ—¢cY +aY+8Z}
= w(Z8Y —Y3Z)+(Z8Y — Y8Z)+ (Z8Y — YoZ),

A8X + HSY + G8Z = w (Z8Y — Y8Z) + 2 (Z8Y — Y8Z);

that 1is,
and similarly i R
H8X + B8Y + FéZ = w (X0Z — Z8X ) + 2 (X8Z — Z3X),
G8X + F8Y + C8Z = w (Y3X — X8Y) + 2 (Y8X — X37),
(4,.98X, 8Y, 8Zy=-2| 8X, 38Y, &Z |.
XV L
X, Y, &8 )

48. Now, from the equations AX + HY + GZ=278Y — Y8Z, &c. we have for the

value of twice the foregoing determinant

whence

2det. =2 {(aX +hY +gZ)(AX + HY + GZ)
+ (hX +bY +fZ)(HX + BY + FZ)
+ (X +fY +¢Z)(GX + FY +CZ%)};
and subtracting herefrom the function ((4),.. §@,..), -which is

= (BZ* +CY* —2FYZ)a

+(0CX® + AZ® —2GZX)b

+(AY*+ BX* —2HYZ)c

+2(—AYZ-FX* +GXY+ HXZ)f

+2(—BZX + FXY - GY* + HYZ)g

+2(-CXY+FXZ +QYZ —HZ® )b,

the difference is found to be

- a{(A,..QX, Y, Zyp+ AV?
+ b{4,..9X, Y, Zy+ BV?3}
+ ¢{4,..0X, Y, 2+ CVy
+2f{(A+B+0C)YZ +FV?}
+29{(4A+B+0C)ZX + GV
{ }

L b (A+B+C)XY + HVY,
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which, on account of (4,..9X, ¥, Zp=0, and 4 + B + (' =0, reduces itself to
(40a00,:..) . T

49. We have
AG+ Hh+Gg= @ (2hZ —29Y)

+h( gX— fY —(a-b)Z)
+9(fZ - kX -(c-a)¥)
= X(gh—hg)
+ Y (ag - ga — (ga + fh + c7))
+ Z (ha — ah + (ha + bh + £9)) 5
or, observing that in the coefficients of ¥ and Z the second terms each vanish, this is
AG + Hh + Gg = X (hg — gh) + Y (ga —ag) + Z (ah — ha);

and similarly

Hh+ Bb + Ff=X (bf —fb)+ Y (fh—hf) + Z (kb —Th),
Gg +Hf +Ce=X (fe—cf )+ Y (eg —ge)+ Z (gf — o).

Adding these equations, the coefficient of X is the difference of two expressions each
of which vanishes; and the like as regards the coefficients of ¥ and Z; that is, we have

4,..3a,.)=0;
and consequently
2| 8X, 8Y, 8Z|=((4),..1G,...)=—(4,...78X, 8Y, 82y,
b ol L | i
§x, 8y, 8z

the required relation.

40 -2
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