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498.

ON THE INVERSION OF A QUADRIC SURFACE.

rcm the arter ournat o ure an 1€ athematics, vol. XI. 2
F he Qu ly Ji l P d Applied Math ) 1 (1871)
pPp. 283—288.]

THE inversion intended to be considered is that by reciprocal radius vectors, viz
if #, y, z are rectangular coordinates, and 7*=2a"+3*+2% then @, y, z are to be

changed into %, 1—%, ;. But it is convenient to introduce for homogeneity a fourth
coordinate w, =1; and the change then is #, y, z into o %ﬁ-‘, g

Starting from the quadric surface
(a,b,c,d, f, 9 h l, m nlz, y, 2z, w)=0,
or, what is the same thing,
(@, b, ¢, f, 9, kY=, y, 2)
+ 2w (lz + my + n2)
+ dw* =0,
the equation of the inverse surface is
w (a, b, ¢, f, 9, k= y, 2)
+ 2w (lz + my + nz) r°
+ drt =0,
where 7 =a®+19*+2% The inverse surface is thus a quartic having the nodal conic
w=0, #*+y*+2°=0 (circle at infinity); and having the node =0, y=0, 2=0 (the

centre of inversion); or say it is a nodal bicircular quartic surface, or nodal anallagmatic.
9—2
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For z, y, z write w—%éw, y—%%w, z—%gw, and put for shortness

lz+my+nz=u, P+m*+n*=aq,

al + hm + gn = a, (a, b, ¢, f, g, KL, m, n)*=A
hl + bm + fn = b,

gl +fm+cn =c,

then
2 uw a
2 becomes 72— - +1 d—2w2,
a
la + my + nz »  w—igw,
(@i DB 8y 2R% b5 (a,...Yz, y, 2)* — (az + by + c2) %’+ 14 2}5

Hence the equation is

uw? a?
d{r“ 2r2d+w2( o > 3 71%74”’4}

,  uw? a 1.8
+2<w’"‘7+idﬂws)(“ ’}dw)
w w?
+'w2{(a, L 0, ar, z)g—(aw+by+cz)a+i-A $}=0;

viz. arranging and reducing, this is

drt
a 2
U o FLE RO CARY

+w3{ % —é(ax+by+cz)}

+w4{ T@da'*'iA } =0;
and we may without loss of generality assume
—m—n+j 0, that is df —mn =0,

—ﬂ+g=0, 5 dg —nl =0,

d

dh — lm = 0.
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The equation then is

Write

We have

that is

and similarly

Hence also

+w“{—

rd

rurltg@ st ((-g)os -+ (-7

+w3{ % (a.m+by+cz)}

a? 1
ad -0 =ald,
bd —m?=10'd,
cd —n® =c'd.
Im?  In?

l :
a=al+hm+gn=gn=al+ — d +—d—=a(ad—l2+a),

A= lg +l_g
a2 3
b=mb’+%°f,
c=nc + 2
=nd’ +-7.

A =Pa’ +m2 + n3c +Zl’

and the equation is

2
+ w! % 4‘—;& (Pa’ + m’ + n*’) + 1 %1} = 0.

This is Kummer’s form, say

r = 4w? {2 + By + 112 + §w? + 2w (e + by + ¢2)},
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where

_4a1= %d2 9

@ b’
A% 4181 %‘ d2 d )
all=o
B S
2
— 40, = 4d3(li’a, +m2b + n2c)+3—gd4,
l
iy 8al == o % )
mb’
Gilo it
ne'
— 8¢, =— ? 3
Hence Kummer’s equation
A O Yk e e
; I A+ By Aty
or say :
256a,® 2560, 25602
3 =
A O e il T P
becomes

4l2a’? 4m2b"™ " 4n2c?

a* (45~ +4x>+d4(1}— g+4x) & (45~ +4x)’

2
642 —33 (Pa’ + m*" + nc’) — %4

which is satisfied by 4 =— %d% Writing therefore

a %
n+3 pE T i
that is
901 a
8\ =— =
1] 2
647 = 4;: 2 4!d3a + % ;
the equation is
g 4 ' + n2c)= 4la” 4m2b"™ 4n2c’?
d? +-ds-ag(l2a,+m2b+nc)_d4<_g—a—/> ¢ _Q_Q,)+d4 |
o e ]
viz. this is
Pa/ + 2’ + %’ — 0a— d = P A mihE o

dratorr Tare
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which is of course satisfied by € =0, Moreover the derived equation
Pa® m™ nic’
T@+ay 040y @+C)
is also satisfied by 6 =0, so that this is a double root. The equation in fact is
{°d + Oa — (Pa’ + m?b' + n*c)} (0 +a') (+b) (0 +¢)
+ {La (04 V) (0 +¢) + mb2 (6 +¢') (0 + ')+ n¥c (0 +a') (0 + )} =0,

—a—260d=

or, expanding and dividing by 6, this is
d@+a)(0+b)(0+c)
+a{@+0(a +b+c)+bc +ca +at}
— (Pd+m +n)y(O+a + b +¢)
+ Pa”+4+m"?+n%c? =0,
which gives the remaining three roots.
If @’ =¥ =¢ the equation is

@+d +a)(@+a)=0.
I recall that we have

mn nl _lm

b cidd) f=7, g=g> h_—d—, l, m, n,

2 m? 3

n?
Sl (b el lth el =0+ mi+nd
= E D=0 7 c=cC 7 a A

so that the quadric surface is
d (a/a® + by + ¢'22) + (lz -+ my + nz + dw)* =0,

and that, @, Bi, 1, &, a1, by, ¢; denoting as before, the equation of the inverse surface
(referred to a different origin) is

= dw? {0,a® + By + yi2® + dw? + 2w (e + by + ¢:2)).
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