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406.

ON THE CURVES WHICH SATISFY GIVEN CONDITIONS.

From the Philosophical Tramsactions of the Royal Society of London, vol. cLviil (for the
/4 gl
year 1868), pp. 75—143. Received April 18,—Read May 2, 1867.]

THE present Memoir relates to portions only of the subject of the curves which
satisfy given conditions; but any other title would be too narrow: the question chiefly
considered is that of finding the number of the curves which satisfy given conditions;
the curves are either curves of a determinate order » (and in this case the conditions
chiefly considered are conditions of contact with a given curve), or else the curves are
conics; and here (although the conditions chiefly considered are conditions of contact
with a given curve or curves) it is necessary to consider more than in the former
case the theory of conditions of any kind whatever. As regards the theory of conics,
the Memoir is based upon the researches of Chasles and Zeuthen, as regards that of
the curves of the order », upon the researches of De Jonquieres: the notion of the
quasi-geometrical representation of conditions by means of loci in hyper-space 1is
employed by Salmon in his researches relating to the quadric surfaces which satisfy
given conditions. The papers containing the researches referred to are included in the
subjoined list. I reserve for a separate Second Memoir the application to the present
question, of the Principle of Correspondence.

Lust of Memoirs and Works relating to the Curves which satisfy given conditions,
with remarks.

De Jonquieres: “Théorémes généraux concernant les courbes géométriques planes
d’'un ordre quelconque,” Liowv. t. VI (1861), pp. 113—134. In this valuable memoir is
established the notion of a series of curves of the tndex N ; viz. considering the curves
of the order » which satisfy ¥n(n+3)—1 conditions, then if N denotes how many
there are of these curves which pass through a given arbitrary point, the series is
said to be of the index X.

In Lemma IV it is stated that all the curves C, of a series of the index N can
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192 ON THE CURVES WHICH SATISFY GIVEN CONDITIONS. [406

be analytically represented by an equation F(y, 2)=0, which is rational and integral
of the degree N in regard to a variable parameter A: this is not the case; see
Annex No. 1.

Chasles: Various papers in the Comptes Rendus, t. LVIIL. et seq. 1864—67. The
first of them (Feb. 1864), entitled “ Détermination du nombre des sections coniques
qui doivent toucher cinq courbes données d’ordre quelconque, ou satisfaire a diverses
autres conditions,” establishes the notion of the two characteristics (4, v) of a system
of conics which satisfy four conditions; viz. w is the number of these conics which
pass through a given arbitrary point, and » the number of them which touch a given
arbitrary line. The Principle of Correspondence for points on a line is established in
the paper of June—July 1864. Many of the leading points of the theory are repro-
duced in the present Memoir. The series of papers includes one on the conics in space
which satisfy seven conditions (Sept. 1865), and another on the surfaces of the second
order which satisfy eight conditions (Feb. 1866).

Salmon: “On some Points in the Theory of Elimination,” Quart. Math. Journ.
t. VIL pp. 327—337 (Feb. 1866); “On the Number of Surfaces of the Second Degree
which can be described to satisfy nine Conditions,” Ibid. t. vIIL pp. 1—7 (June 1866),—
which two papers are here referred to on account of the notion which they establish
of the quasi-geometrical representation of conditions by means of loci in hyper-space.

Zeuthen: Nyt Bidrag ... Contribution to the Theory of Systems of Conics which
satisfy four conditions, 8°. pp. 1—97 (Copenhagen, Cohen, 1865), translated, with an
addition, in the Nouwelles Annales.

The method employed depends on the determination of the line-pairs and point-
pairs, and of the numerical coefticients by which these have to be multiplied, in the
several systems of conics which satisfy four conditions of contact with a given curve
or curves. It is reproduced in detail, with the enumeration called “Zeuthen's Capitals,”
in the present Memoir.

Cayley: “Sur les coniques déterminées par cing conditions d'intersection avec une
courbe donnée,” Comptes Rendus, t. LXIIL pp. 9—12, July 1866. Results reproduced in
the present Memoir.

De Jonquieres: Two papers, Comptes Rendus, t. LXIIL Sept. 1866, reproduced and
further developed in the “Mé¢moire sur les contacts multiples d’ordre quelconque des
courbes du degré r qui satisfont & des conditions données de contact avec une courbe
fixe du degré m; suivi de quelques réflexions sur la solution d'un grand nombre de
questions concernant les propriétés projectives des courbes et des surfaces algébriques,”
Crelle, t. LXVL (1866), pp. 289—322,—contain a general formula for the number of curves
C" having contacts of given orders @, b, ¢,.. with a given curve U™ which formula
is referred to and considered in the present Memoir.

De Jonquiéres: Recherches sur les séries ou systemes de courbes et de surfaces
algébriques d’ordre quelconque; suivies d'une réponse &c. 4°. Paris, Gauthier Villars,
1866 ().

1 The foregoing list is not complete, and the remarks are not intended to give even a sketch of the con-
tents of the works comprised therein, but only to show their bearing on the present Memoir.
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406] ON THE CURVES WHICH SATISFY GIVEN CONDITIONS. 193

Article Nos. 1 to 23.—On the quasi-geometrical representation of Conditions.

1. A condition imposed upon a subject gives rise to a relation between the
parameters of the subject; for instance, the subject may be, as in the present Memoir,
a plane curve of a given order, and the parameters be any arbitrary parameters con-
tained in the equation of the curve. The condition may be onefold, twofold,... or,
generally, k-fold, and the corresponding relation is onefold, twofold,... or k-fold accord-
ingly. Two or more conditions, each of a given manifoldness, may be regarded as
forming together a single condition of a higher manifoldness, and the corresponding
relations as forming a single relation; and thus, though it is often convenient to con-
sider two or more conditions or relations, this case is in fact included in that of a
k-fold condition or relation. In dealing with such a condition or relation it is assumed
that the number of parameters’ is at least =/k; for otherwise there would not in
general be any subject satisfying the condition: when the number of parameters is
=k, the number of subjects satisfying the condition is in general determinate.

2. A subject which satisfies a given condition may for shortness be termed a
solution of the condition; and in like manner any set of values of the parameters
satisfying the corresponding relation may be termed a solution of the relation. Thus
for a k-fold condition or relation, and the same number % of parameters, the number
of solutions is in general determinate.

3. A condition may in some cases be satisfied in more than a single way, and
if a certain way be regarded as the ordinary and proper one, then the others are
special or tmproper: the two epithets may be used conjointly, or either of them
separately, almost indifferently. For instance, the condition that a curve shall touch a
given curve (have with it a two-pointic intersection) is satisfied if the curve have
with the given curve a proper contact; or if it have on the given curve a mnode or
a cusp (or, more specially, if it be or comprise as part of itself two coincident curves);
or if it pass through a node or a cusp of the given curve: the first is regarded as
the ordinary and proper way of satisfying the condition; the other two as special or
improper ways; and the corresponding solutions are ordinary and proper solutions, or
special or improper ones accordingly. This will be further explained in speaking of
the locus which serves for the representation of a condition.

4. A set of any number, say w, of parameters may be considered as the coordi-
nates of a point in w-dimensional space; and if the parameters are connected by a
onefold, twofold, ... or k-fold relation, then the point is situate on a onefold, twofold, ...
or k-fold locus accordingly; to the relation made up of two or more relations corresponds
the locus which is the intersection or common locus of the loci corresponding to the
several component relations respectively. A locus is at most w-fold, viz. it is in this
case a point-system. The relation made up of a k-fold relation, an i-fold relation, &e., is
in general (k+1!+ &c) fold, and the corresponding locus is (k + [+ &c.) fold accordingly.

5. The order of a point-system is equal to the number of the points thereof,

where, of course, coincident points have to be attended to, so that the distinct points

of the system may have to be reckoned each its proper number of times. The locus
G 25
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194 ON THE CURVES WHICH SATISFY GIVEN CONDITIONS. [406

corresponding to any linear j-fold relation between the coordinates is said to be a j-fold
omal locus; and if to any given k-fold relation we join an arbitrary (o —k)fold linear
relation, that is, intersect the Z-fold locus by an arbitrary (w— k) fold omal locus, so as
to obtain a point-system, the order of the k-fold relation or locus is taken to be
equal to the number of points of the point-system, that is, to the order of the point-
system. And this being so, if a k-fold relation, an I-fold relation, &c. are completely
independent, that is, if they are not satisfied by values which satisfy a less than
(k+ 1+ &c.) fold relation, or, what is the same thing, if the k-fold locus, the I-fold
locus, &c., have no common less than (k+ !+ &c.)fold locus, then the relations make
up together a (k+ 1+ &c.) fold relation, and the loci intersect in a (k+ 1+ &c.) fold
locus, the orders whereof are respectively equal to the product of the orders of the
given relations or loci. In particular if we have k+!+ &c.=w, then we have an
w-fold relation, and corresponding thereto a point-system, the orders whereof are
respectively equal to the product of the orders of the given relations or loci.

6. A k-fold relation, an I-fold relation, &c., if they were together equivalent to a
less than (& + 1+ &ec.)fold relation, would not be independent; but the relations, assumed
to be independent, may yet contain a less than (k+1+ &c.)fold relation, that is, they
may be satisfied by the values which satisfy a certain less than (& + !+ &c.) fold relation
(say the common relation), and exclusively of these, only by the values which satisfy
a proper (k+1+ &c.) fold relation, which is, so to speak, a residual equivalent of the
given relations. This is more clearly seen in regard to the loci; the A-fold locus, the
l-fold locus, &c. may have in common a less than (k+ 7+ &c.) fold locus, and besides
intersect' in a residual (k& +{+ &c.) fold locus. (It is hardly necessary tc remark that
such a connexion between the relations is precisely what is excluded by the foregoing
definition of complete independence.) In particular if £+ !+ &c. =w, the several loci
may intersect, say in an (w—j) fold locus, and besides in a residual w-fold locus, or
point-system. The order (in any such case) of the residual relation or locus is equal
to the product of the orders of the given relations or loci, less a reduction depending
on the nature of the common relation or locus, the determination of the value of
which reduction is often a complex and difficult problem.

7. Imagine a curve of given order, the equation of which contains  arbitrary
parameters: to fix the ideas, it may be assumed that these enter into the equation
rationally, so that the values of the parameters being given, the curve is uniquely
determined. Suppose, as above, that the parameters are taken to be the coordinates
of a point in w-dimensional space; so long as the curve is not subjected to any
condition, the point in question, say the parametric point, is an arbitrary point in the
w-dimensional space; but if the curve be subjected to a onefold, twofold,... or k-fold
condition, then we have a onefold, twofold, ... or k-fold relation between the parameters,
and the parametric point is situate on a onefold, twofold,... or k-fold locus accordingly :
to each position of the parametric point on the locus there corresponds a curve
satisfying the condition, that is, a solution of the condition. In the case where the
condition is w-fold, the locus is a point-system, and corresponding to each point of
the point-system we have a solution of the condition; the number of solutions is
equal to the number of points of the point-system.
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8. Considering the general case where the condition, and therefore also the locus,
is k-fold, it is to be observed that every solution whatever, and therefore each special
solution (if any), corresponds to some point on the k-fold locus; we may therefore have
on the k-fold locus what may be termed “special loci,” viz. a special locus is a locus
such that to each point thereof corresponds a special solution. A special locus may of
course be a point-system, viz. there are in this case a determinate number of special
solutions corresponding to the several points of this point-system. We may consider
the other extreme case of a special k-fold locus, viz. the k-fold locus of the parametric
point may break up into two distinct loci, the special k-fold locus, and another k-fold
locus the several points whereot give the ordinary solutions: we can in this case get
rid of the special solutions by attending exclusively to the last-mentioned k-fold locus
and regarding it as the proper locus of the parametric point. But if the special locus
be a more than k-fold locus, that is, if it be not a part of the k-fold locus itself, but
(as supposed in the first instance) a locus on this locus, then the special solutions cannot
be thus got rid of: we have the k-fold locus of the parametric point, a locus such
that to every point thereof there corresponds a proper solution, save and except that
to the points lying on the special locus there correspond special or improper solutions.
It is to be noticed that the special locus may be, but that is not in every case, a
singular locus on the k-fold locus. :

9. Suppose that the conditions to be satisfied by the curve are a k-fold condition,
an [-fold condition, &c. of a total manifoldness =w. If the conditions are completely
independent (that is, if the corresponding relations, ante, No. 5, are completely indepen-
dent), we have a k-fold locus, an I-fold locus, &c., having no common locus other than
the point-system of intersection, and the number of curves which satisfy the given
conditions, or (as this has been before expressed) the number of solutions, is equal to
the number of points of the point-system, or to the order of the point-system, viz. it
is equal to the product of the orders of the loci which correspond to the several con-
ditions respectively; among these we may however have special solutions, corresponding
to points situate on the special loci upon any of the given loci; but when this is
the case the number of these special solutions can be separately calculated, and the
number of proper solutions is equal to the number obtained as above, less the number
of the special solutions.

10. If, however, the given conditions are not completely independent (that is, if
the corresponding relations are mnot completely independent), then the k-fold locus,
the I-fold locus, &ec. intersect in a common (w —j)fold locus, and besides in a residual
point-system. The several points of the (o —j) fold locus give special solutions—in fact
the very notion of the conditions being properly satisfied by a curve implies that the
curve shall satisfy a true (k+ 0+ &c.)fold, that is, a true w-fold condition; the proper
solutions are therefore comprised among the solutions given by the residual point-
system, and the number of them is as before equal to the order of the point-system,
or number of the points thereof, less the number of points which give special solutions:
the order of the point-system 1is, as has been seen, equal to the product of the orders
of the k-fold locus, the I-fold locus, &c., less a reduction depending on the nature of
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the common (w—j)fold locus, and the difficulty is in general in the determination of
the value of this reduction.

11. In all that precedes, the number of the parameters has been taken to be o ;
but if the parameters are taken to be contained in the equation of the curve homo-
geneously, then the parameters before made use of are in fact the ratios of these
homogeneous parameters; and using the term henceforward as referring to the homo-
geneous parameters, the numbers of the parameters will be =w + 1.

12. I assume also that the equation of the curve contains the parameters linearly :
this being so, the condition that the curve shall pass through a given arbitrary poins
implies ‘a linear relation between the parameters; and the condition that the curve
shall pass through j given points, a j-fold linear relation between the parameters. It
follows that the number of the curves which satisfy a given k-fold condition, and besides
pass through o —% given points, is equal to the order of the #-fold relation, or of the
corresponding k-fold locus; and thus if we define the order of the /£-fold condition to be
the number of the curves in question, the condition, relation, and locus will be all of
the same order, and in all that precedes we may (in place of the order of the relation
or of the locus) speak of the order of the condition. Thus, subject to the modifications
occasioned by common loci and special solutions as above explained, the order of the
(k+1+ &c.)fold condition made up of a k-fold condition, an I-fold condition, &ec., is
equal to the product of the orders of the component conditions; and in particular if
k+1+ &c. = w, then the order of the w-fold condition, or number of the solutions thereof,
is equal to the product of the orders of the component conditions.

13. The conditions to be satisfied by the curve may be conditions of contact with
a given curve or curves. In particular if the curve touch a given curve, the para-
metric point is then situate on a onefold locus. It is to be noticed in reference hereto
that if the given curve have nodes or cusps, then we have special solutions, viz. if
the sought for curve passes through a node or a cusp of the given curve; and each
such node or cusp gives rise to a special onefold locus, presenting itself in the first
instance as a factor of the omefold locus of the parametric point; this is, however, a
case where the special locus is of the same manifoldness as the general locus (ante,
No. 8), and is consequently separable; throwing off therefore all these special loci, we
have a onefold locus which no longer comprises the points which correspond to curves
passing through a node or a cusp of the given curve; the onefold locus, so divested
of the special onefold factors, may be termed the “contact-locus” of the given curve.
To each point of the contact-locus there corresponds a curve having with the given
curve a two-pointic intersection, viz. this is either a proper contact, or it is a special
contact, consisting in that the sought for curve has on the given curve a node or
cusp, or (which is a higher speciality) in that the sought for curve is or contains as
part of itself two or more coincident curves (ante, No. 3). To a point in general on
the contact-locus there corresponds a curve having a proper contact with the given
curve, save and except that to each point on any one of certain special loci on the
contact-locus there corresponds a curve having some kind of special contact as above
with the given curve. To fix the ideas, it may be mentioned that for the curves of
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the order » which touch a given curve of the order m and class n, the order of the
contact-locus is = n + (2r — 2) m.

14. If, then, the curve touch a given curve, the parametric point is situate on the
contact-locus of that curve. If it touch a second given curve, the parametric point is
in like manner situate on the contact-locus of the second given curve, that is, it is
situate on the twofold locus which is the intersection of the two contact-loci; and the
like in the case of any number of contacts each with a distinct given curve. But if the
curve, instead of ordinary contacts with distinct given curves, has either a contact of
the second, or third, or any higher order, or has two or more ordinary or other contacts
with the same given curve, then if the total ‘manifoldness be = £, the parametric point
is situate on a k-fold locus, which is given as a singular locus of the proper kind on
the onefold contact-locus; so that the theory of the contact-locus corresponding to the
case of a single contact with a given curve, contains in itself the theory of any
system whatever of ordinary or other contacts with the same given curve, viz. the
last-mentioned- general case depends on the discussion of the singular loci which lie on
the contact-locus. And similarly, if the curve has any number of ordinary or other
contacts with each of two or more given curves, we have here to consider the inter-
sections of singular loci lying on the contact-loci which correspond to the several given
curves respectively, or, what is the same thing, to the singular loci on the intersection
of these contact-loci; that is, the theory depends on that of the contact-loci which
belong to the given curves respectively. i

15. Suppose that the curve which has to satisfy given conditions is a line; the
equation is ax+by+ cz=0, and the parameters (a, b, ¢) are to be taken as the
coordinates of a point in a plane. Any onefold condition imposed upon the line
establishes a onefold relation between the coordinates (@, b, ¢), and the parametric point
is situate on a curve; a second onefold condition imposed on the line establishes a
second onefold relation between the coordinates (a, b, ¢), and the parametric point is
thus situate on a second curve; it is therefore determined as a point of intersection
of two ascertained curves. In particular if the condition imposed on the line is that
it shall touch a given curve, the locus of the parametric point is a curve, the con-
tact-locus; (this is in fact the ordinary theory of geometrical reciprocity, the locus in
question being the reciprocal of the given curve;) and the case of the twofold condition
of a contact of the second order, or of two contacts, with the given curve, depends
on the singular points of the contact-locus, or reciprocal of the given curve; in fact
according as the line has a contact of the second order, or has two contacts with the
given curve (that is, as it is an inflexion-tangent, or a double tangent of the given
curve), the parametric point is a cusp or a node on its locus, the reciprocal curve: this
is of course a funcamental notion in the theory of reciprocity, and it is only noticed
here in order to show the bearing of the remark (ante, No. 14) upon the case now
in hand where the curve considered is a line.

16. If the curve which has to satisfy given conditions is a conic
(a7 b) C,ﬁ 9: hﬁx) y’ Z)2=0’

we have here six parameters (a, b, ¢, f, g, h), which are taken as the coordinates of a
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point in 5-dimensional space. It may be remarked that in this 5-dimensional space we
have the onefold cubic locus abc — af®—bg> —ch®+ 2fgh =0, which is such that to any
position of the parametric point upon it there corresponds not a proper conic but a
line-pair; this may be called the discriminant-locus. We have also the threefold locus
the relation of which is expressed by the six equations

(bc—f*=0, ca—9¢*=0, ab—h*=0, gh—af=0, hf—bg=0, fg—ch=0),

which is such that to any position of the parametric point thereon, there corresponds
not a proper conic but a coincident line-pair. I call this the Bipoint-locus(’), and
I notice that its order is =4; in fact to find the order we must with the equations
of the Bipoint combine two arbitrary linear relations,

(* Qa, b, ¢, £, 9, h)=0,
¥ Qa, b, c, f, 9, B)=0;

the equations of the locus are satisfied by
afsbsstosinfi g iate: sBlny By iryarakiia S

(where a : B : 4 are arbitrary); and substituting these values in the linear relations,
we have two quadric equations in (@, B, v), giving four values of the set of ratios
(¢ : B : v); that is, the order is =4, or the Bipoint is a threefold quadric locus.

17. The discriminant-locus does not in general present itself except in questions
where it is a condition that the conic shall have a node (reduce itself to a line-pair);
thus for the conics which have a node and touch a given curve (m, ), or, what is the
same thing, for the line-pairs which touch a given curve (m, n), the parametric point is
here situate on a twofold locus, the intersection of the discriminant-locus with the con-
tact-locus. It may be noticed that this twofold locus is of the order 3 (n+ 2m), but
that it breaks up into a twofold locus of the order 3m, which gives the proper solutions;
viz. the nodal conics which touch the given curve properly, that is, one of the two
lines of the conic touches the curve; and into a twice repeated twofold locus of the
order 3m which gives the special solutions, viz. in these the nodal conic has with the
given curve a special contact, consisting in that the node or intersection of the two
lines lies on the given curve. By way of illustration see Annex No. 2. But the con-
sideration of the Bipoint-locus is more frequently necessary.

18. Suppose that the conic satisfies the condition of touching a given curve; the
parametric point is then situate on a onefold contact-locus (a, b, ¢, £, ¢, h)2=0 (to fix
the ideas, if the given curve is of the order m and class n, then the order ¢ of the
contact-locus is =mn+2m). The contact-locus of any given curve whatever passes
through the Bipoint-locus; in fact to each point of the Bipoint-locus there corresponds
a coincident line-pair, that is, a conic which (of course in a special sense) touches the
given curve whatever it be; and not only so, but inasmuch as we have a special

! In framing the epithet Bipoint, the coincident line-pair is regarded as being really a point-pair: see
post, No. 30.
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contact at each of the points of intersection of the given curve with the coincident
line-pair regarded as a single line, that is, in the case of a given curve of the m-th
order, m special contacts, the Bipoint-locus is a multiple curve on the corresponding
contact-locus.

19. If the conic has simply to touch a given curve of the order m, and class n;, then
the order of the condition (or number of the conics which satisfy the condition, and
besides pass through four given points) is equal to the order of the contact-locus, that
18, 1t 18 =m;+ 2m,. If the conic has also to touch a second given curve of the order
m, and class n,, then the order of the twofold condition (or number of the conics
which satisfy the twofold condition, and besides pass through three given points) is
equal to the order of the intersection or common locus of the two contact-loci; "and
these being of the orders n,+2m, and n,+ 2m, respectively, the order of the intersection
and therefore that of the twofold condition is =(n,+ 2m,)(n,+2m,). But in the next
succeeding case it becomes necessary to take account of the singular locus.

20. If the conic has to touch three given curves of the order and class (m,, ),
(my, my), (ms, mg) respectively, we have here three contact-loci of the orders n, + 2m;,,
1y + 21y, 1y + 2my respectively; these intersect in a threefold locus, but since each of
the contact-loci passes through the threefold Bipoint-locus, this is part of the intersection
of the three contact-loci; and not only so, but inasmuch as they pass through the
Bipoint-locus m,, m,, m; times respectively, the Bipoint-locus must be counted m,m,m,
times, and its order being =4, the intersection of the contact-locus is made up of the
Bipoint reckoning as a threefold locus of the order 4m,m,m;, and of a residual three-
fold locus of the order

(n, + 2my) (ng + 2m,) (ng + 2my) — dmymyms,
= mnyng + 2 (mymymsy + &c.) + 4 (nymymy; + &c.) + dmymym ;

and the order of the threefold condition (or number of the conics which touch the
three given curves, and besides pass through two given points) is equal to the order
of the residual threefold locus, and has therefore the value just mentioned.

21. In going on to the cases of the conics touching four or five given curves,
the same principles are applicable; the contact-loci have the Bipoint (a certain number
of times repeated) as a common threefold locus, and they besides intersect in a residual
fourfold or (as the case is) fivefold locus, and the order of the condition is equal to
the order of this residual locus; but the determination of the order of the residual locus
presents the difficulties alluded to, ante, No. 10. I do not at present further examine
these cases, nor the cases of the conics which have with a given curve or curves
contacts of the second or any higher order, or more than a single contact with the
same given curve.

22. The equation of the conic has been in all that precedes considered as con-
taining the six parameters (a, b, ¢, f, g, h); but if the question as originally stated
relates only to a class of conics the equation whereof contains linearly 2, 3, 4, or 5
parameters, or if, reducing the equation by means of any of the given conditions, it
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can be brought to the form in question, then in the latter case we may employ the
equation in such reduced form, attending only to the remaining conditions; and in
either case we have the equation of a conic containing linearly 2, 3, 4, or 5 parameters,
which parameters are taken as the coordinates of a point in 1-, 2-, 3-, or 4-dimensional
space, and the discussion relates to loci in such dimensional space. This is in fact
what is done in Annex No. 2 above referred to, where the conics considered being
the conics which pass through three given points, the equation is taken to be
Jfyz+gze +hey =0, and we have only the three parameters (f, ¢, k); and also in
Annex No. 3, where the conics pass through two given points, and are represented by
an equation containing the four parameters (a, b, ¢, 2): I give this Annex as a some-
what more elaborate example than any which is previously considered, of the application
of the foregoing principles, and as an investigation which is interesting for its own
sake. See also Annexes 4 and 5, which contain other examples of the theory. The
remark as to the number of parameters is of course applicable to the case where the
curve which satisfies the given conditions is a curve of any given order »; the
number of the parameters is here at most =4 (r+1)(r+2), and the space therefore
at most 4 »(r+ 3) dimensional; but we may in particular cases have w+1 parameters,
the coordinates of a point in w-dimensional space, where o is any number less than
Lr(r+3).

23. I do not at present consider the case of a curve of the order 7, or further
pursue these investigations; my object has been, not the development of the foregoing
quasi-geometrical theory, so as to obtain thereby a series of results, but only to sketch
out the general theory, and in particular to establish the notion of the order of con-
dition, and to show that, as a rule (though as a rule subject to very frequent exceptions),
the order of a compound condition is equal to the product of the orders of the
component conditions. The last-mentioned theorem seems to me the true basis of the
results contained in a subsequent part of this paper in connexion with the formule
of De Jonquitres, post, No. 74 et seq. But I now proceed to a different part of the
general subject.

Article Nos. 24 to 72.—Reproduction and Development of the Researches of
CHASLES and ZEUTHEN.

24. The leading points of Chasles’s theory are as follows: he considers the conics
which satisfy four conditions (4X), and establishes the notion of the characteristics
(u, v) of such a system, viz. u, =(4X :), denotes the number of conics in the system
which pass through a given (arbitrary) point, and », =(4X/), the number of conics in
the system which touch a given (arbitrary) line. We may say that w is the parametric
order, and v the parametric class of the system.

25. The conics

G D GID G D

which pass through four given points, or which pass through three given points and
touch a given line, &c., ... or touch four given lines, have respectively the characteristics

(@ )y (25 A=y A, (562)5 (257 1)
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26. A single condition (X) imposed upon a conic has two representative numbers,
or simply representatives, (a, B3); viz. if (4Z) be an arbitrary system of four conditions,
and (u, v) the characteristics of (4Z), then the number of the conics which satisfy
the five conditions (X, 47) is = au + B.

27. As an instance of the use of the characteristics, if X, X/, X”, X", X" be
any five independent conditions, and (2, B), ... (¢, B””) the representatives of these
conditions respectively, then the number of the conics which satisfy the five conditions

(X‘, XI, X/I’ X/II’ XI///) is
== (1, 2’ 4, 4, 2’ lia’ B) (al’ BI) (all’ B//) (alll, BI//) (aI///’ BI”I)
viz. this notation stands for lad’a’a”’a”” + 23ad'a"a”B"" ... + 188'B"B"B"".

28. In particular if X be the condition that a conic shall touch a given curve
of the order m and class n, then the representatives of this condition are (n, m),
whence the number of the conics which touch each of five given curves (m, n), ...
(mll/l’ n//l/) is

=(1, 2’ 4, 4" 2’ lin’ m) (n/) m’) (7111, ml/) (n///’ mlll) (n//II, m////).
29. A system of conics (4X) having the characteristics (w, v), contains

2y — p line-pairs, that is, conics each of them a pair of lines; and

2u — v point-pairs, that is, conics each of them a pair of points (coniques
infiniment aplaties).

30. I stop to further explain these notions of the line-pair and the point-pair;
and also the notion of the line-pair-point.

A conic is a curve of the second order and second class; qua curve of the second
order it may degenerate into a pair of lines, or line-pair (but the class is then =0):
qua, curve of the second class it may degenerate into a pair of points, or point-pair
(but the order is then =0). The two lines of a line-pair may be coincident, and
we have then a coincident line-pair; such a line-pair (it must I think be postulated)
ordinarily arises, not from a line-pair the two lines of which become coincident, but
from a proper conic, flattening by the gradual diminution of its conjugate axis, while
its transverse axis remains constant or approaches a limit different from zero; the
conic thus tends (not to an indefinitely extended but) to a terminated line(!); in other
words, the tangents of the conic become more and more nearly lines through two fixed
points, the terminations of the terminated line; and these terminating points, which
continue to exist up to the instant when the conjugate axis takes its limiting
value =0, are regarded as still existing at this instant, and the coincident line-pair
as being in fact the point-pair formed by the two terminating points. Similarly the
two points of a point-pair may be coincident, and we have then a coincident point-

1 A line is regarded as extending from any point 4 thereof to B, and then in the same direction, from B
through infinity to 4; it thus consists of two portions separated by these points; and considering either portion
as removed, the remaining portion is a terminated line.

o 26
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pair; such a point-pair (it must in like manner be postulated) ordinarily arises, not
from a point-pair the two points of which become coincident, but from a proper conic
sharpening itself to coincide with its asymptotes, and so becoming ultimately a pair
of lines through the coincident point-pair; and the coincident point-pair is regarded
as being in fact the line-pair formed by some two lines through the coincident point-
pair.

31. In accordance with the foregoing notions we may with propriety, and it will
in the sequel be found convenient to speak of a point-pair as a line terminated by
two points on this line, and similarly to speak of a line-pair as a point terminated
(that is, the pencil of lines through the point is terminated) by two lines through the
point.

32. If in a point-pair thus considered as a line terminated by two points the
two points become coincident (the line continuing to exist as a definite line), or, what
is the same thing, if in a line-pair thus considered as a point terminated by two
lines, the two lines become coincident (the point continuing to exist as a definite
point), we have a “line-pair-point;” viz. this is at once a coincident line-pair and a
coincident point-pair; it may also be regarded as the limit of a conic the axes of
which, and the ratio of the conjugate to the transverse axis, all ultimately vanish:
it may be described as a line terminated -each way at a point thereof, or as a point
terminated each way at a line through it. The notion of a line-pair-point first
presents itself in Zeuthen’s researches, as will presently appear; but it may be noticed
here that line-pair-points, and these the same line-pair-points, may present themselves
among the 2v —pu line-pairs, and among the 2u— v point-pairs of the system of conics 4X.

33. Returning to the foregoing theory of characteristics, I remark that the funda-
mental notion may be taken to be, not the characteristics (u, ») of the conics which
satisfy fonr conditions, but in every case the number of the conics which satisfy five
conditions. Thus for the conics not subjected to any condition, we may consider the

symbols _
Gt G0 G GRS D &I

denoting the number of the conics which pass through five given points, or which

pass through four given points and touch a given line, &c. ..., or which touch five
given lines; these numbers are respectively

=l 4, 4, 2, i
So for the conics which satisfy a given condition X, or two conditions 2X, ..., or five

conditions 5X, we have respectively the numbers

X, G D GIDs CHIDs D
2%, (), 2D CID CUID

3%, () (- (/D

4X; (4} C D

5X,
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where the X, 2X, &c. belong to the symbols which follow: read (X ::), (X../), &e.,

or, as we may for shortness represent them,

n 17/ 117 s g
F: 53 VS, (PSS QR T
7/

” 4 s
RS s R

TR
J i
o {
viz. the single condition X has the five characteristics (u”, ... 7”),...; the four

conditions 4X, the characteristics (4, ») as in the original theory; and the five
conditions 5X a single characteristic w,.

84. We thus see the origin of the mnotion of the representatives (a, B) of a
single condition X; for considering the arbitrary four conditions 4Z, the characteristics
whereof are (u, v), and assuming that the single characteristic, or number of the conics
(X, 42), is =au+ Br, and taking for (4Z) successively the conditions

G D CID D D

having respectively the characteristics

(1,.2), (2,4), (4 4, 4 2), (2 1),
we have .
w=1la+ 28,

V" =2+ 48,
p” =da+4pB,
o =4a+ 28,
7li= 20418,

that is, the characteristics (u”, v, p"”, ¢, 7”) of a single condition X are not
independent, but are representable as above by means of two independent quantities
(a, B); or, what is the same thing, we have

7

17/ " i 1 7/ 1/ ua
v =2u", =27 p" =30 +d"),

which being satisfied, the representatives (2, B) are given by
Q= 3}1;(27,” i /1.///), ,8 e % (2/"”, Ao T,,, ]

35. I find that a like property exists as to the characteristics (u”, v, p”, @”) of
the two conditions 2X, viz. these are not independent but are connected by a single

linear relation,
MI,-—%V,/+%p/,-—G'II=O.

This may be proved in the case where the conditions 2X are two separate conditions
(X, X); viz. let the representatives of these be (a4, B), («, B') respectively, then

26—2
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combining with them the three arbitrary conditions X", X", X" having respectively
the representatives («”, B”), (", B”), (", B””), we have the general equation

(X’ XI, XII’ X/Il, XII//) — (1, 2’ 4, 4, 2’ lia’ 18) (al, B/) (ail’ Bl/) (alll’ B’/I) (aﬂll, BI/H) ;
taking herein

(X", er X/”)=("')’ (:/)’ ('//)r (///’)

successively, and observing that the representatives of (-) are (1, 0) and those of (/)
are (0, 1), we thus obtain for (u”, v”, p”, ¢”), characteristics of (X, X’), the values

w'=(1, 2 4Ya, B) (@, B),
v =(2, 4, 4%a, B)(d, B),
P’ =4 4 20 B)(«, B),
o’ =4 2, 17a, B)(#, B),
(viz. p’=1ad +2 (af’ + a'B) + 488, &c.), and these values give identically
2u” —8v" + 3p” — 24" =0,
which is the foregoing equation. And I assume that the theorem extends to the

case of two inseparable conditions 2X, but in this case I do not even know where
the proof is to be sought for.

The characteristics (#, v/, p’) of the three conditions 3X are in general independent.

36. It has been mentioned that if (a, B) are the representatives of the condition
X, and (u, v) the characteristics of the conditions 4Z, then

(X, 42)=ou + By

this is the most convenient form of the theorem, but as (a, B) are known functions
" 7 g i

of the characteristics (u”, v, p”, ¢”, 7”) of the condition X, the equation is in
effect an expression for (X, 4Z) in terms of the charaeteristics of X and 4Z respectively.

There 1is, similarly, an expression for (2X, 3Z) in terms of the -characteristics
(W, v, p', @’) of 3Z (satisfying the relation w'—3+'+ §p’— o’ =0) and the characteristics
(, v, p) of 2X, viz. we have

(2X, 32)= pu( -1 +10)
+r (—§p + Y e —§0)
o 8ty )

This may be easily proved in the case where the conditions 2X are two separable
conditions X, X’ having the representatives (a, B), (a/, B’) respectively, and the
conditions 8Z three separable conditions Z”, Z", Z" having the representatives (a’, B”),
@”, B”), (@, B") respectively ; we have, in fact,

,LI = (1’ 2’ 4§a’ B) (a/’ B/)’ l‘, — (1’ 2’ 4’ 4‘§a11’ B/I) (alll’ BIII) (a/II/, B’l/l)’

V, =(27 4" 4‘§ » ”» )’ v =(2’ 4‘; 4‘) 2§ » » » )y

¢ =(4: 4‘1 21 2 2» ); P =(4'> 4) 2) ]-I » » ” )y

0"=(4‘, 27 11 » » );
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and with these values the function
(X’ XI, Z//, Z/I/’ Z””), =(1’ 2, 4" 4’ 2’ 1}[&, B) (a’, B/) (au’ ﬁ”) (a”’, B’”), (a/ll/, BIIII)
is found to be expressible as above in terms of (u, v, p), (&, ¥/, p/, ¢’); but I do

not know how to conduct the proof for the inseparable conditions 2X and 3Z.

37. It may be remarked by way of verification that writing successively

(3Z)=(°")’ (/)» (- //)’ (///),
(n, v, p)=(1, 2, 4), (2, 4, 4), (4, 4, 2), (4, 4 1),

we have in the first case
(2X )= —3p+io
et 0 LA T L
+2u - v
= W =), =
and similarly in the other three cases,
@X-/h=v, @X-[)=p, @X][)=d"

38. Let (u, v, p, o) be the characteristics of 2Z, (u—3v+3p—0=0), and
(), v, p’, o’) the characteristics of 2X, (W' —3v'+4p'—d’=0). Then in the formula
for (2X, 3Z), writing successively for 3X

that is,

(2X .), characteristics (u, v, p),

(2X /): » (”: P> 0'),

we obtain expressions for the characteristics (2X, 2Z-) and (2X, 2Z/) of (2X, 22), viz
eliminating from the formule, first the (o, ¢/) and secondly the (u, w’), each of these
may be expressed in two different forms as follows:

and

(2X, 2Z.) (2X, 2Z))
= du = dm
+ v —$w
— 3 (w' + p'v) —tpp
3 (e’ + 4p) -1 (W +u)
b . e 1 +4 (" +v'p)
swhitioat = }od’
= 174 +&pp
-t — % (pa’ +p'0)
-1 (po’ + po) +1 (ve’ +vo)
+3 (vp’ +7p), -1 @’ +7vp),
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the two expressions of the same quantity being of course equivalent in virtue of the
relations between (u, v, p, o) and (&, v/, p/, o) respectively.

The characteristics of (X, Z), (X, 2Z), (X, 3Z) are at once deducible from the
before-mentioned expression au + Bv of (X, 4Z).

89. Zeuthen’s investigations are based upon the before-mentioned theorem, that
in a system of conics (4X), characteristics (u, »), there are 2w—» point-pairs and
2y —p line-pairs. If in the given system the number of point-pairs is =X and the
number of line-pairs is =, then, conversely, the characteristics of the system are

p=3@2r+w), v=1(A+ 2=).

And by means of this formula he investigates the characteristics of the several systems
of conics which satisfy four conditions (4X) of contact with a given curve or curves,
viz. these are the conics

OH@O@O@), @& HOA), @& HE D L DHA), 4 11, 1)
@ommn , GG o, & LHA) , @11,

(2) (2 » (2,2 ;

(3 (1) , 3 1) ,

(4) ,

where (1) denotes contact of the first order, (2) of the second order, (3) of the third
order, (4) of the fourth order, with a given curve; (1)(1) denotes contacts of the first
order with each of two given curves, (1, 1) two such contacts with the same given
curve, and so on. A given curve is in every case taken to be of the order m and
class n, with 8 nodes, « cusps, 7 double tangents, and ¢ inflexions (m,, n,, &, #1, 71, &}
m,, my, &c., as the case may be). The symbols (1), &c. might be referred to the
corresponding curves by a suffix; thus (1), would denote that the contact is with a
given curve of the order m (class n, &c.); but this is in general unnecessary.

40. In a system of conics satisfying four conditions of contact, as above, it is
comparatively easy to see what are the point-pairs and line-pairs in these several
systems respectively; but in order to find the values of A and @, each of these point-
pairs and line-pairs has to be counted not once, but a proper number of times; and
it is in the determination of these multiplicities that the difficulty of the problem
consists. I do not enter into this question, but give merely the results.

41. For the statement of these I introduce what I call the notation of Zeuthen’s
Capitals. We have to consider several classes of point-pairs and the reciprocal classes
of line-pairs. A point-pair may be described (ante, No. 31) as a terminated line, and
a line-pair as a terminated point; and we have first the following point-pairs, viz.:

A, line terminated each way in the intersection of two curves or of a curve with
itself (node).

B, tangent to a curve, terminated in a curve, and in the intersection of two
curves or of a curve with itself.
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C, common tangent of two curves, or double tangent of a curve, terminated éach
way in a curve.

D, inflexion tangent of a curve terminated each way in a curve:
and the corresponding line-pairs, viz.:

A’, point terminated each way in the common tangent of two curves or the double
tangent of a curve.

B, point of a curve terminated by the tangent of a curve, and by the common
tangent of two curves or double tangent of a curve.

(', intersection of two curves, or of a curve with itself (node), terminated each
way by the tangent to a curve.

D', cusp of a curve terminated each way by the tangent to a curve:

all which 1is further explained .by what follows; thus in the case (1)(1)(1)(1),
= (D, (D, (Dimy (L), the value of A is given as Zm,m,.mym, (= 3m,mymym,). Here
A is the number of the point-pairs terminated one way in the intersection of any
two m,, m, of the four curves, and the other way in the intersection of the remaining
two mg, my of the four curves. But in the case (1, 1)(1)(1), =(1, 1)n(1)m, (1)m,, the
value of A4 is given as = &mm,+mm,.mm,. Here A denotes the number of the
point-pairs, which are either (m,m,) terminated one way at a node- of m, and the
other way at an intersection of m,, m,, or else (mm,.mm,) terminated one way at an
intersection of m, m,, and the other way at an intersection of m, m,: and so in other
cases.

42. This being so, we have
@) @) @) A) = W, (Vm, (Lmy (L

A =3mm, .mm,; (=3 mym,mym,), [ 1] A'=3mn, .nm, (=8 mngngn, ),

B =3mm, .my.n,(=3Zm,mymsn,), 2 | B=3nn