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ON THE PORISM OF THE IN-AND-CIRCUMSCRIBED POLYGON, 
AND THE (2, 2) CORRESPONDENCE OF POINTS ON A CONIC.

[From the Quarterly Journal of Pτtre and Applied Mathematics, vol. xι. (1871),
pp. 83—91.]

The present paper includes, as will at once be seen, much that is perfectly well 
known; but the separate theories required, it seemed to me, to be put together; and 
there are, particularly as regards the unsymmetrical case afterwards referred to, some 
results which I believe to be new.

The porism of the in-and-circumscribed polygon has its foundation in the theory 
of the symmetrical (2, 2) correspondence of points on a conic; viz. a (2, 2) corre­
spondence is such that to any given position of either point there correspond two 
positions of the other point; and in a symmetrical (2, 2) correspondence either point 
indifferently may be considered as the first point and the other of them will then be 
the second point of the correspondence. Or, what is the same thing, if x, y are the 
parameters which serve to determine the two points, then x, y are connected by an 
equation of the form (*](ir, l)^(y, 1)^=0, which is symmetrical in regard to the two 
parameters {x, y}. In the case of such symmetrical relation it is easy to show that 
the line joining the two points envelopes a conic. For the relation may be expressed 
in the form (*$1, x + y, xy}^ = (i', we may imagine the coordinates (P, Q, K} fixed in 
such manner that for the point {x} on the first conic we have P : Q : R = 1 : x : χp, 
and for the point (y), P : Q : R = 1 : y : y-; the equation of the line joining the two 
points is then
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t h at is 

or  r e pr es e nti n g t his b y  

w e  h a v e ξ : η : ζ  =  s c y : — x  —  y : 1; a n d c o ns e q u e ntl y ( ξ, η, ξ) ar e c o n n e ct e d b y a  
q u a dri c  e q u ati o n  ; t h at is, t h e e n v el o p e is a c o ni c.

T h e  r el ati o n ( * ~ ^ x, i y ^( y, l)' ^ =  0, λ v h et h er s y m m etri c al or n ot, l e a ds as will  b e  
pr es e ntl y  s h o w n t o a diff er e nti al  e q u ati o n of  t h e f or m

w h er e  X,  Ύ  ar e q u arti c f u n cti o ns of x, y r es p e cti v el y; vi z. t h es e ar e u nli k e or li k e 
f u n cti o ns of t h e t w o v ari a bl es  a c c or di n g  as t h e i nt e gr al e q u ati o n is n ot or is s y m­
m etri c al  i n r e g ar d t o t h e t w o v ari a bl es.  I n t h e f or m er c as e, h o w e v er, t h e f u n cti o ns
A,  y  ar e s o r el at e d t o e a c h ot h er, t h at t h e t w o c a n b e b y a li n e ar tr a nsf or m ati o n 
c o n v ert e d i nt o li k e f u n cti o ns of t h e v ari a bl es: f or i nst a n c e, if y b e c h a n g e d i nt o 
a y-i  +  b ÷  c y ^  +  d, t h e n t h e c o nst a nts m a y  b e  d et er mi n e d  i n s u c h wis e t h at Y  is t h e
s a m e f u n cti o n of y- ,̂  t h at X  is of x ∖  t h e ori gi n al i nt e gr al e q u ati o n b ei n g h er e b y
c o n v ert e d i nt o a s y m m etri c al e q u ati o n ( *]( a 7, 1) ≡  (ι∕ι, 1) ≡  =  0 b et w e e n x a n d y ,̂ s o t h at 
i n o n e p oi nt of vi e w t h e u ns y m m etri c al c as e is n ot r e all y m or e  g e n er al t h a n t h e 
s y m m etri c al o n e. It is t o b e a d d e d t h at t h e i nt e gr al e q u ati o n c o nt ai ns r e all y o n e 
m or e  c o nst a nt t h a n t h e diff er e nti al e q u ati o n (t his is m ost  r e a dil y s e e n i n t h e s y m­
m etri c al  c as e, t h e diff er e nti al e q u ati o n d e p e n ds o nl y o n t h e r ati o of fi v e c o nst a nts  
a, b, c, d, e, w h er e as  t h e i nt e gr al e q u ati o n d e p e n ds o n  t h e r ati o of si x c o nst a nts),  s o
t h at t h e i nt e gr al e q u ati o n  is r e all y t h e c o m pl et e i nt e gr al of  t h e diff er e nti al  e q u ati o n.

Att e n di n g  n o w t o t h e s y m m etri c al c as e ; if A  a n d B  ar e c orr es p o n di n g p oi nts,  
t h e n t h e c orr es p o n di n g p oi nts of  B  ar e Λ  a n d a n e w p oi nt C ; t h os e of C  ar e  B
a n d a n e w p oi nt D,  a n d  s o o n ; s o t h at t h e p oi nts  f or m a s eri es A,  B,  C J, D,

a n d t h e p oris m ati c pr o p ert y  is t h at, if f or a gi v e n p ositi o n of A  t his s eri es cl os es at  
a c ert ai n t er m, f or i nst a n c e, if D  =  A,  t h e n it will  al w a ys t h us cl os e, w h at e v er  b e  
t h e p ositi o n of A. A n d  t his f oll o ws at o n c e fr o m t h e c o nsi d er ati o n of t h e diff er e nti al  

e q u ati o n =  ; vi z. as t his is at o n c e  i nt e gr a bl e p er  s e i n t h e f or m
√( ^) √( y)  

t his e q u ati o n m ust  b e  a tr a nsf or m ati o n of t h e ori gi n al e q u ati o n ( *][λj , l) ^( y, 1) ^  =  0, a n d  
e q u all y wit h  it r e pr es e nt t h e r el ati o n b et w e e n t h e p ar a m et ers x, y of t h e t w o p oi nts  
A,  B;  t h e c o nst a nt of i nt e gr ati o n k is of c o urs e c o m pl et el y d et er mi n e d i n t er ms of  
t h e c o effi ci e nts of  t h e l ast- m e nti o n e d e q u ati o n, ass u m e d t o b e  gi v e n.

H e n c e  f or mi n g t h e e q u ati o ns f or t h e c orr es p o n d e n c es, B,  ( 7; G,  D ∖...  a n d ass u mi n g  

t h at t h e s eri es cl os es F,  A  ; w e  h a v e
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where, however, the ∏ (ic) of the last equation must be regarded as differing from that 
of the first equation by a period, say ∩, of the integral; hence adding, we have 

or 

which gives between the constants of the integral equation (*](ic, 1)≡ (y, 1)^ = 0, a 
relation which must be satisfied when the series closes at the term (viz. when 
the term after this coincides with the first term); and this relation is independent 
of x, that is, of the position of the point Λ.

The analysis in regard to the differential equation is as follows :

Consider the equation 

say

we have

But the equation £7=0 gives (Py + Q)^ = — PR, (Lx + M)^ = — NL, and the
differential equation therefore becomes 

viz. it is

Suppose the equation is 

then the differential equation is 

say
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Now starting from the differential equation 

the integral equation is known to be

where θ is the constant of integration. Writing, for shortness, X = (a, b, c, d, iy,
F = (a, b, c, d, e^y, 1)S this is 

or, what is the same thing, 

viz. this gives 

and, rationalising, the integral equation becomes

C. VIII. 3
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or, as it may be written,

Comparing this with the original integral equation V^=0, and the form of differential 
equation deduced therefrom, we ought to have identically 

by comparing the coefficients of ar*.

I obtain this otherwise :

Write 

then, forming the Hessian of V, we have 

that is 

or writing

this is 

so that the components are
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viz. the components are

where as before

I assume

agreeing with the former result.

I return to the general form

giving

Operate a linear transformation on the x, say

3—2
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the new coefficients are 

assume now 

then it is easy to show that 

and the equations give 

that is 

which is
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If the original matrix be symmetrical = this is

that is

satisfied by

viz. the equation in θ is
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