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XXIL

RESEARCHES RESPECTING VIBRATION CONNECTED
WITH THE THEORY OF LIGHT*

Read June 24th, 1839.
[Proceedings Royal Irish Academy, Vol. 1 (1836-1840), pp. 341-349.]

It is proposed to integrate the system of equations in mixed differences,
D}éx, ;,=2,,8 (R.A,x,5); (1)

in which 4 is any integer number from 1 to » inclusive; z,, is independent of ¢, but 8z, is a
function of ¢ and of 2, 4, ... #, ,,, the form of which function it is the object of the problem to

discover;
R= mﬂ+AU ¢ {%2&)1 (Ayxg,h)z}’ (2)

¢ being any real function of the semi-sum which follows it, and m being any other real function
of the index g + Ag; while ¢ and g + Ag represent any integer numbers from negative to positive
infinity. The equations to be integrated may also be thus written :

gz,h,lz r"Ag (RAafg,h,t ny R’Ayxg,h 26»)1 g g,hA ‘fg,h l) (l)l

R =mg, 0, {3201 (By2,0)%); 2y
the functions to be found by integration are now those of the form £, ,, considered as
depending on f and on %, ,, ... %, ,,; their initial values, and initial rates of increase (relatlvely
to t), namely &, ; , and fg,h,o, are regarded as arbitrary but given and real functions of x, ,

x, »; it is also supposed, in order to simplify the question, that all the sums of the forms

Z (A X ) e '(Agxg,n)%, ZAqR’ (Agxg,l)a"' ( g y,n) (3)

09,1

in which

are independent of ¢, and are =0 when any one of the exponents «,, ... «, is an odd number.
These equations are analogous to, and include, those which M. Cauchy has considered in his
memoir on the Dispersion of Light, and may be integrated by a similar analysis.

A particular integral system may in the first place be found by assuming

Eni=X, A4y, . c08 (€, + 8,8 — Xy 1 %, 2, ;) ; (4)
T4 =1; (5)
St Ap, =2 Hy 1 Ay 5 (6)
H; ,,=Z,,{R+ R (A,, )% vers (¢, u;A,2, ;), ()t
Hy ;=32,,R' A, A2, s vers (E0, w,A,x, 4); i

the index r being any integer from 1 to », and being introduced in order to distinguish among

* [A rough draft of this paper appears in Note Book 53 (1839).]
T [We easily get A, &, 4,¢= —&;,n, ¢ vers X 14;A, 2, ; + terms which vanish on summation with respect to Ag by
(3)- Equations (3) in fact define the symmetry of the medium.]
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XXII. VIBRATION CONNECTED WITH THEORY OF LIGHT 579

themselves the n different (and in general real) systems of values of s2, and of the n — 1 ratios
of 4, ... 4;, ... A, , which are obtained by resolving the system of the » equations of the form
- ‘ 824, =25, Hy, 1 4, (6)’
in which, by (7)’,

H;)=H,,;. T
It is important to observe, that by the form of these equations (6)’, (which occur in many
researches,) we have the relation

i1 4n,qAnr=0, (5)'

if ¢ be different from r; and that, by (5) and (5), we have also the relations
T 4,=1, (8)
ZoAn,r Aiy=0. (8)'

In the particular integral (4), we may consider u,, ... u, as arbitrary parameters, of which
X, and ¢, are real and arbitrary, while s? and 4, , are real and determined functions; and hence,
by summations relatively to the index », and integrations relatively to the parameters u,,
employing also the relations (5) (5)" (8) (8)’, and Fourier’s theorem extended to several variables,
we deduce this general integral, applying to all arbitrary real values of the initial data:

Eont= (H&"J‘ d/ui) (B}, cos + F, ¢sin) Iy w2, 4 (9)
in which g
ﬂ&lr du,:F dulr duz...jw du; (10)
Eh.l=zi?;)1Ah.r(Yrcoswr+ Y:'s!'_ISint‘gr)r} (11]
F =284y, (Z,costs, + Z,s; ' sints,);
Y,=Z&)1Ah,,Eh'o, Y:-=E&}]Ak.rE;k,u!} (12)
Zr=23i)1Ah.th,0! Z;=E&)1Ah,rF?’a.D;
1\" 2 )
Ej0= (%) ( H&nj_ mdxa.f) €5,1,0 €08 (X1 %s%g,0),
35 R
Ej o= (g) (Ht'}uJ._ md%,t) £5,1,0008 (21 Uy, 1), (
| 13)

1 n -+ ¥ N
Fy o= (%) (HanJ.ﬁ wdxg,i) &g, 0510 (Zn1%i%g,4),
p . fidite o i
Fio= (é;) (H&MJ._ mdxg.i) Eon, 08I0 (Zh1 %42, 4).

This general sclution involves multiple integrals, of the order 2n; but many particular
suppositicns, respecting the initial data, conduct to simpler expressions, among which the
following appear worthy of remark.

Suppose that having assumed some particular set u;, ... u,, of values of the n arbitrary
quantities u,, ... ,, we deduce a corresponding set of coefficients Hj, , Hj ;, by the formulae
73-2
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580 XXII. VIBRATION CONNECTED WITH THEORY OF LIGHT

(7) and (7)’, and represent by s;>and by 4, ,, ... 4; 1, ... 4, 1, some one corresponding system
of quantities which satisfy the equations

T dih=1, (5)"
SizA;z,1=Zi"i)1Hl‘L,i 2,1§ (6)"

we shall then have, as a particular integral system, that which is thus denoted :
Egni=X14,1 008 (e + 818 — Ty w3 %, 4); (4)

X and ¢; denoting here any arbitrary real quantities. If therefore we suppose that the initial
data ¢, ; o and £ ; o are all such as to agree with this particular solution, that is, if we have, for
all values of g and &,
{:g,h,0= XiA;‘l,ICOS (ei_zgﬂugxy,i)’ (14)
Egno= —81 X1 4} ysin (e — I wzy, ), (14)

we see, @ priort, that the multiple integrations ought to admit of being all effected in finite terms,
so as to reduce the general expression (9) to the particular form (4)'; an expectation which the
calculation, accordingly, @ posteriori, proves to be correct. An analogous but less simple reduc-
tion takes place, when we suppose that the initial equations (14) and (14)’ hold good, after their
second members have been multiplied by a discontinuous factor such as

1 2 (*sin (kX3 w;x, ;) dk
2 (l “rm f 0 k g (39

which is =1, or =4, or =0, according as the sum X%, u;, ;is <0, or =0, or > 0. It is found
that, in this case, the 2n successive integrations (required for the general solution) can in part be
completely effected, and in the remaining part be reduced to the calculation of a simple definite
integral; in such a manner that the expression (9) now reduces itself rigorously to the following :*

Eni=3X 4, cos (e +18)— I, uix, ;) +% Xifo kz‘_i_—kk‘z (Lycosey+ Msiney); (16)
in which
Ly=P,k’ coskx—Q,ksinkx,} (17)
M= P,ksin kx + Q,k" cos kx,

Py=s1 %1 (4,87 'sin tsr'z(’;L)lAh,rA}\z,l)’} (18)

Q=X (4y,, costs, . X1 Ay, Ap 1),
&= X1 ;%5 (19)
ka;=u;, Kkay=u;, k*=Z% w32 (20)

and s,, 4, , are the same functions as before of u,, ... u,.

A remarkable conclusion may now be drawn from these expressions, by supposing that all
the quantities of the form s are not only real but positive, so that the functions costs, and sin ts,
* [The usual methods of integration lead to an integral of the form /w {f(k+k')—f(k—E")} dk/k. This can be

written as above 4k" [ # [ (k) dk/(k*—k %), where f (k) is an even function of k. This integral, as usual, must be in-
Jo
terpreted as Cauchy’s Principal Value. Hamilton’s method of obtaining these integrals is given on pp. 469 ef seq.]
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are periodic. For in this case the functions cos (s, + kx) and sin (¢s, + kx) will vary rapidly, and
pass often through all their fluctuations of value, between the limits 1 and — 1, while % and the

other functions of that variable remain almost unchanged, provided that t% + x is large, and
that the denominator k2—%'? is not extremely small. We may therefore in general confine
ourselves to the consideration of small values of this denominator; and consequently may put
it under the form 24" (k— k'), making & = &' in the numerator, except under the periodical signs,
and integrating relatively to k& between any two limits which include %', for example between
—o0 and +co0. And because
o4y Ay1=1, or =0,
according as =1 or > 1, we may make
‘Pt:Al‘l,ISintsl, Q1=Al‘l,1008t81a
L,=Fk"A4; ysin (ts, —kx), M,=k'4; ,cos (ts; —kz)

and*
G . R = sin (e; +ts; — kx
fg,h,t=%X1Ah,1{°08 (ex+is;—k x)+f_wdk%J}’ (21)
that is, nearly, if « be considerably different from tg—zl\,
R \ \ \ o ) ds; ;
Eni=3X14; 008 (e; + 18— k'x) {1 +f_m -5 (t dkl‘ —x) k} : (21)
We have therefore the approximate expressions:
Epni=X 4,1 c08 (e + 18y —k'x), if x<t%; (22)
and
¥ ds; y
Eone=0, if x>t%; (22)
we have also nearly, in general,
byni= VX1 4} 008 (6 +15} k'), if w=tT%; (22)"
but the discussion of the case when x is nearly = td—sl— is too long to be cited here.t The formula

dk’
(22) for &, ; , coincides with the particular integral (4)'; and the condition which it involves with
respect to x expresses the law according to which this particular integral comes to be (nearly)

%

true for greater and greater positive values of « and ¢, ( if g% > 0,) after having been true only

for negative values of  when ¢ was=0.

In the particular case n =3, the foregoing formulae have an immediate dynamical applica-
tion, and correspond to the propagation of vibratory motion through a system of mutually
attracting or repelling particles; and they conduct to this remarkable result, that the velocity
with which such vibration spreads into those portions of the vibratory medium which were
previously undisturbed is in general different from the velocity of a passage of a given phase
e [(21) is a Principal Value Integral, but when a part is removed by the Principle of Fluctuation (cf. p. 520), this

restriction is unnecessary in (21)".]
1 [See pp. 565, 566.]
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582  XXII. VIBRATION CONNECTED WITH THEORY OF LIGHT

from one particle to another within that portion of the medium which is already fully agitated;
since we have

velocity of transmission of phase =% 3 (A)

but
velocity of propagation of vibratory motion =g—z : (B)
if the rectangular components of the vibrations themselves be represented by the formulae
XA4,cos(e+st—kx), XA,cos(e+st—kx), XAjcos(e+st—kx), (C)

¢ being the time, and z being the perpendicular distance of the vibrating point from some
determined plane.

This result, which is believed to be new, includes as a particular case that which was stated
in a former communication to the Academy,* on the 11th of February last, (Proceedings, No. 15,
p- 269,) respecting the propagation of transversal vibration along a row of equal and equi-
distant particles, of which each attracts the two that are immediately before and behind it;

in which particular question s was = 2asin g , and the velocity of propagation of vibration was

=@ cos g Applied to the theory of light, it appears to show that if the phase of vibration in an

ordinary dispersive medium be represented for some one colour by
217 t ’
+3(z77) ot
so that A is the length of an undulation for that colour and for that medium, and if it be per-

mitted to represent dispersion by developing the velocity :—L of the transmission of phase in a

series of the form

1 2m\2 2\ .
b iy

then the velocity wherewith light of this colour conquers darkness, in this dispersive medium, by
the spreading of vibration into parts which were not vibrating hefore, is somewhat less than ’l‘ , being
represented by this other series

2m\? 2m\4 ,

For other details of this inquiry it is necessary to refer to the memoir itself, which will be
published in the Transactions of the Academy, and will be found to contain many other in-
vestigations respecting vibrating systems, with applications to the theory of light.

* [See pp. 576, 577.]

1 [This memoir was never published but manusecripts x1x and XX, pp. 451-575, formed undoubtedly material
for this work.]
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