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O N  T H E  I N V E R S I O N O F  A  Q U A D R I C  S U R F A C E.

[ Fr o m t h e Q u art erl y  J o ur n al of  P ur e  a n d  A p pli e d  M at h e m ati cs,  v ol. xι.  ( 1 8 7 1),
p p. 2 8 3 — 2 8 8.]

T h e  i n v ersi o n i nt e n d e d t o b e c o nsi d er e d is t h at b y r e ci pr o c al r a di us v e ct ors, vi z.  
if X,  y, z ar e r e ct a n g ul ar c o or di n at es, a n d r ^ = a ?  +  y' ^  +  z ,̂ t h e n x, y, z ar e t o b e 

c h a n g e d i nt o — , . B ut  it is c o n v e ni e nt t o i ntr o d u c e f or h o m o g e n eit y  a f o urt h

c o or di n at e w,  =  1 ; a n d t h e c h a n g e t h e n is x, y, z i nt o , , .

St arti n g  fr o m t h e q u a dri c  s urf a c e 

or,  w h at  is t h e s a m e t hi n g.

=  0,

t h e e q u ati o n of  t h e i n v ers e s urf a c e is

=  0,

w h er e  r ^ =  x ^  +  y ^  +  z ∖ T h e  i n v ers e s urf a c e is t h us a q u arti c h a vi n g t h e n o d al c o ni c  
w  =  Q,  x ^  + y ^  +  z' ^ =  Q  ( cir cl e at i nfi nit y); a n d h a vi n g t h e n o d e x  =  0, y  =  0, z =  0 (t h e 
c e ntr e of  i n v ersi o n); or  s a y it is a n o d al bi cir c ul ar  q u arti c  s urf a c e, or  n o d al a n all a g m ati c.
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68 ON THE INVERSION OF A QUADRIC SURFACE. [498

For X, y, z write x — j y — and put for shortness 

then

becomes

Hence the equation is 

viz. arranging and reducing, this is 

and we may without loss of generality assume
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The equation then is

Write

λVe have

that is

and similarly

Hence also

and the equation is

This is Kummer’s form, say
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70 ON THE INVERSION OF A QUADRIC SURFACE. [498

where

Hence Kummer’s equation 

or say

becomes 

which is satisfied by 4λ = -Writing therefore 

that is 

the equation is 

viz. this is 
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which is of course satisfied by θ = 0. Moreover the derived equation 

is also satisfied by θ =≈0, so that this is a double root. The equation in fact is 

or, expanding and dividing by θ^, this is 

which gives the remaining three roots.

If a' = b' = c' the equation is

I recall that we have 

so that the quadric surface is 

and that, «j, βγ, γι, δι, a^, bι, denoting as before, the equation of the inverse surface 
(referred to a different origin) is
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