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504.
ON THE MECHANICAL DESCRIPTION OF CERTAIN SEXTIC 

CURVES.

[From the Proceedings of the London Mathematical Society, vol. ιv. (1871—1873),pp. 105—111. Read April 11, 1872.J
The curves in question might be taken to be those described by a point C rigidly connected with points Λ and P, each of which describes a circle: but the construction is considered under a somewhat more general form. I consider a quadrilateral, the sides of which are a, b, c, d, and the inclinations of these to a fixed line α, β, 7, δ. This being so, if a, b, c, d, and one of the angles, say δ, are constant, then we have between the three variable angles the relations

a cos α -+- b cos /3 + c cos γ + iZ cos δ = 0,α sin α + δ sin /3 + c sin 7 + cZ sin δ = 0, ‘ygiving rise to a single relation between any two of the variable angles; and we consider a curve such that the coordinates x, y of any point thereof are given linear functions of the sines and cosines of the three variable angles, or, what is the same thing, of the sines and cosines of any two of these angles. We thus unite together what would otherwise be distinct cases; for everything is symmetrical in regard to the sides a, b, c and the corresponding variable angles α, β, 7, irrespectively of the order of succession of these sides: and we can thus, in the discussion of the curve, employ any two at pleasure, say a, β, of the variable angles, without determining whether the sides a, b are contiguous or opposite.Eliminating, then, the variable angle 7, we obtain between α, β a relation which, if we write therein tan∣α = M, tan⅜∕J = v, takes the form (*][w, l)2(v, 1)^ = 0; viz. either of the variables u, v is expressible rationally in terms of the other of them and of the root of a quartic function thereof; say ∙y is a rational function of u and >fU. And
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504] ON THE MECHANICAL DESCRIPTION OF CERTAIN SEXTIC CURVES. 139 hence a curve for which the coordinates x, y are rational functions of u, v, is a curve having a deficiency D = 1, or, what is the same thing, having a number of dps. less by unity than the maximum number {= ∣ (n—l)(n-2), if n be the order of the curve).It will further appear that the relation (*](m, 1)^(% 1)^ = 0 is satisfied by the value:? u = v = i and u = v = —i (if, as usual, i-∖∕- 1).In the curve in question, the coordinates (x, y} are given linear functions of the sines and cosines of α, β; and if we make the curve meet an arbitrary line Ax + By + G≈ 0, we obtain between the sines and cosines of α, β a linear relation which, substituting therein the expressions in terms of u, v, takes the form
viz. this is a relation of the form 1)^('W, 1)^ = 0, such that it is satisfied bythe four sets of values u = + i, v= ±i, and therefore in particular by the values li = v = f and u = v = — i.Hence, considering the intersections of the curve by the arbitrary line, the values of (m, v} are given by the two equations (*](w, l)^v, 1)^ = 0, (]*](%, 1)^ (^y, 1)^=0; these, regarding for a moment v as ordinary rectangular coordinates, represent each of them a quartic curve. having two dps. at infinity on the axes u = 0, υ = Q respectively : each of these points reckons therefore as 4 intersections, and the number of the remaining intersections therefore is 4.4 — 2.4, = 8. But, by what precedes, the two quartic curves have also in common the points u = v = i and u = v = -i∙, and rejecting these, there remain 8 — 2, = 6 intersections.The conclusion is, that the curve is a sextic curve of deficiency 1, that is, having 9 dps. The reasoning may be presented under a slightly different form as follows: regarding u, v as coordinates, we have the curve (*][«, l)® = 0, a binodal quarticcurve, and having therefore the deficiency 1 ; the curve passes, as above-mentioned, through the points u = v = i and u = v = — i. The required curve is obtained as a transformation of the quartic curve by formulae of the form x : y : z(y= 1) = P ; Q : R, where P, Q, and R {= (1 + (1 ÷ are quartic functions of the coordinates ιc, v, such that P = 0, Q = 0, R = Q are each of them a quartic curve passing twice through each of the nodes and once through each of the before-mentioned points, (u = υ = i) and (u = V = — i), of the binodal quartic curve. Hence the curve in question is a curve of the order 4.4 — 2.4 — 2.1, =6, and having the same deficiency as the binodal quartic, that is, the deficiency is =1.I observe that the sextic curve does not, in general, pass through the circular points at infinity, but it intersects the line at infinity in three distinct pairs of points; one of these, or all three of them, (but not two pairs only,) may coincide with the circular points at infinity, the circular points at infinity being, in the latter case, triple points, or the curve being tricircular: this will appear presently.To obtain the foregoing equation (*](m, 1)'^ (⅛', 1)®= 0, the elimination of γ gives

18—2
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140 ON THE MECHANICAL DESCRIPTION OF CERTAIN SEXTIC CURVES. [504 that is α≡ + — c≡ + cZ≡ + 2αδ cos (α — /3) + 2ad cos (α — δ) + 2δcZ cos (/3 — δ) = 0 ;or, substituting herein the values
this is easily found to be 0 =

or writing, for greater convenience, δ = 0, that is, taking α, β, 7 to be the inclinations of the sides α, 6, c to the fixed side d, this is 0 =

or say this is
where, writing for shortness

then
We at once verify that the equation is satisfied by u = v = + i, viz. this will be so if only

Λ — B — C + D — 8ab = 0,
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504] ON THE MECHANICAL DESCRIPTION OE CERTAIN SEXTIC CURVES. 141 and we have 
whence the relation in question.Writing u = i, we have 
whence

√1 — 5 so that, corresponding to u = i, we have the values v = i and ∙, and similarly,C — jJ corresponding to w = — i, the values w = — ¾ and v = i .
G — Jj

A — G And in like manner, corresponding to v = i, have the values w = i and u = - i ;
β — 1) 

A — Cand to V = — i, the values -m = — and u=i ---- =c.
B — DIt is easy to show that, if u = i + e, υ = i + ζ are the values consecutive to u = υ = i, then α€+δξ·=Ο: in fact, substituting the foregoing values in the relation between u, v, and writing for 8αδ its value, = A—B — C+D, yve have 

which is
or finally ae + bζ≈ 0. And similarly, if u=-i + e, v = -i+ζ are the values consecutiveto u = v = -i, then yye have the same relation ae + bξ≈ Q.The points at infinity on the sextic curve are those for which l+u^ or 1 + v≡,or each of these, is = 0; viz. the values of u, v for the six points are 

where, instead of u = v = i and u = v = — i, I have written down the consecutive values of 
u, V, and as before e, ζ are infinitesimals such that ae + bζ= Q.Suppose that the coordinates x, y oi a point on the sextic curve areiz; = a cos α + c sin ot + b cos β + d sin β,

y = a' cos α + c' sin α + b' cos β + d' sin β;
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142 ON THE MECHANICAL DESCRIPTION OF CERTAIN SEXTIC CURVES. [504

then, if u = + (i + e), cos α = —, sin α = — , and similarly if υ = ±(i + ξ∖ then cos = — p, 
€ €sin β = . Hence the points at infinity of the sextic curve are as follows :

-, first pair of points;
second pair of points;

ae + bζ==0, as above, third pair of points;which six points are in general distinct from each other, and from the circular points at infinity.The foregoing values of x, y may be said to be “circular quoad a’’ if a = c', a' = — c; and similarly to be “ circular quoad β’’ if b = d', b' = — d.And we see at once that if the values are circular quoad a., then the first pair of point>s coincide with the circular points at infinity; and that, in like manner, if the values are circular quoad β, then the second pair of points coincide with the circular points at infinity; but if the values are circular quoad a. and β respectively, then each of the three pairs of points coincides with the circular points at infinity; so that these are then triple points on the curve; or the curve is tricircular, having besides the two triple points, 3 dps.The relation between u, v gives
and it thus appears that if any one of the functions Λ, B, C, D is =0, the function under the radical sign is a mere linear function of u^, say it is L + Mu^; introducing a new parameter θ such that ~ have VZ + Mu^≈^∕L J , andconsequently u, v are each of them a rational function of θ. Hence, when any one of the relations in question is satisfied, or say, when α + cZ = 6 + c, δ + iZ = c + α, or c + (Z = α+5, the curve becomes unicursal : there is no diminution of the order, and the curve is consequently a unicursal sextic, or sextic with 10 dps.
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δ04] ON THE MECHANICAL DESCRIPTION OF CERTAIN SEXTIC CURVES. 143It would at first sight appear that the curve might become unicursal in a different manner; viz. it would be unicursal if 
was a perfect square; but this is only the case when one of the four sides a, b, c, d is = 0. The condition in fact is 
that is 
where, putting for shortness 

and thence 
and the equation thus becomes
viz. putting for a moment X = — 4c≡ (a® + b^), this is 
that is 
or, substituting for X its value, the equation is
that is = 0.We may have simultaneously 1°, a = d, b = c, 2°, b=d, a = c, 3“, c = d, a≈b∖ the three cases are really equivalent, but the results present themselves in different forms.1°. Here Λ = 0, B = 4<a(a-b), G=Q, D = 4>a(a + b)∙, the relation between u, v contains the factor u, and throwing this out, and also the constant factor 4α, it is 
viz. M is given as a rational function of v.
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144 ON THE MECHANICAL DESCRIPTION OF CERTAIN SEXTIC CURVES. [5042°. Here Λ = 0, B = 0, G=4ib(b-a}, D = + α); the equation contains thefactor v, and throwing out this and also the constant factor 46, the equation is
V [(6 — a) + (b + a) u^^∖ + 2au = 0,viz. v is given as a rational function of u.S”. Here J. = 4α (α- — c), B = 0, G=Q, D = 4α (α + c); or, dividing by 4α, the equation is
(a-c) + 2α wv + (α + c) u^υ'^ = 0;viz. this is (ww + 1) [(α + c) uv + a — c] = 0,which may be reduced to (α + c) -uv + α — c = 0,giving u or v each a rational function of the other.I do not discuss the theory in detail, but only remark that in each case there is a conic thrown off, and that in place of the sextic we have a unicursal (or trinodal) quartic curve.
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