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503.

ON THE SURFACES EACH THE LOCUS OF THE VERTEX OF A
CONE WHICH PASSES THROUGH wm GIVEN POINTS AND
TOUCHES 6-m GIVEN LINES.

[From the Proceedings of the London Mathematical Soctety, vol. 1v. (1871—1873),
pp- 11—47. Read January 11, 1872.]

I consIDER the surfaces, each of them the locus of the vertex of a (quadri-)cone
which passes through m given points and touches 6 —m given lines; viz. calling the

given points @, b, c,... and the given lines a, B, v,..., the surfaces in question are:
Order
abecdef 4
abcdea 8
abcdaB 16
abcafBy 24
abaByd 24
aafByde 14
aBydet 8

I remark that the orders of these several surfaces are in effect determined by
the investigations of M. Chasles in regard to the conics in space which satisfy seven
conditions. The surface abedef was long ago considered by M. Chasles, and it is treated
of in my “Memoir on Quartic Surfaces,” [445], and in the same Memoir the surface
afBydet is also referred to: these two surfaces, and also the surfaces aaByde and abaByd
are considered by Dr Hierholzer (*) in his excellent paper “ Ueber Kegelschnitte im
Raume,” Math. Annalen, t. 11. (1870), pp. 563—586, and to him are due the equations
given in the sequel for the surfaces abedef and aBy8e: the researches of the present
Memoir are in fact a continuation and development of those in the Memoir last
referred to.

11 was grieved to hear of Dr Hierholzer’s death last autumn, at Carlsruhe, at the early age of 30.

13—2
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503] THE VERTICES OF CONES WHICH SATISFY SIX CONDITIONS. 101

2. In the Table, the upper margin refers to the surfaces, and the left-hand margin
to the points, lines, and curves situate on these surfaces respectively; the body of the
Table showing the number, and in ( ) the multiplicity, of these points, lines, and
curves in regard to the several surfaces respectively. Thus, points a; for the surface
abedef, 6 % (2), there are 6 such points, each of them a 2-conical (ordinary conical)
point on the surface: so abcdea, 5 x (4), there are 5 such points, each a 4-conical point
on the surface (viz. instead of the tangent plane there is a quartic cone); and so on.
Similarly, lines ab (viz. these are the lines’ joining two points a, b); for the surface
abedef, 15 x (1), there are 15 such lines, each a simple line on the surface; surface
abedea, 10 x (2), there are 10 such lines, each a double (ordinary nodal) line on the
surface; and so on. We have in two places the multiplicity (2+ 2), which refers to
a tacnodal line, as presently explained. The corner letters C, P, L denote respectively
proper cone, plane-pair, and line-pair, as afterwards explained.

3. The lines and curves referred to in the left-hand margin are:

(1) @b, line joining the points @ and b.

(2) a, line a.

(3) [ab, a, B, 7], pair of lines meeting each of the four lines, or say the
tractors of the four lines ab, @, B, . As regards the surface abafBys,
the multiplicity is given as (2+2), viz. the line is (not an ordinary
nodal, but) a tacnodal line, each sheet touching along the whole line the
hyperboloid aBy.

(4) [a, B, v, 8], tractors of the four lines @, B, v, &.

(5) [ab, cd, @, B] tractors of the four lines ab, cd, a, B.
(6) abe, def, line of intersection of the planes abc and def.

(7) abe, de, a, line in the plane abc joining the intersections of this plane by
the lines de and a respectively.

(8) -abe, @, B, line in the plane abc joining the intersections of this plane by
the lines a and B respectively. As regards the surface abcdaf, the
multiplicity is given as (24 2), viz. each line is (not an ordinary nodal,
but) a tacnodal line, each sheet touching along the whole line the plane
abe.

(9) Cubic abedef, cubic curve through the six points a, b, ¢, d, e, f, common
intersection of the cones each having its vertex at one of the points
and passing through the other five.

(10) Quadriquadric aBy, Oef, intersection of the quadric surfaces aBy and Jef, that
is, the quadric surfaces through the lines a, B, v and &, €, ¢ respectively.

(11) Excuboquartic aBy, 8, @, quartic curve generated as follows: viz. taking any
line whatever which meets the lines «, 8, v (or say any generating line
of the quadric a@By), the plane through this line and the point @ meets
the lines &, ¢ in two points respectively; and the line joining these
meets the generating line in a point having for its locus the excubo-
quartic curve in question (theory further considered in the sequel).
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Special forms of (Quadri-)Cones.

4. We have to consider the special forms of (quadri-)cones; these are: 1° The
sharp-cone, or plane-pair; that is, a pair of two planes, intersecting in a line called
the axis, the vertex being in this case an indeterminate point on the axis. Observe
that a plane-pair passes through a given point when either of its planes passes
through such point; it touches a given line when its axis meets the given line.
2°. The flat-cone, or line-pair; viz. this is a pair of intersecting lines, their point of
intersection being the vertex of the line-pair, and the plane of the two lines being
the diametral of the line-pair. Observe that the line-pair passes through a given point
when its diametral passes through such point; it touches a given line when either of
its lines meets the given line. 3°. There is a third kind, the line-pair-plane; viz.
the two planes of the plane-pair may come to coincide, retaining, however, a definite
line of intersection, or axis: or again, the two lines of a line-pair may come to
coincide, retaining a definite plane or diametral; that is, in either case we have a
plane passing through a line; and which is to be considered indifferently as two
coincident planes intersecting in the line, or as two coincident lines lying in the plane.
But there is not, in the present Memoir, any occasion to consider this third kind of
special cone.

The letters C, P, L in the Table denote that the cone is a (proper) cone, plane-
pair, or line-pair, as the case may be.

Singular Lines and Curves on the Surfaces.

5. We may establish @ prior: the existence, and even to some extent the multi-
plicity, of the several lines and curves on the surfaces abedef, ... aBydel. Thus:

1°. Lines ab: take for the vertex of the cone a point at pleasure on the line ab;
the cone passing through b will dpso facto pass through a; and the conditions
are thus that the cone shall pass through 0 and satisfy four other conditions—
in all, five conditions: and there is thus a cone with the point in question as
vertex; that is, the line ab is situate on the surface. Moreover, for the surfaces
abedef, abedea, abedaf, abcaBy, abaByd respectively, for a given position of the
vertex on the line @b, the number of cones is 1, 2, 4, 4, 2 respectively: and
these are the multiplicities of vhe line ab on the several surfaces respectively.

2°. Lines a: take for the vertex of the cone a point at pleasure on the line a; then
the cone ipso facto touches the line a, and there are only five other conditions
to be satisfied; that is, we have a cone with the vertex in question; or the
line a is situate on the surface. Moreover, for the surfaces abedea, abedas,
abcaBy, abaByd, aaByde, aBydel respectively, the number of cones is 1, 2, 4, 4, 2, 1
respectively: and it may be seen that the multiplicities of the line a are the
doubles of these numbers, or are =2, 4, 8, 8, 4, 2 for the several surfaces
respectively.

www.rcin.org.pl
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3°. Lines [ab, a, B, v]: taking the vertex in one of these tractors, the cone cannot
be a proper cone, but (if it exist) it must be either a line-pair having the
tractor for one of its lines, or else a plane-pair having the tractor for its
axis. The two cases are:

Surface abcaBy. Cone is a plane-pair, the two planes intersecting in the tractor,
and passing, the one of them through the points a, b, the other through the
point ¢. The vertex being an indeterminate point on the tractor, the tractor is
situate on the surface.

Surface abaBys. Cone is a line-pair, one line being the tractor, the other a line
drawn in the plane of the tractor and ab to meet &, and which meets the
tractor in an arbitrary point thereof: the tractor is thus a line on the surface.

4°. Lines [a, B, v, 8]: taking the vertex in one of these tractors, then, as in the last
case, the cone is either a line-pair having the tractor for one of its lines or
a plane-pair having the tractor for its axis. The three cases are:

Surface abaBy8. Cone is a plane-pair, the two planes intersecting in the tractor
and passing through the points a, b respectively.

Surface aaByde. Cone is a line-pair, one line being the tractor, the other a line
in the plane of the tractor and @, meeting the line ¢ and meeting the tractor
in an indeterminate point.

Surface aBy8ef. Cone is a line-pair, one line being the tractor, the other a line
drawn from an indeterminate point of the tractor to meet the lines ¢ and &

5° Lines [ab, c¢d, a, B]. Cone is a plane-pair, the two planes intersecting in the
tractor, and passing through the points @, b and the points ¢, d respectively.

6°. Line abc, def. Cone is a plane-pair, consisting of the two planes abc and def.

7°. Line abc, de, a. Cone is a plane-pair, the two planes intersecﬁing in the line;
one plane being abe, the other a plane through the line de.

8°. Line abe, a, B. There are two cases:

Surface abcdaB. Cone is a plane-pair, the two planes intersecting in the line; the
one being abc, and the other passing through the point d.

Surface abcaBy. Cone is a line-pair; one line being abe, a, 3, the other a line
in the plane abc meeting the line 8, and meeting the line abe, a, B in an
indeterminate point.

9°. Cubic abcdef. Each point of the cubic is the vertex of a proper cone passing
through the cubic, and therefore through the six points; that is, the cubic is
a line on the surface abedef.

10°. Quadriquadric aBy, 8¢ Cone is a line-pair; viz. it is composed of the lines
drawn from any point of the curve, one of them to meet the lines a, B, v,
and the other to meet the lines o, ¢ &

11°. Excuboquartic afBy, 8¢, a. Cone is a line-pair; the two lines being, one of them
a line at pleasure meeting a, B, vy, the other the line which, in the plane of
the other line and the point @, meets the lines &, e.

www.rcin.org.pl



104 ON THE SURFACES THE LOCI OF (503

Mode of obtaining the several Equations: Notations and Formulc.

6. The equations of the several surfaces are obtained by taking as centre of
projection an assumed position of the vertex, and projecting everything upon an
arbitrary plane; the projections of the given points and lines are points and lines in
the arbitrary plane, and the section of the cone by this plane is a conic; the equation
of the surface is thus obtained as the condition that there shall be a conic passing
through m given points and touching 6 —m given lines.

7. We take as current coordinates (X, Y, Z, W), or when plane-coordinates are
employed (& 7, § w): the coordinates of the vertex are throughout represented by
(%, 9, z, w); but in explanations &ec., these are also used as current coordinates. The
plane of projection is taken to be W =0. The coordinates of the given points a, &c.,
are taken to be (%4, Ya, 2s, ws), &c. There is no confusion occasioned by so doing,
and I retain the ordinary letters (a, b, ¢, f; ¢, h) for the six coordinates of a line, it
being understood that these letters so used have no reference whatever to the given
points a, b, &c.; viz. the coordinates of the given lines a, &c., are (¢, ba, Ca;, fa; Ga, ko),
&c.; there is sometimes occasion to consider the coordinates of other lines ab, &e., but
the notation will always be explained.

8. I write I, m, n, p, q, r for the coordinates of the line joining the vertex
(%, y, 2, w) with a point («, v/, 2/, w'); via

I =y2' —y'z, p=aw -2w,
m=zr' —2z, q=yw' —yw,
n =y —ay, r=zw'—7w,
(lo= Y24 — Yoz, &c., this being explained when necessary); and also
P= . hy-gz+aw,
Q=—hz . +fz+bw,
R= gz—fy . +cw,
S =—az— by—cz .,

(P, = hoy — 9oz + auw, &c., this being explained when necessary).

This being so, then projecting from the vertex (z, y, z, w), say on the plane W =0,
the =, y, z coordinates of the projection of a point @ are as p, : ¢4 : 74 (Po= 2w, — Zw, &c.);
and the equation of the projection of a line a is

PX+ Q.Y+ R, Z=0,

(Pa=hoyy — goz + a,w, &c.). We thus have, in the projection on the plane W =0, the
m points and 6 —m lines situate in and touched by the conic.
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The following notations and formule are convenient:
9. pabc=0 is the equation of the plane through the points a, b, ¢; viz
mabc=iat Yy iz
Za> Yas 2as Wa
Zo, Yb», Zpy Wh
Ze, Yoy Zoy W
Of course pbac= —pabc, &c. Observe that here, and in the notations which follow,

the letter p is used as referring to the coordinates (z, y, z, w), and that the index
of p(=1 when no index is expressed) shows the degree in these coordinates.

10. paa=0 is the equation of the plane through the point ¢ and the line «;
viz. paa is the foregoing determinant, if for a moment b, ¢ are any two points on
the line a; or, what is the same thing,

par= Pz + Quy + Ruz + Saw,
where
Po= . hy,—gz,+aw,,
Qu=—hzy . +fz, +bw,,
Ri= g@a—fya . +cws,
Sy =— aw, — by, — cz, o
and (a, b, ¢, f, g, h) are the coordinates of the line a: observe that paa=paa.

11. p?aBy=0 is the equation of the quadric surface through the lines a, B, v;
viz. we have

pafy=(agh) z* + (bhf) y* + (cfy) 2* + (abe) w?
+ [(abg ) — (cal )] zw
+ [(beh ) = (abf)] yw
+ [(caf’) — (beg )] 2w
+ [(¥fg ) + (chf)] y2
+[(egh) + (afy)] 22
+ [(ahf) + (bgh)] zy,

where
doh=0a, /. qa; " tlan| &c.

ag, 98, Mg
Qys Gy Py

(@as bas Car fur Ja> ha)y (@g,...), (@y,...) being the coordinates of the given lines a, 3, v.
Observe that p*Bay=—p*aBy, &e.
C. VIIL 14
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12. It is to be noticed that, writing
P= . hy—gz+aw,
Q=—hz . +fz+bw,
R= gz—fy . +cw,
S=—ax-by—cz .,

viz. Py =hy — gaz + a,w, &c., then that we have identically

AN, op, v, p |==Qz+uy+vz+pw). pafy,

PR Quy SRSy R
PB? QB’ Rﬁ’ Sﬁ
Py, @, R,, 8§,

and further that we have identically

—p'afy = LgPy+ MagQy+ NogRy + QupS,,

where

L =(af' —af)a+ @ —Bf)y+(f —f) 2= b = Vo) w,

M=(ag —d'g)x+ by —bg)y+(cg’ —cg)z—(ca’—ca)w,

N=(ah — dh)z+ (b’ —bh)y + (ch' —c'h) z — (ab' — a'b) w,

Q=(gh' —gh)yz+Mf = Kf)y+(f9=f9) 2+ (f —af+by —Vg+ck —ch)yw;

(503

and L,s, &c. are the values of L, &c. on substituting therein (a,,...) and (ag,...) for

the unaccented and accented letters respectively.

13. Observe that we have

L +@f+bg+ch)ye= . —cQ+bR-f8S,
M+ ( & Jy= P . —dR-g'8§,
N+ ( s )z=—=bP+a@Q . WS,
Q+( »” yw= fP+gQ+¥R . ;
and similarly
— L+ (af +bg’+ch)e = . —cQ +bR —f8,
- M+( " Yy= c¢P' . —aR —¢g8,
- N+( * )z=—bF +aQ . —1S,
-Q +( i yw= fP +9@ +hR" . ;

whence also

WM —g'N+d'Q =—(af + Vg +ch) P,

- KL .+ N4V =—( /L )@,
gL—-fM . Q= - )R,
—aL-UM—-cN o= - ) Skr
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and
hM —gN +aQ = (af +by’ +ch') P,
—hL . +fN +0Q= ( ,, )@,
gL —fM i el - ( A )R,
—al—-bM —cN e i )S.

14. p*a.aB.y8 =0 is the equation of the cubic surface through the lines a, B, ¢, &
and aaB, ayd (viz. aaB is the line from @ to meet a, B, and so ayd is the line from
a to meet «, §). Observe that the conditions which determine this cubic surface thus
are that the cubic shall pass through

a; the points of aaB on a and B respectively, 3 other points on a, 3 on B3, and
1 on aaf;

also the points of ayd on ¢ and & respectively, 3 other points on , 3 on §, and
1 on ayd; in all, 1+9 +9=19 points;

viz. the conditions completely determine the surface.

15. We have
D20 a0 =1 Bl U Bl ]
Zg 5 Ya 5 Za 5 Wa
Lig, Mg, Neg, Qap
Ls, My, Ny, Qp

viz. this determinant, equated to zero, gives the equation of the surface. -

To prove this, take as before the unaccented letters (a, b, ¢, f; g, k) to refer to
the line @, and the letters with one, two, and three accents to refer to the lines
B, v, & respectively ; write also L, M, N, Q and L', M', N', ' for Lep, &c., and L, &c.,
respectively. Referring to the foregoing expressions for L, M, N, Q, and observing that
for a point on the line «, the values of P, @, R, S are each =0, then for such a
point we have L+ (af+bg+ch)a=0, &c., that is, L: M : N : Q=z :y:2z:w, and
these values satisfy the equation of the surface, which is thus a surface passing through
the line a; and similarly it passes through the lines S, v, 8.

To show that the surface passes through the line «a/3, take the coordinates of
the point @ to be 0, 0, 0, 1; then the line ax@ is given as the intersection of the
planes az +by+cz=0 and az+by+cz=0, that is, S=0 and S8'=0. And the
equation of the surface, writing therein #, ¥4, %a; wa=0, 0, 0, 1, becomes

oy oz =0,
VI LR
LI' M/’ N/
14—2
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or, as this may be written,

S S Lilie =0

al +bM +cN, oL +bM +¢N, N

L all + bM' +cN', o'L'+UM + N, N

and, for a point on the line aa@, this is

aL +bM +cN, oL+VM+c'N #= 0.

all + bM’' + cN', o' L'+0 M + N |
But in the equations — o’'L —VM — /N = = (¢/f + Vg + ¢h) S, and —aL — bM — cN
=(af" + b9’ +ch’) S, writing S=0 and S’ =0, we have aL+bM +cN=0 and 'L+’ M+c¢'N =0,

and the equation is satisfied; that is, the surface passes through the line @aB, and
similarly it passes through the line ays.

Surface abedef.
16. The equation may be written

pabe . pede . pacf . pdbf — pabf . pedf . pace . pdbe =0,

where pabe=0 is the equation of the plane through the points @, b, e; and the like
for the other symbols. The form is one out of 45 like forms, depending on the
partitionment

ab . cd
ac . db  (ef).
(ad .be
of the six letters.
17. Investigation. In the prejection, the six points (p,, g4, 7.) are situate on a
conic; the condition for this is
(» ¢ r7=0,
where the left-hand side represents the determinant obtained by writing successively

(Pas Qa» Ta), &c., for (p, q, r). The equation in question may be written
abe . cde. acf . dbf — abf . cdf . ace.dbe =0;

where
abe=| pu; Qas 7Ta |, &c.;

Po Qv, Tp
Pes e, Te
and substituting for p,, ..., their values, we have abe=w?.pabe, whence the foregoing

result.
{Surface abedef.}
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18. Singularities. The form of the equation shows at once that (?)
(0)(®) The point @ is a 2-conical point; in fact, for this point we have pabe=0,
pacf=0, pabf=0, pace=0.

(1) The line ab a simple line; in fact, for any point of this line we have
pabe=0, pabf=0.

(2) The line abe.cdf a simple line; in fact, for any point of this line we have
pabe =0, pedf=0.

(9) To show analytically that the cubic curve abedef is a line on the surface,
observe that the equation of the surface is satisfied if we have simul-
taneously (A being arbitrary)

pabe.. pacf — N . pabf . pace =0,
A.pede. pdbf —  pedf'. pdbe = 0.
The first of these equations is a cone, vertex @, which passes through the points
b, e ¢, f, and which, if N is properly determined, will pass through the point d; the
second is a cone, vertex d, which passes through the points b, e, ¢, f; and which, if
A is properly determined, will pass through the point @ ; the two determinations of A are
dabe . dacf — N . dabf . dace =0,
A.acde.adbf—  acdf.adbe=0;
giving the same value of A; and the equations then represent cones, the first having
a for its vertex, and passing through d, b, e, ¢, f; the second having d for its vertex,

and passing through a, b, e, ¢, f; the two intersect in the line ad, and in the cubic
curve abedef, which is thus a curve on the surface.

Surface abcdea.
19. The equation may be written

(pabe . pede . p*aac . db — pace . pdbe . p*aab . cd)?
+ 4pabe . pede . pace . pdbe . pabe . pdbe . paa. pda =0,

or, what is the same thing,

(pabe . pede. praac . db + pace . pdbe . p*aab . cd)?
+ 4pabe . pede . pace . pdbe . pbad . pcad . pba . pca = 0,
(the equivalence of the two depending on the identity

— piaab . cd . p’aac. db + pabe . pdbe . paa . pda — pbad . pcad . pba . pca = 0)

1 Or course, as regards the present surface and the other surfaces for which the equation is given in
an unsymmetrical form, the conclusion obtained in regard to any point or line of the surface applies to
every point or line of the same kind. Thus ab being a simple line, we have also ad a simple line, although
the equation, as written down, does not put this in evidence.

2 The bracketed numbers refer to the lines of the Table.

{Surface abedea.}
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where, as before, pabe=0 is the equation of the plane through the points a, b, e;
paacdb =0 the equation of the quadric surface through the lines @, ac, db; and
paa =0 the equation of the plane through the point ¢ and the line a.

The above forms are 2 out of 30 like forms, as appears by the partitionment

ab,
ac,

ad,

20. Investigation. In the projection,

points may be written
&,

(P,
where the symbol denotes a determinant

giving to (p, ¢, r) the suffixes a, b, ¢, d,

into

abe. cde.acA .dbA —

or, what is the same thing,

cd
db
be

the equation of the conic through the five

ea.

Y, Zy
q, —rp

the last five lines of which are obtained by
e respectively. This is at once transformed

=)

ace. dbe.abA .cdA =0,

pabe . pcde . acA . dbA — pace . pdbe . abA . cdA = 0,

or say,

pabe . pede (A”X + B'Y + C"Z)(A"X + B"Y + C"'Z)
— pace . pdbe (AX + BY + CZ) (4’'X + BY + 0'2),

where pabe, &c. signify as before, and

AX+BY+0Z=| X, Y, Z

Pas
Do

Ta

Ga»

Qv To

and so for A’X 4+ BY + C'Z, &c., the suffixes for 4’, B, ¢’ being (c, d), and those for
A”, B, ¢" and A", B”, C" being (a, c) and (d, b) respectively.

21.

Passing to the reciprocal equation, and making the conic touch the line a,

we obtain the equation of the surface in the form

{pabe.pede | Po, Qu, Ra. |—pace.pdbe | P., Q., R, |}
47, By v RN i
AT, e e AT
+ 4 pace. pdbe . pabe.pcde | Pa, Qu, R, | | Pa, Qa, R. |=0,
AR 0 o T ey i
A el @'Y SRS R

{Surface abcdea.}
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(where P, = h,y — guz +asw = 0) or in the equivalent form wherein we have in the first
term + instead of —, and in the second term the determinants

-Pa bl Qﬂ b 'R¢ ’ 'Pll ’ Qﬂ»! RG
7. Al i 0 AR o
A //I, BII/’ OIII A Il’ BU 3 CII

22. {The question, in fact, is to find the reciprocal of the form
A (az +by +cz) (dz+ by +¢2) —p(a"z+ by + c"2) (a"z + by +¢"2)=0;
taking £, #, § for the reciprocal variables, the coefficient of £* is

(N (¢ + Vo) — (e +b7¢") — (2AB — 2ub”b") (2hee’ — 2uc’c”),
viz. this is .
k? (bcl L blc)z + F'g (bl/clll T b//lc”)2 + 2%.,“ {2bb/cucﬂ/ + 2b1/bmccl o (bcl + b/c) (b//clll + b”/Cl/)},
or, as it may be written,
{X (bc/ b;c) i M (bncul L b///cﬂ)}s ot 21"" 2bb'cllcm £l 2b’/blllccl
? (bC o b/c) (bllc'll B b///cu)
—(bc’ + be)(bc” + b"c")
Taking the upper signs, this is
{X (bcl B blc) + /" (bllclll A blllcﬂ)}2 + 4).}[: < bbicllcu/ + bllbﬂlcc/> :
ey bclb/lc”l it blcb/”cl/

viz. the term in Ap is
—— + 4Xl[, (bclll P bl’/c) (blcfl ey b/lcl).
Taking the lower signs, it is
{X (bcl o b/o) e # (bl/c’// s b”/cll)}2 + 4X/L ( bblcllclll + bllbl/lccl) b
&Y bclbll’cll il blcbllclll 4
viz. the term in Au is
4),# (bcll g b/lc) (b/clll Wi b/llcl) ;

and it is thence easy to infer the forms of the other coefficients, and to obtain the
reciprocal equation in the two equivalent forms

A E 9 +#"§, 7, & \P+drpl|E, 2, ¢ €5 L] =0
a, b, ' s hE sl . o bNEN e o SR
o, b, Ha LB, o e, oy e Lshar Sy, o

N E —w|E, n, ¢ |P+apl E, 9, ¢ .00, =0,
a, 0, e (A 0 il At Sbir: o
a', bl, a’”, b,”, C”’ ! 66”, b” A C” a'", b”’, Gt

which are the required auxiliary formnle.}

{Surface abedea.}
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23. To reduce the foregoing result, we have

e ot o

1‘ TWy — WLy, YWo—WYq, 2Wg— W2,

Wy — WXy, YWy — WYp, 2ZWp — W2y
proportional to the three determinants which contain w, of the set

@ oz et s A AT =t i e R S el
mth ya’ Za, wa ya; Zar wa,
| by Yb, 2p, W Yo, 2p, Wy

and similarly A’, B, (" are proportional to the three determinants which contain w, of

the set

&, ¥, 2, 0l vie =@y, 2, w' |,k

Zey Yer 2cy, We Yo Zc> We

Zay, Ya> Za, Wa | Ya, Za, Waq

Hence, omitting the factor w, and writing (a, b, ¢, f, g, h) and (a’, V, ¢, f’, g, k') for
the coordinates of the lines ab and cd respectively, we have

A= hy — gz + aw, Vil h'y — g’z + a'w,
B=—-hz + fz + bw, B =—h'z +{'z2 +bw,
C= gz—fy + cw, C'= ga—fy +cw;

and thence-
BC'—BC =Qz— Lw,
CA’'— "4 =Qy — Mw,
AB'—A’'B=Qz— Nw,
where

L =(@af —af)z+ (b’ —bf)y+(cf’ —c'f)z—(be" —bc)w,
M= (ag/ —a'g)x +(bg' — b'g) y+(cg’ — c'g) 2 —(ca’ — c'a) w,
N = (ah’ — a’h) z + (bh" — b’h) y + (ch” — ¢'h) z — (ab’ — a’b) w,
Q =(gh'—gh)z+ (hf’ —h'f) y+ (fg’ — f'g) 2 — (af’ — a’f+ bg’ — b'g +ch’'— ch)w;

and consequently
Pa) Qa; Ra. =Q(mPu+yQ.L+ZRa)—'N)(LPa+MQa+NRa)
A SR o
A/’ B ) (04
=—w(LP,+MQ. + NR,+ Q8,);
or omitting the factor —w, say it is = LP, + MQ, + NR, + Q8S,, viz. this is =paab.cd.

{Surface abcdea.}
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We have similarly
-Pa ’ Qd- H] Rll
All’ BII’ 0// |

AI//’ B//l’ O//’
taken to be =p’aac.db.

24. We have in like manner the other two determinants
B e 0.0 o B Wand sl Pyt @i tRs
A B0 s B
Al B O A" B @
taken to be =p*aab.ac and p*acd.db respectively.

But we have
p*aab.ac=paa . pabe,
(viz. geometrically the hyperboloid through the lines a, ab, ac breaks up into the plane
paa through the line a and point @, and the plane pabc through the points @, b, ¢).
And similarly
pacd.db=—pade.db=+padb.dc=pad.pdbc;
whence, substituting for the several determinants, we have the foregoing equation of the
- surface.
25. Singularities. The form of the equation shows that
(0) The point @ is a 4-conical point: in fact, for this point we have pabe=0,
praac.db=0, pace=0, p*aab.cd= 0.
(1) The line ab is a double line: in fact, for any point of the line we have
pabe=0, paab.cd=0, pabc=0. '
(2) The line a is a double line: in fact, for any point of the line we have
paac.db=0, paab.cd=0, paa =0, pda=0.

(7) The line abe.cd.a is a simple line: in fact, for any point of the line we
have pabe=0, p*aab.cd=0. Observe that, on writing in the equation
pabe=0 the equation becomes (p’aab.cd)*=0; so that the surface along
the line in question touches the plane pabe.

Surface abedaf3.
26. The equation of the surface is
Norm {¥paa . paB. pbed — Vpba . pbf . peda + Vpea . pef3 . pdab — Vpda . pdB . pabe} =0,
where the norm is the product of 8 factors.

As before, paa=0 is the equation of the plane through the point @ and the
line a; and pbed =0 the equation of the plane through the points b, ¢, d. The form
is unique.

{Surface abcdag.}
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27. Investigation. In the projection, the equation of the conic touching the pro-
jections of the lines a, B is

V(PoX +QuY + RZ) (PpX + QY + RyZ) + AX + BY + 0Z =0,

where A, B, C' are arbitrary coefficients. To make this pass through the projection of
the point @, we must write X : ¥V : Z=p, : q, : r4; viz. we thus have

P.X+QY+RZ= wy(x P.+y Q.+2z R,)
=W (2 Pa+ YoQu + 24 Ra),
== W (24P, + YoQu + 2o Re + we Ss),
=—w.paa;
and similarly
PpX +QpY + BeZ=—w.pap.

We thus have W el
wWpaa. paB + Ap, + By + Cr, =0.

Or, forming the like equations for the points b, ¢, d respectively and eliminating, the
equation is

Vpaa.paB, p., Gu, e [=0;
“/W, Dy Qs T
Vpea . peB, Dbt 4Gy 20
“/W: DPa, Qa» 7a

which, substituting for (pa, ¢, 7a), &c., their values, viz. p,= zw,—z,w, &c., is readily
converted into

or, what is the same thing,

B, (h Ay AR T =10,
Vpoa . paB, @a, Ya, Za, Wa
“/ﬁm: Loy Yv, 2y, Wy
sz,@, ‘wc, Yo'l 20 Wy
*/WTD’, Za, Ya, Za; Wa

Vpaa . pap . pbed — Vpba . pbB . peda +Vpea . peB. pdab — Vpda . pdB . pabe = 0;

28.  Singularities.

The equation shows that

viz. taking the norm, we have the form mentioned above,

(0) The point @ is an 8-conmical point; in fact, for the point in question
paa =0, paf =0, pcda =0, pdab=0, pabc=0; each factor is of the form

04, and the norm is 08,

{Surface abcdaf.}
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(1) The line ab is a 4-tuple line. To show this, observe in the first instance,
that we may obtain the 8 factors of the norm by giving to the radical

Vpaa. p_aB the sign +, and to the other three radicals the signs +, —,
at pleasure. For a point on the line in question, we have pdab=0,
pabc =0; hence the norm is the product of the four equal factors

Vpaa. paB . pbed — Vpba . pbB . peda,
and the other four equal factors obtained by writing herein + instead of —.

Now for a point on the line ab, we may write for =z, y, 2 w the values
UZy + VEy, UYa + VYo, UZq+ V2, UW,+vwy, Where u, v are arbitrary coefficients. We have

paa =u.aax +v.baa =v.bax =-—v.aba,
paB =v.baB =—v.abB,
pba =u.aba +v.bba =u.aba,
pbB =uw.abB,

pbed = w . abed + v . bbed = w. abed,
peda=u.acda +v . beda =v . beda = — v . abed,

where aba=0 is the condition that the points @, b and the line a may be in the
same plane (or, what is the same thing, that the lines ab and a may intersect), viz.
baa is =Py + Quys+ Ruzp + Sqwp. And similarly abed =0 is the condition that the
four points a@, b, ¢, d may be in a plane; viz. we have

abed =| %oy Yar Zas Wa
Zp » yb; 2y, Wy
Loy Yes Zes We

Zay, Ya» “Za, Wa

Substituting, we have Vpaa.paB.pbed and Vpba.pbB.peda, each equal (save as to
sign) to uwv Vaba. abB . abed ; that is, the four equal factors of one set will vanish. The
vanishing factors are of the form 0%, and the norm is 0% that is, the line in question,
ab, is a 4-tuple line.

(2) The line a is a 4-tuple line; in fact, for any point of the line we have
paa =0, pba=0, pca=0, pda=0; each factor of the norm- is therefore evanescent, of
the form 0} and the norm itself is thus = 0%

29. (5) The line (ab, cd, @, B) is a double line. To show this, take z2=0, w=0
as the equations of the line in question; then we have ha =0, hg=0, z,w,— 2w, =0;
Or Say Wg=A2;, Wp=MN2Z: and z,wg— 2zqw,=0; or say w.=pmz, wg=pzg (A and ux
arbitrary coefficients). Putting for shortness

I=(@g—-r)e—=(f+Ab)y, J=(g—pa)z—(f+ub)y;
{Surface abedaB. }
15—2

www.rcin.org.pl
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viz. Iy = (ga— M) & — (fu + Mba) 9, &c., and writing 2= 0, w=0, we have paa.paB = 2,11,
pba.pbB =22I,1g, pca.pcB =22J,Jp, pda.pdB=zsJ.Jg; and the factor of the norm
(reverting to the expression thereof as a determinant) is

AL
2, VNI 1s, %4, Ya» 2ay M2
NIz, @, Y, 2, A%
2 NTe, oy Yoo < %oy P
2N Js, %ay Yar, %4 MZa

which vanishes. In fact, resolving the determinant into a set of products of the form
+2.18 .45, where the single symbol denotes a term of the top line, and the binary
symbols refer to the second and third lines, and the fourth and fifth lines respectively
(denoting minors composed with the terms in these pairs of lines respectively); then
each product will contain a term 14, 15, or 45, and the minor so designated (to which-
ever of the two pairs of lines it belongs) is =0. The factor is thus evanescent, being,
as 1t is easy to see, =0. There are two factors which vanish; viz. taking the first
radical to be +, the second radical must be also 4+, but the third and fourth radicals
may be either both + or both —; the norm is thus =02 viz. the line (ab, c¢d, a, B) is
a double line.

30. (8) The line abc, a, B is a double line. To prove this, take w=0 for the
equation of the plane abc, and (2=0, w=0) for those of the line in question; we have
ha=0, hg=0, we=0, wp =0, w.=0; and writing I,=—g.x +/fay, Ip=—gsz + f.y, then
for z=0, w=0, the factor expressed as a determinant is

%5 x Y
2 «/ZTI;;, Wyy Wl 924,
2p ‘\/m, Lo, Yoy %o
v '\/m, Do X5 %y,

Vpda.pdB, @s, Ya, 2ay Wa
which is :
=wNILI;| . x, y
Zay Za, Yar Za
2y, &p, :’/b; 2p
Zey ey Yoy Ze
and consequently vanishes, the form being 0. There are two such factors, viz. the
radical Vpda.pdB may be either 4+ or —, hence the norm is = 02
31. But it is to be further shown that the line is tacnodal, each sheet of the
surface being touched along the line by the plane w=0: we have to show that the
{Surface abedap.}
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factor operated upon by A =X8,+ Y8,+ Z5,+ W,, reduces itself for 2=0, w=0 to
a multiple of W. Considering the factor in the form of a determinant, the result of
the operation is

X, Wirumd,~iWal+ (1 (AL U M H
Vpaa.paB, @u Yir %ar AvVpaa.paB, @u Yar Zas
Vpba .pbB, @, Wy 2, . ANpba. pbB, @, b, 2,
Vpoa poB, @ Yoo 7, - | | ANpea.poB, T Yo 2o
Vpda . pdB, w4, Ya, Za, Wa AVpda pdB, g4, Ya» Zay Wa

the first term is

ATV Z, s
2V Lds, @a, Yoy 2
Zb\/fu‘fs, T, Yv> %b,

Z; \/IGIB) Le, Z/c; Ze,

Vpda.pﬁ,@, das ez A
where the first column may be replaced by
- ZWNT.I, |
Vpda. pdB - VT,
and the term in question thus becomes
(weZ NT, Ty + W (— 24 VI I +V pda. pdB)} . abe,

if for shortness
Zay Yas Za = abc.

Ty, Yo, 2
Zey Yoo Ze
As regards the second term, we have

__paa.ApaB + paB . Apaa

A Vpaa. paB = MLE 4
POt pafs 2 Vpaa. paB 4
which is
1. ApaB + Iz Apaa
oI,
But
pao=2x (= ga2s) + Y (fa2a) + 2 (Jaa —faYa) + W (Uay — balYq — CaZa),
= Zg (Fa2 — QW) + Yo (—fa2 — Da®W) + 24 (— Ga® + fal — CaW) ;

and thence

Apaa =z (§al = 6a W) + Yo (=foal = ba W) + 24 (— g X +fuY — ca W),
{Surface abedag.}
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with the like formula for ApaB; hence

1,Apaf + IsApaa

o T AT U

where

1
A={7ﬁﬂh(yz—mﬂn+h(wz—wwﬁ

i
B=pg, B It LRI,

1
P o b o e o gl i e -y 20
2\/1"[5{/3( Go X +fu¥ = caW) + Lo (= ga X + oY — s W)}

The term in question is thus
o, s
Az + By, + Cz,, %3y Yar 2a
Aay+ By, + Czy, @, Yo, 2,
Az, + By, + C2, @, Yeb 2,
A '\/pdd .'p-c-l,_B/ y Za, Yas Zay Wa

viz. replacing the first column by

— Az - By

AWVpda.pdB — Azg— Byg— Czg;
this is
=(4z + By)wg. abc;

and we have
1 [ In( guz—=fu)+1.( gz —fey)lZ

VI I [+ Ig (— @z —bay) + Lo (— agz — bgy)] W,

L _(ernnz-Mw),

Az + By =

TYVET
if for shortness

M= (- gpz + f3y) (tae + bay) + (— gu + fay) (apz + bgy) ;

viz. the whole term is

e M
wy {— NI 17 - ;/%Ialp W} abe.

Hence the first and second terms together are
=W {_ 2 VI, I + Npda. pdB — L 2.4l wd} abe ;
1,1,
viz. this is a multiple of W, which was the theorem to be proved.

{Surface abedaf.} !
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Surface abcary.
32. The equation is
Norm | ¥paa, Vpba, Vpex |=0,
VpaB, VpbB, VpeB
Vpay, Vpby, Vpey

where the norm is a product of 16 factors, each of the order 3. As before, paa=0
is the equation of the plane through the point @ and the line a; viz. paa has the
value already mentioned.

33. [Investigation. In the projection, the equation of the conic touching the pro-
jections of the lines a, B, v is

AVP. X+ Q.Y+ R Z+BVP X + QaV + RoZ + CVP,X + Q¥ + B, Z=0;

and to make this pass through the projection of the point @, we must write herein
X :Y:Z=p,: q,: rs. As before, we have

P X+QY+RiZ= we(z Pty Q.+2R,)
— W (% Pa+ Yo Qu + 2.R0),
=— W (% Pa + Y4 Qu + 24 Ra + w,S,),

=—w.paa;
and so for the other terms; the equation thus is
A Npaa + BVpaB + CVpay = 0;

or forming the like equations in regard to the points b, ¢ respectively, and eliminating
we have a determinant =0, and then, taking the norm, we obtain the above-written
equation of the surface.

34. Singularities. The equation of the surface shows that

(0) The point @ is 8-conical: in fact, for the point in question we have
paa=0, paB=0, pay=0; each factor is 0} and the norm is 0

(1) The line ab is 4-tuple. To prove this, observe that the sixteen factors are
obtained by attributing at pleasure the signs +, — to the radicals
N pbB, NpcB, Vpby, Vpey; hence there are four factors in which ¥pbB3, ¥pby
have determinate signs, but in which we attribute to the radicals

VpeB, ¥pey the signs + or — at pleasure. It is to be shown that the
four factors each vanish for a point on the line ab; that is, on writing
therein for z, y, 2z, w the values uw,+vey, uys+vys, & But we thus

{Surface abcafy.}
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have, as before, paa=—v.aba and pbx=wu.aba, with the like formule with
B and v in place of a. The factor thus becomes

N —uv| Vaba, Naba, Vpca |
VaB, Vabh, VpB

s A g Ve
which vanishes, being =0'; and the norm is thus =0¢ viz. the line is
4-tuple.

(2) The line a is 8-tuple: in fact, for a point on the line we have paa=0,
pba =0, pca=0, whence each factor vanishes, being =0} and the norm
is therefore 02

(8) The line (ab, «, B, ) is 4-tuple: in fact, writing 2=0, w=0 for the
equations of the line, we have h,=0, hg=0, h,=0, and 2z, — zw,= 0,
Or Say W, = NzZ,, W, = Az,. Hence, writing

I=(g-ra)z—(f+2rb)y,

viz. Io=(go—Na) 22— (fs +Aby) 7y, &ec., for z=0, w=0, we have paa =z2,71,,
pba=z,1,; and similarly vaB =2,1p, pbB=2z,1p, and pay=2z,1,, pby=21,.
The factor thus is

Sty VTN W )
VIs, VI, VpeB
VI, WNI,, “poy

which vanishes, being =0'; there are four such factors, or the norm
is 0¢; whence the line is 4-tuple.

(8) The line abc.a.B is a 4-tuple line. To prove it, take as before w=0 for
the equation of the plane abe, and (z=0, w=0) for the equations of
the line in question. We have h,=0, h=0, w,=0, wp=0, w,=0;
whence (if 2=0, w=0), writing for shortness I =gz —fy (viz. L.=g.x —f,y,
Ig=gpx — fpy), we have paa, pba, pca=I,z,, L.z, L.z, and similarly
paf, pbB, peB = Igz,, Igzy, lpz,: the factor thus is

’\/qua, ’ ,\/Iazb) ,\/Iazc
’\/ng_a, '\/‘[ﬁ Zbs VIﬁ—%-

Vpay , Npby, Vpoy

which vanishes, being = 0': and there are four such factors, obtained by

giving to the radicals the signs 4, — at pleasure: hence the norm is
=
{Surface abcapy.}
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Surface abaBrysd.
35. The equation is

Norm {Vpaa. pba. p*Bys — NpaB . pbB . p*ySa+ Vpay . pby . p*8aB — Vpas . pbs . p*aBy} =0,

where the norm 1is the product of 8 factors each of the order 3. As before, paa =0
is the equation of the plane through the point « and the line «; viz. paa has the
value previously mentioned : and p*Byd=0 is the equation of the quadric surface through
the lines B, v, 8. ]

36. JInvestigation. In the projection, taking & %, { as current line-coordinates, the
equation of the conic passing through the projections of the points @, b is

V(Pak+ qan + 1) (o€ + @ +18) + AE+ F 4+ 0 =0,
where A, B, C are arbitrary coefficients. To make this touch the projection of the
line a, we must write £ : 9 : =P, : Q, : R,; and then
Pab +qan + 10l = PaPa+ qaQa + 1ok,
= w,(z P.+y Q.+2R,)
=W (#aPa+ YaQa + 22 Ra),
=—wW (% Pa+ YoQa+ 2. Ra +w,S,),

=—w. paa,
and similarly

o€+ @ + 18 =—w. pba.

Hence the equation is
w Vpaa.pba+ AP, + BQ, + CR,=0;

and forming the like equations for the lines 3, v, & respectively, and eliminating, we
have

G B ol B0
VpaB.pbB, Ps, Qs Rs
Vpay .pby, P,, Qy, R,
Yot 7858, e o

which, throwing out a factor w, becomes

Vpaa. pba. p*Byd — VpaB . pbB . pyda + N pary . pby . p*8aB — N pad . pbd . paBy=0;
or, taking the norm, we have the above written equation.
37. Singularities. The equation shows that

(0) The point a is a 4-conical point; in fact, for the point in question we have
paa=0, paB=0, pay=0, pad=0; ecach factor is =0% and the norm
is =04

{Surface abafByd.}
C. VIIL 16
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(1) The line ab is a 2-tuple line.

abx. p*Byd — abB . p*yda+ aby . p*daB — abd . p*afy.

[503

To prove this, we have for the coordinates
of a point on the line in question wux,+vay, uy, + vyy, &e.; the values
of paa, pba become as before —v.aba, + u.aba, and similarly for paB, pbB,
&c.; so that, omitting the constant factor & —uw, the value of the
factor is

Taking (a, b, ¢, f, g, h) for the coordinates of the line ab, we have

aba = af, + bga + chq + fa, + gba+ he,,

with the like expressions for abB, &c.; and substituting for p*By8, &c. their values,
the factor is

a?

2

Y

22

w?

Yy

W

Yz

X

2y

Jagh

bagh

cagh

gbhf

abhf

cbhf

hefg
acfy
befy

JSabe
gabe
habe

Jabg — fach
— gach
habg

— bach

cabg

Sbech

gbch — gabf
— habf

abch

— cabf

—Sbeg
geaf
heaf — hbeg
— abeg

beaf

gehf
hbfg
abfy + achf
behf

cbfy

Jegh
hafy

acgh
begh + bafg

cafy

Sfogh
gahf

abgh
bahf
cahf + cbgh

viz. the value of the factor is {a(fagh)+ g (bagh) +h (cagh)} 2* + &e., where fagh = f,azg,hs
is the determinant

foa

g h

b

the suffixes in the four lines being a, S, v, 8 respectively.

Collecting, this is

(

cbhfy — befgz + fabew) (

(- caghz

(+ baghaz — abhfy

+ acfgz + gabew) (— ha

+ habew) ( gz —1fy

(= afgha — bfghy — cfghz

+ begh [w (az + by +c2) — z (
+ cahf[w (az + by + cz) — y (— hz

by — gz + aw)
; +fz+bw)

)( az+by+ecz

+abfg[w(@az+by +cz) -2 ( gz —1y

or, what is the same thing,

{Surface abedap.}
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where

I

{= beghx + cbhfy — befyz + fabew),

{— caghx + cahfy + acfyz + gabew),

{+ baghz — abhfy + abfyz + habcw)},

{— afghx — bfghy — cfghz + (begh + cahf + abfy) w},
hy — gz + aw),

=(—hz . +fz +bw),

R=( gz—fy . +cw),

S=( az+by+cz .)=0,

O Ny Bk
Il

the right-hand factors vanishing for the values wuz, + v, of the coordinates.

38. It thus appears so far that the factor is =0'; it is, in fact, =0° viz. we
can show that, operating upon it with

A=Xd,+ Yd,+ Zd, + Wd,,

the value (for any point of the line ab) is =0. We have

AV paa. pbd .p*Byd = paa . lba + pba . laa
2V paa . pba

p*ByS +Npaa.pba. A, p*Bys,

where lba (= Apba) is what pba becomes on writing therein (X, ¥, Z, W) in place of
(#, y, 2, w). Writing, as before, for z, y, 2z, w the values wuz,+va,, &c, we have
paa=—v.aba, pba=u.aba; and putting for shortness

—v.lba+ u.laa=lka, &c.,
the expression in question, divided by v — uv, is
= — 2vu {aba . Ap*Byd — &c.}
+ {lka . p*Byd —&c.,

where, denoting the determinants

X } Z w
ULy — VTp, UYaq—VYp, UZq—VZpy UWg— VW
by (a/, b, ¢, f, g, '), we have
lka=a/f, + b'fa+ ¢'ga + f'ta + g'ba + ha.
But aba.Ap*ByS = Aaba.p*Byd, since aba is independent of (z, y, 2, w); and the

expression 1s
=—2wA (AP + BQ + CR + DXS)
+ AP +BQ +CR + DS,

{Surface abedaf.}
16—2
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where P, (¢, R, 8’ denote h'y —g'z+a'w, &c., and where, finally, z, y, 2z, w are to be
replaced by wuw, + vay, &c.  Since for these values P, @, R, S vanish, the expression

becomes
=—20u (AAP + BAQ + CAR + DAS)

+ AP +Bg +CR + DS’;
=A (P = 2uwAP) + B(Q — 2uvAQ) + C (R’ — 2uwvAR) + D (8’ — 2uvAS)

that is

and we have, in fact, P'— 2uvAP =0, &c. For, writing for a moment

T, Y, 2, W =UTy+ VTp, UYs+ VYp, UZq + VZp, uWg + v,

&, oy, 2, W =uxg — vy, WYs— VY, UZg— VZp, Ug — VW

then, for instance,
S'=a'z+Dby+ce
where
a, Vv, /=Y-2y, Za' - Xz, Xy - Ya';
and thence

S==| XY, Z

A

r AT SRR
= 2uv(aX +b¥ +cZ)
= 2uvAS;

and similarly for the other equations. The factor is thus =0?; there is only one such
factor, and the line ab is double.

(2) The line a is an 8-tuple line: in fact, for a point on the line we have
paa=0, pba=0, pyda=0, pdaB =0, p’aBy=0; and the factor vanishes, being = 0.
Each of the factors is 0%, and the norm is =08

39. (3) The line [ab, a, B, y] is a double line. To prove this, observe first thaf
for a point on this line we have p*aBy=0.

Taking as before z=0, w=0 for the equation of the line ab, a, B, v, we have
he=0, hg=0, hy=0, and z,wp — 2w, =0; or say w, =Nz, w,=\z; whence, writing for
shortness I=—(g—Na)z+ (f+Ab)y, viz. To=—(ga— M)z + (fo + Ab.) y, we have (when
2=0, w=0) paa=z,1,, pba=z1l., or omitting the factor e «/paa: pba=1,; and so

for «/paﬁ‘pbﬁ and Vpay.pby. The factor thus is
L. p°By8 — Iy . p*yda+ I, . p*8af3;
viz. writing 2=0, w=0 in the expressions of p°By3, &c. this may be written
2 [(g —na)z — (f+Ab) y] {(agh) @ + [(alf) + (bgh)] wy + (BRF) v},
where observe that = denotes a sum of three terms of the form

a.fBy8 —B.yda+ry. ap.

{Surface abedaf, }
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Adding thereto a fourth term —&.afBy, the value of the sum would be =afys, or
the sum of the three terms is =aByd+ 8.aBy, where the symbols represent deter-
minants. But in each case the determinant aBy is =0, as containing the column
ha, hg, hy, the terms of which are each =0: thus 2g.agh is =gagh—gs.agh, where
in gagh the suffixes are a, B, v, 6, and in agh they are a, B, vy: that is, we have
29 .agh=gagh. And the whole expression thus is

= z* (gagh—Aaagh)
+ @*y (gahf — Naahf + gbgh — kabgh — fagh — Nbagh)
+ zy® (9bhf — Nabhf — fahf — \bahf — f bgh — Abbgh)
+ 9 — fhbf — NbbhS),
where gahf denotes the determinant | g, a, &, f i, with the suffixes a, B, v, J, in the
four lines respectively, and so in other.cases: the terms, such as gagh, which contain
a twice-repeated letter, vanish of themselves; and in the coefficients of 2% and zy? the

terms which do not separately vanish destroy each other in pairs, gahf— fagh =0, &c.;
whence the factor vanishes, being =0!; there are two such factors (viz. the zero term

Vpald . pb8 . p'aBy may be taken with the sign + or — at pleasure), and the norm is thus
=02

40. But the line is tacnodal, each sheet of the surface touching along the line in
question the hyperboloid p*By. To prove this, write

A=X8,+ Y8, +25,+ Wéy;
we have for the hyperboloid, writing z=0, w=0,
Ap*aBy =(afg .z + bfyg.y) Z + (abg .z — abf.y) W ;
and it is to be shown that
A (Vpaa.. pba. pByd — VpaB . pbB . pyda +Npay . pby . p*3aB F Npas. pbs . pafy)
each contain the factor Ap®aBy; or, what is the same thing, that
b Py AR

contains the factor in question, 3 denoting the sum of the first three terms of the
original expression. The value is

p*By8 + Vpaa. pba. Ap%ryS) ;

=z<p&d-Pba+pba.Paa
2\/pcu.];b?t

where Paa, = Apaa, denotes what paa becomes on writing therein X, Y, Z, W for
@, y, z, w; and the like as to Pba. Substituting for paa and pba their values 2,7/, and

2, I,, and multiplying by ’\/27171), the expression is

=3 {(24Pba + 2z, Paa) p*Byd + 22423 1. Ap*Byd),
{Surface abedaf.}
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where we have

24 Pba + zy Pao.
= 2 (% (490 — Waa) + Yo (= Zfa— Wba) + 24 [X (= g+ At) + Y (fa + Ab) + (MZ — W) cal}
+ 20 @ (Z9a — Waa) + Y (= Zfe — Who) + 2, [X (= ga +Aaa) + Y (fo +7ba) + (A2 — W) c.]},
= (2% + 2am) ( Z9.— Wa,)
+ (20Ya + 2ays) (— Zfa — Wb.)
+ 22,2 {X (= ga+ M) + Y (fo + Aba) + AZ — W) ¢4}

Also
Zatpla= 242, {(— ga + M) @ + (f2 + Nba) 9},

PByS= a*.agh + zy (ahf + bgh) + y*. hbf,
ApByd= X.2z.agh+ y (ahf + bgh)
+ Y.z (ahf + bgh) + 2y . hbf
+Z .z (cgh+ afy) + y (bfg+ chf)
+ W. z (abg — cah) + y (bch — abf).

41. The whole expression is a linear function of X, ¥, Z, W, and it is easy to
see d priori, or to verify, that the coefficients of X, ¥, each of them vanish. The
coefficient of Z is

=3 (260 + 2a%) 9o — (2Ya + 2a15) Ja + 202,200} p*Bryd
+ 2202 [(— ga + Maa) 2 + (fa + Nba) ] [ (cgh + afg) + y (bfy + chf)),

with a like expression for the coefficient of W.
The foregoing expression may be written

(260 + 2ap) 2 g [agh . & + (ahf + bgh) zy + DS . y?]
~ (2o + 2us) . flagh. a* + (alf + bgh) ay + BIF . 7]
+ 2242 2 (¢ [agh . a* + (ahf + bgh) zy + bhf . o?]
+(az + by) [(cgh + afg) = + (bfy + chf) y]}
+2202% (= g2 +y) [(egh + afy) @ + By + chf) y])

The first sum is
#*. gagh + zy (gahf + gbgh) + 12 . gbhf,
=—ay .afgh—1*. bfgh,
=—hsy (afg .2 +bfy.9);
where afy, bfy denote detérminants with the suffixes a, 8, 1. Similarly the second
sum is

=—hsz (afg . 2+ bfy.vy) ;
(as@ +bsy) (afy . # + bfg . ),
(—gs2 +15y) (afy . 2+ bfg . y).

the third sum is

and the fourth sum is

{Surface abcdaf.}
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The whole coefficient of Z thus contains the factor (afy.z+bfy.y); and similarly it
would appear that the whole coefficient of W contains the factor (abg.z—abf.y), the
other factor being the same in each case; viz. the two terms together are

+ (%Yo + 2ayp) Wz
1 + 20202y (a5 + bsy)
+ 2zazb(—g5:c -l-f:sy)

{ — (234 + 20203) hsy

{Z(afy .2 +bfg.y)+ W (abg.z — abf. y)};

where the second factor is Ap’zBy, which is the required result. See post, Nos. 59
et seq.

42. (4) The line [a, B, v, 8] is an 8-tuple line; in fact, for any point of the
line in question we have p’By6=0, p*yda=0, p*3aB =0, p’aBy=0; whence each factor
is 0%, or the norm is 08

I notice that the surface meets the quadric p®aBy in

lines a, B, ¢ each 8 times 24
w (% B, %> 3) » » 16
Lh] (a’b) a’ /3) 'Y) » 4‘ » 8

24 x 2=48

Surface aaByde.
43. The equation is

(p*aBe . pyde. p*aay . 6B + piaye . p*6Be. p*aa. yd)
—4p*aBe . pPyde . playe . p*8Pe. pafBy. p*oBy . paa. pda=0;

or, what is the same thing,

(p*aBe. p*yde. plaary . 8B — plarye . p*8Be . plaaf3 . yd):
— dp*afe. pryde. paye. p*8Be . p*Bad . p*yad . pBa.pya=0;
the equivalence of the two depending on the identity

plaaB.yd. plaary . 8B
— p*aPy . p*By . paa. pda
+ p*Bad. p*yad . pBa.pya=0;
where, as before, paBe=0 is the equation of the quadric through the lines a, B, e
and pac=0 is the equation of the plane through the line a and the point a; viz

paBe, &c., and paa, &c., have the values already mentioned: p'eaB.y3=0 as already
mentioned is the cubic surface through the lines a, B, 4, 8 and azB, ayd.

{Surface aaByde.}
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44. Investigation. In the projection, using line-coordinates, the equation of the
conic touching the five lines may be written

| &, », E)|=0;

|

(P @ Ry
where the symbol denotes a determinant the last five lines of which are obtained by
giving to (P, @, R) the suffixes @, B, v, 8, e respectively. This is at once transformed

into
afBe.yde . ayA . 8BA — aye . 8Be. aBA . ySA =0,

or, what is the same thing,
paBe. piyde. ayA . 8BA — playe. p*8Be.aBA . y6A =0 ;
pzaﬁe .pg'yse (AI/E + -B/l/'7 + G/IC) (A///§+ ‘B///,'] + C///g)
—playe. p0Be (AE+ By + C0) (A’ + B+ C'5)=0;
where p*aBe, &c., signify as before ; and
AE+B’Y)+G§= E y M ; )
‘ Pa: Qa., Ra
| Ps, Qs B

and so for A’E+ B'n+ C’¢, &c., the suffixes for A4’, B/, (" being (v, 8); and those for
A"E+B"n+ 0" and A”E+ B 'n+ C"”'¢ being (a, vy) and (8, B) respectively.

or say

45. Passing to the reciprocal equation, and making the conic pass through the
point a, we obtain the equation of the surface in the form
{pPaye.p*dBe | pa; Qur 7o |—paPe.pyde | Puy Qus Ta |J
A ; B : C A/I, B i C//
Al, BI’ C” ‘ A'I/’ BI’/’ OI/I
+ dp*aye . p0Be.p*aBe . p'yde | Pu, Ga, Ta | Pas Qa, Ta |=0;

A5 APL L € Y 5O ; AR
A//’ B/I, OII | AII/, B’Il’ Cl”

or in the equivalent form, where in the first term we have + instead of —, and
in the second term the determinants are

pa ] {la ] Ta ) pa > Qa, b "'a,
b i) S5 ST 1) AT B R
A /1/, .B”/, O " A ” ] B”, 0//

46. To reduce this result, observe that we have

A B O’=f} hy —gz +aw, —hze +fz +bw, gw —fy +ow ‘
KNy—gz+adw, —We+fz+bdw, gz—fy+cw |
{Surface aafyde.}
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where, for convenience, I retain the unaccented and accented letters (a,...), («,...)
instead of these letters with the suffixes a and B respectively. Writing as before

L =(af —df)z+...
M =(ag'—d'g)z+ ...
N =(ah —a'h)z+ ...
Q =@gh—gh)z+...

then
A =Qx — Lw,
B =Qy — Mw,
C =Qz — Nw,
and similarly
A =0z —L'w,
B =Q'y— Mw,
C'=Q2—Nw,

where for L', M’, N, Q' we have (a”,...) and (a”,...). Hence
BC-BC=w|y, z, w
M NS0
M N0
with like expressions for CA’—C’A and AB'—A'B; and substituting, we have
Par Qa» Ta |[=W| Pas Gas> Tas
A5 B e @, Yeorchebiiew
A B & LM W)
LM N 0!

or substituting for p,, g, 74 their values awy,— waa, yw, — wy,, zw, — wz,, this is

Pas Ga> Ta =—w|lz, ¥, 2, w
A, B, ¢ Loy Yas 2g, Wy,
Abhi B O Lol Ny @

dl; O, ol O
whence, omitting the factors w? the equation is

(paye.pBe| 2, ¥y, 2, w —p2aBe.p'“’f73€!w T o S ]

Zay Yar Zas Wa o> Ya 5 24 , Wa
L, M N0 DA My ot
B Ak N0 U il s
+ dp*aye . p*0Be . p*aBe .p*yde | & , Yy , 2, w z, Yy , &, w |=0,
Zgs Ya > 2a, Wq Lo, Yo 5 %0 5 Wa
Al [ e ) M N )

L”’ M”, 1\7”’ QII ‘ Lm, ﬂ['”, Nm, (2”’
{Surface aafyde.}
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where I recall that for (Z,...), (Z,...), (L",...), (L",...) the suffixes are (a, B), (v, 0),
(a, ), and (8, B) respectively. The values of the first two determinants thus are
paeB.y8 and paay.8B respectively: that of the third is p*aaB.ay; viz this is
= p*aBy. paa; similarly, that of the fourth is p’ayd.8B, which is = — p*ady. 8B =+ p*adB.dy;
or finally this is = p®6By.pad. And we have thus the before-mentioned equation of the
surface.

47.  Singularities. The equation of the surface shows that

(0) The point @ is a 2-conical point: in fact, we have for this point p’aaB.yd=0,
plaay.88=0, paa=0, pad=0.

(2) The line a is a 4-tuple line: in fact, for any point on this line p*aBe =0,
plaaB.y8 =0, paye=0, paay.dB =0, p*aBy =0, paa=0.

(4) The line (a, B, v, €) is a 2-tuple line: in fact, for any point on the line
we have p*aBe=0, p*aye=0.

(10) The excuboquartic aBe.y8.a is a simple curve: in fact, for any point of
this curve we have p*aBe=0, paaB.y8 =0, these two surfaces inter-
secting in the lines @, B and the curve. It is, moreover, obvious that
the surface is touched along the curve by the hyperboloid p*fe.

I notice that the surface meets the quadric pzBy in

lines (a, B, y) each 4 times, 12

s oy By, 0) " hwies, 4
) (a) :8; v G) 2 » 4
curve aafy.de 5 i 8
14'%'2 =28

Surface afyde.
48. The equation of the surface may be written

paBe . piyde . playl. p*dBE — p*aBE. p'ydt . p'aye. p*8Be =0,

where p'afBe=0 is the equation of the quadric through the lines a, B, €; viz. paBe
has the value already mentioned.

The form is one of 45 like forms depending on the partitionment

Ja,B. v
ay .88+ (¢, &)
l.as e

of the six letters.
{Surface aBydef.}
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49. Investigation. The projections of the six lines are tangents to a conic: the
condition for this is (P, @, R)*=0, where the left-hand side represents the determinant
obtained by writing successively (P., Qu, R.), &c. for (P, @, R). The equation may be

written
ofe . e .ayl. 8B — aBE.y8¢. aye . 8By =0,
where
G,BG = Pa., Qa; -Ru
Pﬂ: . QB’ RB
'PG ) Q! ) ‘R'

and substituting for P., &c., their values, we have aBe=w.p*aBe; whence the fore-
going result.

50. Singularities. The equation shows that

(2) The line a is a 2-tuple line: in fact, for each point of the line we have
paBe=0, p*ay& =0, p’aB¢=0, p*aye=0.

(4) The line (a, B, ¢ &) is a simple line: in fact, for each point of the line
we have p2aBe =0, paB¢=0. :

(9) The quadriquadric aBe.y8¢=0 is a simple curve on the surface: in fact,
for each point of the curve we have p’aBe=0, p*y8¢=0.

It may be remarked that the surface meets the hyperboloid p*zBe in
lines (a, B, €) each twice, 6
u (i Bye )i, +once, 2
sod(@nBeidsos oy 2

2 (d, B; €, {) » » 2
curve afe.yd¢ v 48 4

9% 8=16

51. It might be thought that there should be on the surface some curve aByde,
such as the cubic abedef on the surface abedef; but I cannot find that this is so.
The equation of the surface is satisfied if we have simultaneously (A being arbitrary)

p’aBe . playl — Ap*aBE. playe =0,
Ap*yde . p6BE— pyd¢ . p*6Be=0;

which equations represent quartic surfaces, the first of them having a for a double
line, and passing through the lines B, v, ¢, ¢ (13+4 x5=33 conditions, so that the
equation of such a surface contains only an arbitrary parameter \); and the second
having 8 for a double line, and passing through the lines B, v, ¢, & But I see
no condition by which A can be determined so as to have the same value in the
two equations respectively. Of course, leaving it arbitrary, the two quartic surfaces
intersect in the lines B, 4, ¢ ¢ and in a curve of the order 12 depending on the
arbitrary value of A, which curve lies on the surface aBydel.

{Surface aBydef.}
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The Excuboquartic afry, 8, a.

52. The notion is, that we have a fixed point @, two fixed lines §, ¢ and a
singly infinite series of lines, or say the generating lines of a skew surface: each
generating line determines, with the point @, a plane; and if in this plane we draw,
meeting the lines 8, ¢ a line to meet the generating line in a point P, then the
locus of this point P is the curve about to be considered.

53. In the case in question, the singly infinite series of lines is that of the lines
which meet each of the lines a, B, ¢, or say these are the generatrices of the hyper-
boloid aBy: the locus, or curve aBy, 8¢ a, is (as mentioned above) an excuboquartic.
It is not necessary for the purpose of the memoir, but it is interesting to consider in
conjunction therewith the excuboquartic arising in like manner from the directrices of
the hyperboloid; it will appear that the two curves are the complete intersection of
the quadric @By by a quartic surface. Observe that the two curves are given as
follows: viz. considering for the quadric aBy any tangent-plane through the point a,
and drawing in this plane, to meet the lines 8 and ¢ a line, this meets the section
of the quadric surface by the tangent-plane in two points, the locus of which is the
aggregate of the two curves: viz. the section being a line-pair, the two points belong,
one of them to a generatrix and the other to a directrix of the quadric surface.

54. It is convenient to take =0, y =0 for the equations of the line 8; z=0, w=0
for those of the line e: for then, for any plane Az + By+ Cz+ Dw=0, the line in this
plane and meeting the lines & and e has for its equations Az + By =0, Cz+Dw=0;
or, what is the same thing, for the plane P=0 the equations of the line are
P,,=0, P,y=0, where P,,, P,, denote the terms in #, y and in 2z, w respectively.

I take also z,, v,, 2, w, for the coordinates of the point a, and PS—QR=0 for
the equation of the quadric surface, P, @, R, S being given linear functions of (z, y, 2, w):
we have then say P—0OR=0, Q—60S=0 for the equations of any generatrix, and
P—¢Q=0, R—$S=0 for the equations of any directrix of the hyperboloid.
The equation of the plane through the point @ and the generatrix P —60R =0,
Q—08=0, is clearly
(Q—08)(P —6R )—(P,—0R)(Q —68 )=0;
so that for the line in this plane, meeting the lines & and ¢ we have
(Qo"‘ 0»5'0) (ny " GR:cy) ey (Po i 0Ro) (Qxy e G‘S’xy) = O;
(Qo — 08,) (P2w—OR,,) — (P,— 6R,) (sz - 608.,)=0;

and joining thereto the equations
H—P Q=Pﬂiy+Pzw_Qxy+Qzuf

_R_S -Ra:y+sz—Rzy+sz‘

(equivalent in all to three equations,) the elimination of 6 gives the required curve:
the equations thus are

PS—QR=0,
(QOS T QSO) (P:tyR —Png) % (POR_PRO) (Qx?/S a sty) =0,
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or, as the second equation may also be written,
(QOS - Qso) (nysz B Pz'szy) - (POR i P-RO) (waSzw = sz‘sxy) =0;

viz, the second equation represents a cubic surface having upon it the lines (P =0, R=0)
and (=0, S=0): it therefore intersects the quadric PS— QR =0 in these two lines,
and besides in an excuboquartic curve, which is the required locus.

55. Representing the determinants

B2 At S R LS by.(a, by e, g, b)) iz al=0R, — QR .
|Po: Qo’ Ro; So f’=PSo—P0S,...;

PW' sz: Rﬂ?‘.’l’ Sxy »by(a, b, ¢, f, g, h), viz. a =szsz_szny;---;
Py, Qs Rowy, Sw

so that (a,...) are linear functions, (a,...) quadric functions, of the coordinates; the
equation of the cubic surface is gbh’—bg’ =0, viz. the excuboquartic arising from the
generatrices is the partial intersection of the quadric PS—QR=0 and the -cubic
gb’'—g'b=0; the two surfaces besides intersecting in the lines (P=0, R=0) and
(=043 =0)

It appears, in the same manner, that the excuboquartic arising from the directrices
is the partial intersection of the quadric PS—QR=0 and the cubic hc'—ch’=0; the
two surfaces besides intersecting in the lines (P =0, @ =0) and (R=0, S=0).

56. But the elimination may be performed in a different manner, as follows:
from the first two equations in @, multiplying by P.., — Pz and adding, and so with
Quw, — Quy, &c., we obtain

(@—068)( —6b) — (Py--0R)(—c+6f)=0,
(Qo—eso)( c+‘93') sy (PO_eRO)( 9g)=0’
(@—08)(=b ) — (Po—0R,)( a+6h)=0,

(Q@—68)( f—6h) — (P,—06R)( g )=0.
We then have
_—c+0f c+0a
“a+6h  f-6h’
or, what is the same thing,
h#*+ (a—-£f)0+c=0.

Using this equation, written in the form (a+ 6h) #=—c+ 60f, to transform the first or
third of the four equations in 6, we obtain

—aP, —bQ,—cR,+ 6 (—hP, . +fR, +bS;)=0;

and using the same equation, written in the form (f—6h)6@=c+ fa, to transform the
second or fourth equation, we obtain

gPO_fQo +CSo+0( th“gRo‘*'aS0)=0;
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and hence, eliminating 6, we obtain
(hQ,— gR, + a8,) (= aPy— bQ, — cR,) — (— hP, + fR, + bS,) (gPs — fQy. + ¢S;) = 0,

which, as being of the second order in (a,...), represents a quartic surface. The
equation remains unaltered by the interchange of @, R, and the consequent interchanges
among (a, b, ¢, f, g, h): hence the quartic surface contains not only the excuboquartic
arising from the generatrices, but also that arising from the directrices; and these
two curves are the complete intersection of the quartic by the quadric PS—QR=0.

57. I obtain this same result also as follows. Consider a point (P, @, R,, S))
on the quadric surface; P,S,— @Q,R,=0; the tangent plane at the point is
PS8, — QR, —RQ, + 8P, =0;
and if this passes through the point @, then
PSS, - QR,— R,Q,+ S, P, =0.

The line which in the tangent-plane meets the lines 8, ¢ is given, as before, by the
equations

PuyS, — Quy R, — Ry @+ Spy P, =0,
BgaS = Qe — Ry O st S SR 0
Remembering the significations of (a,...), the last three equations give
Stk il P ¥ h@, — gR, + aS,
: —hP, . +fR,+DbS,
: gP—1Q, . +¢f
: —aPy—b@Q,—cR, . ;

and substituting these values in S,P,— @, R,=0, we have the above equation of the
quadric surface.

58. Or again, changing the notation, I take the equation of the quadric surface

to be
(@,b,¢,d,f,9,h,l,m,nl= vy, 2 wp=0.

A tangent-plane hereof is
Ex+ny+ie+ 0ow=0,

where & 7, {, o are any quantities satisfying the relation

(A} B} 0} -D: F, G; H: LJ M NEE’ "7’ é‘l (l.))2=0,
the capitals denoting the inverse coefficients.
Supposing that the tangent-plane passes through a fixed point @, coordinates

(a, B, v, 8), we have
af + By +y&+ 6w =0;
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and if the equations of the lines §, ¢ are as before (z=0, y=0) and (¢=0, w=0);
then for the line in the tangent-plane meeting the lines &, ¢, we have
Ex+ny=0, &+ow=0.
These last equations may be represented by
E=ly, n=-lz, C=mw, o=-mz;

and, substituting these values, we have

4,.. 3y, —lz, mw. —mz)* =0,

(a,..Qly, —le, mw, —mz) =0,
that is

(Ay* —2Hzy + Ba®, — Faw + Gyw — Lyz + Mzz, Cuw? — 2Nwz + D2*{l, m)* =0,
and

(ay — Bz, yw — 8241, m)=0.
Whence, eliminating /, m, we have the quartic equation

(Ay*—2Hzy + Ba?, — Faw + Gyw — Lyz + Maz, Cw* — 2Nzw + D2*Yyw — 82, Bz — ay)? = 0.

Further Investigation as to the Surface abaSyd.

59. The theorem that in the surface abaByd, the equation of which is

Norm {Vpaa. pba. p*Byd — '\/paﬁ .pbB . pPyda + v i)ﬁry . pby . p*6aB — v pad . pbd . p*aBy} =0;

the lines (ab, @, B, ) are tacnodal, each sheet touching along the line the quadric
pYaBy, may be proved in a different manner by investigating the intersection of the
surface with the quadric p’aBry.

For this purpose take the equation of the quadric to be yz—aw=0; the equations
of the lines a, B, v will be

z—)\aw=0> <z—7t5'w=0> <z—7\.,w=0>_

<w—>»,,y=0 ’ z—Ngy =0 : z—Ny=0 ;

and we may write (a, b, ¢, f, g, k) for the coordinates of the line 8. The equation of
the surface will be

Norm {2 [+ Vpaa.pba(hg—2Ny) ( (@=f)zz— (Mg +Ny) yz+Nehyyw) ]
+ (b= 9) M)y (y2 — 2w)
+c (2 —Ngw) (2 — \yw)
+h(z—Ny) (@ —Ny2)

_V paS . b8 (hs = Ay) (hy = Xe) (e = hg) (¥2 — ww>} :
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where = denotes the sum of the three terms obtained by the cyclical interchange of

a, B, v; and
paa= (2, — Mvg) (& — Ay) — (%o — MYa) (2 — Mw),

pba= (25 — Mwp) (2 — Ny) — (2o — M) (2 — Mw) ;
M here standing for A, ; and similarly for pagB, &e.

60. To obtain the intersection with zw —yz=0, writing 'w="%6f , then

pan=[z— M= @ =g (@ —2y), (A=),

pba = [z, — A w, — g (2 — Myp)] (2 —NY) 5

or say &
Npaa. pba = N M, ( —Nay);

also the expression in { } becomes

2
={(@=) S+ o5 +h (@ —2sy) = M) 5
so that the norm in question is

Norm 3 WM. (s = ) {(@=F) 5 + 05+ 1} (2= M) (0= M) (@ = M)
or say
Norm $¥M. (vs = hy) {hat+ (a=f)2z + 2} (@ = ) @ = Wp) (2 = 19)

where M, is now considered to stand for
(2o — 2205) — N (W — y42)} {(2p@ — 220y) — N (W — Yp2)}.
Observing that the norm was originally the product of 8 factors, this breaks up into

{ha? + (a —f) 22 + o2 {(& — May) (2 — Npy) (@ = Myy)}* =0,
and
Norm? VM, (Ag —\y) =0,

where the new norm is the product of 4 factors.

61. Writing for greater convenience A, pu, v in place of A, Ag, Ay, and observing
that M, is a quadric function of A,, that is of A, the last-mentioned norm is

Norm VA + Bx + Oz (p —v),
which is easily seen to be

=(44C-B) (u—v) (v=AP (A —p)*;

or writing for a moment

(A+Br+0)=(P - QN (P —=QN),
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whence

A=PP, B=-(PQ+PQ), C=QQ;

then
140 - B =—(PQ - PQy;

and we have
P, Q =28 — 214, wox — Ya2,
’
P, Q =zx—z2m, ww—1y,
whence

PO — B0 = (zawa— 25Wy) &°
+ [Ya2s — Y120 — (@awy — wswa)] #2
+ (@aYp — TYa) 2*;
viz. if (a, b, ¢, f, g, h) are the coordinates of the line ab, this is
= ha®* + (a —f) wz + c22

Hence, omitting the constant factor (u —v)* (v=N)* (A—p)* {that is (\g—2y)* Ay —Aa)*(Na—Ng)4},
the foregoing equation norm?=0 becomes

[ha® + (a — f) 22 + c2?)* = 0,

and the intersections of the quadric with the surface are obtained by combining the
equation aw —yz=0 with the several equations

{ha® + (a —f) 2z + c2?}2 =0,

(@ = Nay) (# =2gy) (@ = My)P =0,

{ha*+ (a —f) 2z + c2?}¢ = 0;

viz. these are
lines (a, B, v, 8) each 8 times 16

line (=0, 2=0) 65 16
lines a, B, v each 8 24
line (#=0, y=0) 24, 24
lines [ab, @, B, y] each 4 8
line (z=0, 2=0) 8k B 8

(16 + 24+ 8) x 2 =48 + 48

But it is clear that the lines (z=0, y=0) and (#=0, z=0) are introduced by the
process of elimination, and are no part of the intersection. The complete intersection
consists of the lines (a, B, vy, 8) each 8 times, the lines (a, B, v) each 8 times, and
the lines [ab, @, B, v] each 4 times. But the last-mentioned lines being only double
lines on the surface, this means that the two sheets each touch the quadric surface,
or that the lines are tacnodal.

o iy 18
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