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XV.
INTEGRATION OF PARTIAL DIFFERENTIAL EQUATIONS
BY THE CALCULUS OF VARIATIONS*
[1836.]
[Note Book 42.]
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[The partial differential equation of the first order.]
(April 22, 1836.)
11 (A) 0="F(x,y, 2 p; 9);
(B) ¥ =p'+qy’;
0=A8(pa’+qy' —2')+udF =uF’ (x)dx+Apdz’ + uF’ (p)dp + Ax'dp
+uF’ (y) 8y +2Aq8y’ +uF’ (q) 89 +Ay'dq

(© + pF’ (2) 62— A2’
" = (Apdz + Agdy — Adz)’,

(1) , wF’ (p)+2a’ =0,

(2) wF’ (q)+2y' =0,

(3) pF’ (z)=(Ap)’,

(4) wF' (y)=(Aq)",

) uF' (2)= —X.

The two first conditions give

(6) O0=p{pF'(p)+qF" (9} +X.
Therefore

o ?_ o Pl

2 pF'(p)+qF'(q)
@ y___ F(q)

) e W— >
also (3) and (4) give $5. 8

p{F (@) F' (p)+ F' (y) F' (@)} =X {pF’ (p) +qF' (@)} + M {p'F' (p) + 7' F' (@)};

* [Hamilton’s method for solving partial differential equations of the first order is very similar to Cauchy’s
method of qhara.cteristies. See Appendix, Note 10, p. 634.]
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392 XV. PARTIAL DIFFERENTIAL EQUATIONS 1

and

(9) 0=F'=a'F' (x)+y'F'(y)+2'F () +p'F' (p)+4 F' (9).
Hence

(10) N{pF' (p)+qF' (q)}=X"F" (2),

agreeing with (5) and (6). Consequently from (3), (6) and (10)
P__ F@)+pF()

11 = e R b
ol 7= " oF (p)+¢F (@)
and similarly*
(12) ¢___F+ef)
2 pF'(p)+qF'(q)

Let z, y, p be considered as three functions of z, to be determined by any three of the differen-
tial equations of the first order (7), (8), (11), (12), ¢ being previously eliminated by (A). The
expressions of these three functions will involve three arbitrary constants, which may be chosen
80 as to be the initial values a, b, j of the same three functions, corresponding to some assumed
initial value ¢ of z; and, if y denote the corresponding initial value of A, we can express A by (10)
as follows:

2 F’ (2)dz
(13) A___yefch’(quF'(q)_
Then (C) will give by integration
(14) ; A(pdx+qdy—o6z)=y (jda+ kdb—8¢),
k being the initial value of ¢, so that
(15) 0=F(a, b, c, j, k).
Therefore, by (13), we have
_fz, 'F’(z)dz
(16) PO +qdy—Sz=e CPF D@ (55, 4 k5h—S¢c);
and, if we suppose for simplicity ¢ =0, 8c =0, we shall then have the expressions
(2 F()ds
(D) pdx+qdy—dz=e loiroraa (j8a+k3db)
and
(17) 0=F(a,b, 0,7, k).

Here a, b, j, k, ¢ may be regarded as known functions of z, y, 2, p; or, reciprocally, z, ¥, p, q, k
may be regarded as known functions of a, b, j, z; k indeed being a function of a, b, j alone. Con-
sidering then x and y as functions of @, b, j, 2, we have by (D), between their partial differential
coefficients, the relations

Libel lF’(z)dz_ _s_ F(de
(E) {_p.’l?’ (a) +qy/ (a) =je 0pF" (p)+qF (q)’ pxl (b) +qyl (b) = b 0pF'(p)+qF’(q),
pe’ () +qy' (§)=0, e’ (2)+qy (2)=1;

so that, if we substitute for « and y and also for p and ¢ their values as functions of a, b, j, z in
the equation (B), we shall get

(F) 0=ja’ +Ib'.

* [Equations (7), (8), (11), (12) are of course the differential equations of the characteristics.]
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1] XV. PARTIAL DIFFERENTIAL EQUATIONS 393

M lly, by (D) we h:
ore generally, by (D) we have s F(@)ds

(G) px'+qy'—z'=(ja'+kb')e— O-DF'—(MF'_(G).
If then we establish between the two known functions @ and b of z, ¥, 2, p any arbitrary relation
(H) b=y (a),
and put, besides, 1
ol
M Iy (@),

we shall reproduce the equations (B) and (A); and consequently the system (H), (I) is the
general integral for the partial differential equation (A). A particular integral with two arbitrary
constants may be deduced from (F') by treating @ and b as each separately constant and then
eliminating p.*

As an example, let the proposed partial differential equation be

0=p+ig*—gy="F.
Here the three auxiliary total differential equations (7), (8), (11) become

’ ’
’ 2 ) 9%

e AR , p'=0,
“Tpre Vo *
to which we may join, as a combination of the same, the equation (12),
i_ 9%
T=p+e

Hence ;
9'=9%, 9¢'=9y"
Therefore, by integration,

p=j, g9-gr=k—ga, 3¢’-gy=1k’—gb=—j;

also
Y =qx' =gax' + (k—ga)z’,
and so
y—b=1g(@*—a®)+(k—ga) (x—a)=k(x—a)+ig (x—a)
Also from
AT
=pT +qy =) + 7’
we have
N k3 q3 il k3
z=j(x—a)+ s
Thus, to determine z, y, p, ¢ as functions of a, b, j, k and z, we have the four equations

3___k3
8 °’

p=j, 1-k=g@-a), y-b=k@-a)+lg@-ap, z=j@—a)+’

to which we may join
O0=p+ig®—gy, 0=j+3k*—gb.

We may also conveniently consider the four equations just mentioned as serving to determine

* The logic is more fully explained in pages 395, 396.

HMPII 50
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394 XV. PARTIAL DIFFERENTIAL EQUATIONS 1

P, ¢, y and z as functions of j, k, a, b, z; j being itself a known function of £ and b. If now we
treat j, k, a, b as variables, these equations give :
Y=+ )+ @)K +ge-0) @ =), #=j(@'~a)+@-a)f +TLEE,
P +qy —2 =o' + ¢ @ — @)+ g -} b+ @—a) K} @ - ) g
+(x—a)(kk'—gb')—q? (x'—a’)+—;—'q—k’

2 __ 12
=o'+ 1+ {2 =)+ =)+ | = b= )+
therefore
(gy— 39> 2’ +qy' —2' = (gb— }k*) a’ + Kb’

identically, by the nature of the relations
' 3 __ k3
g-k=g@=0) y-b=k@-a)tig@—aP, z=(@h-)@-a)+1 =,
from which three last equations we must conceive a, b, k deduced as functions of z, y, z and q.

If, then, between the functions so deduced, we establish the two relations
AU
b=y(@), H—% =y ()
we shall have, as a consequence of them, this other:
2'=qy’ +(9y— 3¢ 2,

in which, by the two relations established between @ and b, z and ¢ may be considered as
functions of the two independent variables z and y. Hence the partial differential coefficients
of z, of the first order, are gy — ¢ and ¢, and therefore the proposed partial differential equation
is satisfied whatever the form of the arbitrary function i may be. A less general integral, but
containing two arbitrary constants, may be obtained by supposing @ and b to be both constants

and by eliminating ¢ and k& between the three relations which connect a, b, k, z, y, 2, ¢. This last
corresponds to the principal integral of the total differential equation

(ot ’ ?_/f
Z=gyx’+ 55,
and is
=g y+b) @—a)+ L= rpr@—ap.
2(x—a) 2*
(April 23, 1836.)
Let
(1) q=f(x’ Y, 2, p)
be any proposed partial differential equation of the first order. This equation gives
(2) 2 =pz’ +f(x’ Y, 2 .p) ?/',

z', y', 2’ being the total derivatives of z, y, 2, considered as functions of any one independent
variable, of which p also may be considered as a function. Reciprocally, if we can discover any
two such relations between the four variables z, , 2, p as to satisfy the total differential equation
(2), independently of any third relation between the same four variables, we shall then, by
eliminating p, deduce a relation between z, y, z which will be an integral of the partial differential
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1] XV. PARTIAL DIFFERENTIAL EQUATIONS 395

equation (1). In this manner we are led to consider the modes of satisfying the total differential
equation (2); and therefore (according to the general spirit of analysis) we are led to consider
the consequences of that total differential equation.

One consequence is that which is obtained by taking the variation of the equation, namely,

(8) 0=pdx’+f(x,y, 2, p)dy —& +a'dp+y {f' (x) Sz +f' (y)dy +f’ (2) 2+’ (p) 5p}.
The meaning and necessity of this consequence may be explained as follows. Since the equation
(2) is not by itself sufficient to determine the four variables z, y, 2, p as functions of any one
independent variable, or even to determine any three of those variables as a function of the
fourth, we may, in general, conceive that besides some one set of four variables x, y, z, p, which
satisfies the equation, another set also, such as x + €€, y+ en, 2+ €, p + ew, satisfies the same
equation, e being a small and constant, but arbitrary, multiplier. Then, along with the equation
(2) itself, we shall have also the varied equation:

(4)  O=(p+ew) (@ +ef)+f(x+ef, y+en, 2+el, ptew).(y +en')— (' +el),

which, when developed according to powers of €, reduced by (2) itself, divided by €, and made
to tend to a limiting state by making e tend to zero, becomes ultimately

(6)  0=p¢+f(@, y, 2 p)n' - +2@o+y {f @) &+ @) n+f @) L+ (9) )
and this is the consequence which with only a different notation is expressed by (3).
If we multiply (5) by a new function A and integrate by parts, we find
(6) 0={Apf+Xf (2, ¥, 2 p)n—AL} +{Nf" () —Ap)}E+ YT () — Af)}n
+H{MS @)+ A+ A +yf ()}

which will reduce itself to

(7 0= (\pé +Afp —AL)',
if we can put, consistently with (2),

(8) : @' = —y'f" (p),

(9) N=-lf" (),

(10) Af) =2'f" (),

(11) Ap) =X/f" ().
Expanding these equations, we find by (9) and (10)

(12) 0=2f' (@) +2f @)+ f (p)=f.y -f (2);
also by (9) and (11)

(13) 0=p"~yf @) -p.y".f ()

which latter equation also results by elimination of ', 2’ between the three equations (2), (8),
(12). For the equations (2) and (8) give

(14) \ Z={f-pf" (P},
and when we substitute these expressions (8) and (14) for ’, 2’ in (12) and divide by f’ (p), we
come to equation (13). Reciprocally (12) results from (2), (8) and (13). Thus we shall satisfy
all the five equations (2), (8), (9), (10), (11) if we satisfy the four equations (8), (9), (13), (14).

These four differential equations may in general be conceived to give, by integration, #, Y, P and
50-2
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- 396 XV. PARTIAL DIFFERENTIAL EQUATIONS 1

A/Ag as functions of 2, a, b, j, if a, b, j and A, denote the initial values of z, y, p and A, correspond-
ing to some assumed initial value, such as 0, of z; a, b, j, A, being here treated as constants in
forming the expressions of 2’, %', p’, A, which are to satisfy the differential equations. Now, just
as (4) was formed from (2), so we must form three other analogously varied differential equa-
tions from (8), (9) and (13); and, integrating these, we must obtain 2+ €£, y +en, 2+ €, p+ew

Atew

Ao+ €wg

¢, 7, @, w, corresponding to the initial value 0 of z + €{; which four functions will be precisely the

as functions of 2z + €, @ + ex, b + €B, j + €, in which «, B, ¢, w, are the initial values of

and

same in form as those which expressed the dependence of z, ¥, p and N on z, a, b, j. And the

limiting equation (7) will give, by integration, (at the limit e=0)

(15) A(pé+fn—L) =N (ju+kp),
in which
(16) k=fo=f(a, b, 0, j);

also, for the reason just mentioned,

(17) é=2a'(z){+2' (@)a+2' (b) B+2 (j)}l,, n=y" ) {+y (@) at+y O)B+y ()¢,
2’ (2), ' (a), 2’ (b), 2" (1), ¥’ (2), ¥’ (@), ¥’ (b), ¥’ (§) being the partial differential coefficients of the
first order of x and y considered as functions of z, @, b, 5. Therefore, since «, 3, ¢, { are independent,
the equation (15) resolves itself into the four following:

(18) o' ) +fy' (=1, 22’ (§)+y (§)=0, px’(a)+fy’(a)=%°j’ P’”’(b)““f?/(b):)%’“'

Having discovered these four relations (18) between the partial differential coefficients of
x and y considered as functions of z, @, b, j, we may now deduce the following relation between
the total differential coefficients of the same two functions, treating a, b, j as variables,

(19) px’+fy'=z'+%°(ja'+kb’),
which shows that (2) gives
(20) 0=ja’ +kb’.

Reciprocally, if in the two following equations,

(21) b=y(@), ~i=y (@),

we consider a, b and j as known functions of z, y, z, p, deduced by elimination from the integrals
of the equations (8), (13), (14), we shall have solved the problem proposed, namely, that of
discovering two relations between z, ¥, z, p, which are sufficient to conduct to the total differen-
tial equation (2), and which therefore give, by elimination of p, an integral of the partial differ-
ential equation (1). This integral system (21) contains an arbitrary function #; another integral
of the same partial differential equation, containing no arbitrary function but containing two
arbitrary constants, may be had by eliminating p between the expressions of @ and b.
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2] XV. PARTIAL DIFFERENTIAL EQUATIONS 397

[The partial differential equation of the second order.]
[2.] Passing now to partial differential equations of the second. order, let

(1) t=f(x> Y, %, P, 4,7, 8)
be such an equation. We have now the three following total differential equations of the first
order:

(2) 0=pa'+qy' -7,
(3) O=ra'+sy —p’,
(4) O=s2'+f(x, 4,20, 071 8y -4,

2',y', 2, p’, ¢’ being here the total derivatives of , ¥, , p, ¢, considered as functions of any one
independent variable of which » and s may also be conceived to be functions. And if we can
discover any five relations between z, ¥, z, p, ¢, r and s, which, without any other relation being
required, conduct to the system of the three total differential equations (2), (3), (4), we shall
then be able to conclude that the partial differential coefficients of the first and second orders
of z considered as a function of z and y (deduced from the five supposed relations by elimination
of p, g, r, 8) may be expressed as follows:

(5) z (%) =p, 2z (y) =q, 2" (x) =r, 2 (2, y) =8, 2" (y) =f(x’ Y 2,0, 97, 8);
and therefore that this function z of  and y will satisfy and be an integral of the proposed
partial differential equation (1).

Since the three equations (2), (3), (4), even if freed from differentials, would not be in general
sufficient to determine the five sought relations between x, y, z, p, ¢, r, 8, we may conceive that

x+ef, Yy+en, 2+el, p+ew, q+ex, r+ep, 8+ec are also functions of some one independent
variable, and satisfy as such three equations similar to (2), (3), (4), namely,

(6) 0=(p+ew) (@ +e&') +(q+ex) (¥ +en') — (2" + L),
(7) © 0=(r+ep) (@' +eb')+(s+e0) (¥ +en')— (P +ew),
(8) 0=(8+e0) (@' +e&)+(t+er) (Y +en')— (¢ +ex’),
. in which we have put for abridgment
9) t+er=f(x+eé, y+en, 2+el, p+ew, q+ex, r+ep, 8+ €a).

Developing according to powers of ¢, reducing by the equations (2), (3), (4), dividing by ¢, and
passing to the limit at which e vanishes, we find

(10) 0=pt' +qn' — '+ o+,
(11) 0=7¢ +8q'— v +px’ + oy,
(12) 0=8¢+ty' —«'+ox'+71y’;
in which ¢ is to be considered as representing the expression f (2, , 2, p, ¢, 7, 8), and therefore by (9)
(13) r=&f' @) +nf’ @)+ L @)+ f (p)+xf’ (@) +pf () +of ' (s).

We may multiply the three differential equations (10), (11), (12) by A, p, v respectively and
add them, thus obtaining

(14) O0=Ap+pr+vs)é +(Ag+ps+vt)n' — AL’ — po’ — v’
+ Az’ w + Ay k+ p'p + (py’ +va') o+ vy'T.
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This result may be put under the form:
(15)  O={(Ap+pur+v8) & + (A\g + ps + vt) n — A — pw — vk}’ :
+EQYS (@)~ A +pr +vs) } 0 (Y f' () — (Ag +ps+ i)'}
+HL{wy'f @)+ X} + oy (p) + 1 + A2} {vy'f (@) +v' + 2y}
+p{ua’ +vy'f’ ()} +o{uy’ +ve' +vy'f ()}
It will therefore give
(16) (Ap + pr +vs) €+ (Ag + ps + vt) p — A, — pw — vk
= (AP0 + Koo + 980) €0+ (A Qo + oS0 + Volo) Mo — o To — Vo Ko>
in which Ay, wo, vy, &, 10, Bgs ko> Pos Qos To» Sos Lo are the initial values of A, u, v, &, 9, @, , ,
g, 7,8, t, corresponding to the assumed initial value 0 of z, if we suppose that the following differ-
ential equations are satisfied, as well as equations (2), (3), (4):

(17) 0=py +va' +vy'’f' (s),

(18) 0=pa’+vy'f' (r),

(19) 0=w/f" (@ +V +M,

(20) 0=wvy'f’ (p)+p' +22,

(21) 0=wy/f’ (2)+ X,

(22) 0=2y'f" (y) — (Ag+ps+wt),
(23) 0=wy'f’ (@) — Ap+ pr+vs)'.

Multiplying (23), (22), (21), (20), (19), (18) and (17) by 2', ', 2/, p’, ¢, ', &’ respectively and
adding the products, we find
(24) 0=X (2 —pa’ —qy') +1' (D' — 12’ —sy') + ' (¢ — 82’ — ).
We may therefore on this account subtract one from the number of equations (2)—(4), (17)—(23),
and consider these 10 equations as not equivalent to more, at most, than 9 distinet equations,
adopted to determine the 9 variables z, ¥, p, ¢, 7, 8, A, p, v as functions of z and of constants.
We may also eliminate A, X', u’, v’ between the five equations (19)-(23) and so obtain a single
equation giving the ratio of v to u; which, when compared with (17) and (18), will give two
equations entirely freed from A, p, v, but differential of the first order between z, y, 2, p, ¢, 1, s.
As an example, to illustrate these formulae, let the given partial differential equation be
t=0. Here the ten auxiliary total differential equations (equivalent only to nine distinct ones)
are the following:
Z=px’+qy, p'=ra’+sy, ¢ =sx, 0=Ap+pur+vs), 0=(Ag+pus),
D=1, O=p'+A2', 0=V +Xy, O=p2', O=py +va'.
These equations give by integration z, y, z, p, ¢, 7, 8, A, p, v each constant, or else z, ¥, 2, p, ¢, A
each constant and p =0, v=0. But each alternative seems to render equation (16) identical. -
As another example, let #=7. Here the ten total differential equations are:
2=pa'+qy, p'=re'+sy, ¢'=sx'+ry’, O=QAp+pr+vs), O0=(QAg+ps+wr),
O=AI’ 0=’L’+MI, O=V’+Ay’, O=#w,+vy’, 0=“yl+vxl;
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2] XV. PARTIAL DIFFERENTIAL EQUATIONS 399

the ninth alone differing from the corresponding equation of the system of the last example.
The two last of these ten equations give either

I Vs @' +y =0,
or

(IT) p=-—v, 2'—y =0.
If we adopt the first alternative, then the 7th and 8th equations give A (¢’ —y’) =0. Therefore
either

(L 1) &'=0, =0, u'=0, v'=0,
or else

I, 2) A= p =0 wi=0np=vl 2 g'= 0
In like manner we have

(IL, 1) ' &' =0, y =0, p'=0, v'=0,
or

(L, 2) O A=0, p'=0, V=0, p=—v, 2'—y'=0.

Thus we have, at allevents, u’ =0, v’ =0, A’ =0, and the only question is whether 2’ =0, %’ =0 (),
or A=0, 2'2—#'2=0 (b). In the alternative (@) we have
2'=0, p'=0, ¢'=0, O=pur'+vs’, O=ps" + v,
and in (b) we have
Z=px’+qy, p'=ra'+sy’, ¢ =sx"+ry’, O=pr’' +vs', 0=ps’ +v'.
If we adopt the supposition (I, 1), then z, y, 2, p, ¢, A, u, v are each constant, » + s is also constant,
and 0= ur’ + vs’, 0=pus’+ vr’. Therefore one of the following alternatives is true:

(1, k) p=v, 7+ 8= const.,
(1, 1.2) p=—v, r—s8=oconst.,
(1,33 i r=const., &=const.,
(I 1, 4) p=0, v=0.

In general, besides the two equations obtained by eliminating A, u,v, X', ', v’ from (17)—(23),
which with the equations (2), (3), (4) make up a system of five differential equations equivalent
only to four distinct equations of the first order between the variables z, ¥, 2, p, ¢, r, s, we can
deduce two other differential equations of the second order between the same 7 variables with
the help of the derivatives of equations (17) and (18). And hence, in general, we can express
z,9,P,q,7, s as functions of z and of eight arbitrary constants, such as 2y, ¥, Dy, 9o, 79> Sos 705 So»

supposing z,=0, 2’ =1, z;=1. We can also express %;, ¥, Po> 90> %’, ;T:’ " as functions of the
! ) A ; ;
same eight arbitrary constants, and N )%, )\_: as functions of them and of z. Hence, in (16),

E=a' (2) [+ (o) £+ (Yo) Mo+ 2" (Do) By + 2" () ko + 2 (1) po+ 2 (85) 7
: +a' (r5) po + 2" (85) 05,
(25) {1=Y @)L+,
o=p (2){+...,
\k=q"(2){+...,
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1400 XV. PARTIAL DIFFERENTIAL EQUATIONS [2

and since {, &), 7, Ty, Kos Pos To» Po» 0o May be treated as 9 independent and arbitrary data, we
have the 9 equations:

((Ap +pr+vs).a' (2) +Ag+ps+1t).y (2) —pp’(2) —vg'(2) =A
( ). & () +( ).y’ (o) — 1 (%) —vq' (Xo) =AgPo+ BoTo+ VoSos
( )2 (o) +( ) -y (%) — 1" (%) —va' (Yo) =Aod0+ Koo+ Vol
( ). 2" (po) +( )y (Po) — 11" (Po) — v’ (Po) = — o>
(26) {( ). (go) +( ).y (20) — 12’ (20) —vq' (20) = — o,
( )&’ (ro) +( ).y (ro) —up’ (ry) —vq' (ro) =0,
( Abar il i oL KGR R T 0
( M2 g b v S Lo i e o it
( yal i LR e

Hence, treating all as variable,
(27) Ap+pr+vs)x’ +(Ag+pus+vt)y' — A" —pup’ —vg'
= (AP0 + HoTo+ VoSp) - (%)’ + (Ao + KoSo + Volo) - (Yo)' — Ko (Po) — ¥o (20)"-
If then we establish the three equations (2), (3), (4), we shall have

(28)  0=(APo+ oo+ ¥050) - (Zo)' + (Moo + HoSo T Yolo) - (Yo) — Ko (o)’ — ¥o (20)"-

In the case of the second example of page 398 we have the twelve differential equations:
2=px'+qy, p'=ra'+s8y, ¢=8'+ry’, N=0, p'=-2, vV'=-X2y,
0=Ap'+pur' +vs', 0=A¢'+pus'+vr', O=pa'+vy', O=va'+puy,

O=px"+vy’ +p'c’ +vy', O=va"+py" +v'a' +p'y.
(April 25.)

We can satisfy the 9th and 10th of these equations by supposing  + y =a, p=v, @ being an
arbitrary constant. Then the two equations p'= —Az’, v'= — Ay give p'+v' = —A (2’ +¥'),
that is, ' =0, v’ =0, and so u = v=const. They give also A (' —y’) =0, a condition which can be
satisfied by supposing A= 0 and which must be satisfied unless we treat « and y as each separately
constant. If we suppose A=0, u=v=const., +y=a, the 4th, 11th and 12th of the above
equations will be satisfied of themselves, as well as the 5th, 6th, 9th and 10th. Also the
7th and 8th equations will agree in giving r +s=const. =c; while the 2nd and 3rd will give
p+q=const.=b, p'—q'=(r—s)(x'—y’); and the Ist will give z'=%(p—q) (' —y’). Thus the
whole twelve equations will be satisfied, if we suppose

A=0, p=v=const., z+y=a, p+q=>b, r+s=c,
P—q¢=0r-8)@-y), Z=%(p-9@C -y
The last two conditions may be satisfied by supposing
Fr—8)=4"@-9+y, F(P-9=¥ @-y)+y(@-y)+B,
=p@—-y)+ly@-y)?+B@—y)+o,
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a, B, y being any arbitrary constants and ¢ being any arbitrary function. Now the six equations
{w+y=a, p+q=b, r+s=c, z=¢(@-y)+iy(@-y;l+px-y)+x,
$(p-9)=¥ @-y+y@-y)+p, Fr—s)=¢" (@-y)+y

are sufficient to determine the six variables z, ¥, p, ¢, 7, s as functions of z and of the six constants
a, b, ¢, a, B, v; and we may substitute these six functions in the three differential equations

Z=pr't+qy, P'—q=0-8)@-y), p'+q={+s)@"+y)
and so deduce three other differential equations between z and the six constants rendered
variable. These three new equations will evidently not contain 2’ on account of the nature of
the process of integration by which they were deduced, but will be of the form of linear relations
between a’, b’, ¢/, o', B, y'. They are the following:

o +@—y) B +i@—y?Py =tba’, 0=F+(z-y)y, b'=ca’;
of which the third gives
b=¢(a), c=¢'(a);

B=x(), @=y)=-x();

the second gives

and the first gives
o =) Py =i (a)a’.
Therefore
a=4 [t OPay+ifp@da=-2 ) +0 @),
where
E )=y 0P ¥ (@)=1p ()
and hence

atB@—y)+iy(@—y)>P=E()+®(a)—x(y) X' () +vE (y).
Consequently
2=y {—xX N+E@+Ir{X 0P-x ) x (v) +P(a),
z=%a—3x'(v), y=3a+ix (v),
=0 @)+ {—x" M} +x ) —vx' (¥), =P @) —¢'{—x V)}—=x@)+vx' ()
r=0"(a)+J"{—x ()}i+y, 8=0"(a)—4"{-x' M}~

and it results from the nature of the foregoing investigation that this system of 7 relations
between the 9 variables z, ¥, z, p, ¢, 7, 8, @, y may be considered as an integral of the proposed
partial differential equation ¢=r, the functions ® and ¢ being altogether arbitrary and the
functions E and y being subject only to the restriction Z’(y)=34{x" (y)}2. Accordingly these
7 relations, considered with the derivatives of the first 5 of them, give

zl =.pxl +qyl, pl =7‘x'+8y', q' =8x, +ryl’

independent of any relation between z and y. But this integral system may be simplified; for,
if we put for abridgement

Pl N+EN+I X DP=xN X @) =F{-x")}
and hence

=X M= {=x =X D) +x), F{=x }=4"{-x")}+7

HMPII 51
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we can easily eliminate @ and y and deduce the 5 following relations between .i, Y, 2,0, 9,7, 8
z=¥(@-y)+Q(x+y),
p=Y(@-y)+0 @@+y), ¢=-V(c-y)+0 (z+y),
r=¥"(z—y)+0" (x+y), 6=-V"(x—y)+P"(x+y);
of which the first is the sufficient and well-known integral of the equation ¢ =r.

In general it seems likely enough that if we can integrate the system of the 3 total differential
equations (2), (3), (4) and of their principal supplementaries (17)—(23), and thus, by elimination
of A, p, v, deduce z, ¥, p, ¢, 7, s as functions of z and of constants; and if we then substitute
these six functions instead of z, ¥, p, ¢, 7, sin (2), (3), (4), treating now the constants as variable;
the three resulting differential equations, which must evidently be linear relations between the
differentials of the constants thus rendered variable, not involving the differential of z, will
conduct by some new integration to the integral of the partial differential equation of the
second order (1).

Now, if we substitute in (23) the values of X', u’, v’ deduced from (21), (20), (19), we find

(29) 0=vy' {f' (x) +pf" (2) +1f" () +8f' (@)} — (' +vs');
and, similarly, from (22) we find :

(30) 0=vy'{f' W) +af" @) +5f' (P)+if" (@)} — (8" + 1),
attending to (3) and (4). If we put

(31) r'=Ra' + 8y,

(32) s'=8x'+ Ty,

(33) V=Tz'+ Uy,

R, 8, T, U being the partial differential coefficients of z of the third order, taken with respect to
z and y, we shall have, by the proposed partial differential equation (1),

(34) T=f" (@) +pf (@) +rf"(p)+58f" (@) + Bf’ (r) + 8f' (8),

(35) U=f"(y)+af (2)+sf' (p)+f" (@) + Sf (r) + Tf" ().
Hence (29) and (30) become

(36) 0=y’ {T — Rf’ (r)— Sf' (8)} — (B’ + Sy') — v (82" + T'),

(37) 0=vy'{U—8f" (r)— Tf' ()} — p(8a' + Ty') — v (T2’ + Uy’);

and these are identically satisfied, by (17) and (18).

It seems then that we can in general dispense with the equations (22) and (23); or rather that
we may substitute for them the equations (31)—(35), which by elimination of R, S, 7', U will
give in general a single differential equation of the first order between z, v, 2, p, ¢, 7, s, .

The equations (17), (18) give
(38) pp"+vg' =vy' {f—of’ (r)—sf" ()}
also by differentiation and by (19), (20)
(39)  wy"+v[2"+y'f (@O +y {f O 1=y ' + vy’ (P} +{' +Yf (O} ' + vy (@)
(40)  pa"+v[y'f () +y'{f () 1=2" " +vy'f (P} +yf () +vy'f (@)}
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We have also

(41) ¢ =2'{f" @) +pf @) +of () +8f" @} +7f () +y'{f W) +af @) +sf (D) +1f @)}
+8’fl (8),
and therefore may put equation (30) under the form
(42) 0={u+uf (8)}s +vr'f’ (r)+va' {f’ () +pf @) +7f (p)+sf (@)}
which gives, when combined with (29),
(43) 0=1"{wy'f" (r) + pa'}+ 6 {uy’ +vy'f’ (s) +va'}.

But this is identically satisfied by (17) and (18). We may therefore consider the equation (30)
as included in the three equaticns (17), (18), (29); which three last equations will give in general,
by elimination of v/, two differential equations of the first order between z, y, z, p, ¢, 7, 8, to be
combined with the three equations (2), (3), (4). Another equation between the same variables,
but of the second order, may be had by eliminating A between (39) and (40) and then changing
v/p to its value.

[Examples.]

[3.] In the example ¢=r, the equations (17), (18), (29) become
O=py +va’, O=px'+vy, O=pr' +vs,
~ and give, by elimination of v/u, the two following:
xlg Al ylz’ z's = ylr’-
Also
xlrl — ylsl,
this latter being a consequence of the two former. In the same example, the equations (39)

and (40) become
#yn+vx”=2ml I’ M”+W"=A(x'2+y'2);

therefore
(y" +va") (22 +y'%) =2 (u2" +vy") 2y’
Since
vy APBRRIE.S
’L zl yl )

we have, by substitution of the first of these two equal values of v/u, the following differential
equation of the second order:

(y”—y > ) (@2 +y%)=2 (x”—y"{ )x’y’;

z' z

oM

which is identically satisfied, because the equation 2" =y'2 gives both 2’2" = y'y" and 2'y" = y'z".

In the less particular example
; t=Ar+ Bs,
the equations (17) and (18) become
' O0=va'+ (u+vB)y', O0=pz’+vAy';
equation (29) becomes 0=pur’+vs’, and (30) becomes 0=us’+wt’. Thus, changing v/u to
—a'|Ay’, we find
, x'*+ Ba'y'=Ay'?, Ay'r'=xz's', Ay's'=a' (Ar' + Bs'),

51-2
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of which the last is a consequence of the two first since those give

8’ (x'2+ Bz’
s Rl wal L

,Ay,8,= y )=x’ (Ar’_*_le).

Also equations (39) and (40) become
py" +v (" +y"B)=A(22"y' + By), pa"+vAy"=(a"2+ Ay,
which give, by elimination of 2,
{ny" +v(@"+y"B)} ("2 + Ay'®) = (ua" + vAY") (22'y’ + By").
Therefore, eliminating v/u,
- {Ay'y" -2 (2" +y"B)} ("2 + Ay"?) = (Ay'a" - A2'Y") 2y + By'®);
but both sides of this equation vanish in consequence of the relation
x'?2+ Bx'y' = Ay'?,

which gives ,
y'[x" =const., (y'[2')'=0, and Ay'y"—2'2" =3B (z'y’)’ = Bx'y".
Still less particularly, let
t=Lr+Ms+N,
L, M, N being functions of 2 and y. Then :
f'(@)=rL (x)+sM' (x)+N' (), f'(y)=rL'(y)+sM'(y)+N'(y), f'(2)=0,
['(®#)=0, f'(9)=0, f'(r)=L, f'(s)=M;
the equations (17) and (18) become
O0=py' +v (@' +My'), O=pz'+vLiy';
equation (29) becomes
0=vy'{rL’ (x)+sM' (x)+ N’ (x)} — (wr' + vs');
and equations (39), (40) become
py' +v (@ + My"+ M'y')=A(22y + My'?),
pa’+v(Ly"+ L'y') =2 (2" + Ly").
Hence, by eliminating A,
(xlz arl Dylg) {,U.y” + v (x” A My” 4 Mlyl)}= (2x'y' b Mylz) {Fx/r + (.Dy” o L/yl)}
Thus, by the elimination of v/u, we find the three following cquations:
0 vt M'g £ ¥y xlz AN Mxlyl’
0=Ly'r' —a's' +2'y {rL' (x)+sM’ (x)+ N’ (x)},
@+ Ly { - Lyy +2's" +a' My’ +o' My} = @'y + My™) (- Ly's" + L'y’ + L'z'y'}.
The first of these equations gives
2Lylyll o 2xlx” + M (xlyll +ylx”) + Mlxlyl i Llylz;

therefore

i (2xl+Myl)xll+(Mlxl_Llyl)yl— i x—”+.M'x'_Llyl
y 2I/y'—Mx' b gl xr 2I/1/'-—Mx' ’
and

(x12+ I/ylz){_xlz (Mlxl ol Llyl) +x'y’.M' (2D_l]'—.Mx’)} {
= (20 + My)) 2’y {L(M'z' ~ L'y') + L' (2L’ — M)},
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Thus
0=a'L &'y’ (& + Ly") +y'* (2’ + My') (M’ — Ly)}
+a'M'{(—x"2+2Ly"*— Ma'y’) (2" + Ly'®) —a'y" L (2" + My')}.
Hence, setting aside the factor 2'y’2,
0= L' {(2Ly’ — Ma')a’ + (2’ + My') (Ma/ — Ly )} + M’ {L (&' + Ly') — L (2" + My},
in which the coefficients of L’ and M’ both vanish in consequence of the equation
0=Ly?—a'2— Ma'y'.
In the present example, ¢t = Lr+ Ms+ N, the equation (38) gives
pp’+vg' =vNy';
and, since (18) gives 0= pua’ + vLy’, we have, by elimination of v/u,
Ly'p'—2'q’ + Ny’ =0.
This equation may take the place of equation (4), so that, upon the whole, we may establish
the system of the five following equations:
{ Z=px'+qy, p'=re'+sy’, 0=Ly*-z*-Mcz'y,
0=Ly'p'—2'q¢ + Na'y', 0=Ly'r'—a's' +a'y' {rL' (x)+sM' (x)+ N’ ()},
which are, if possible, to be integrated all together by discovering functions of z and of constants
which, when substituted for z, y, p, g, 7, 8, shall satisfy them. If we can discover such functions,
we may then put v/u= —a'/Ly’, and we shall therefore have

’

p L
l"_ xl+Myl‘
Also (19) and (20) give
(K)'_ﬂ_‘ﬁ'__iyf+”_)‘x'
gl o PN e TgRY
Therefore
A__—Gl) _ @ /Ly) o'~ (Ly'+ UYLy
b Y —lwa Ty 2Ly Ly*+a"
The same equations (19), (20) give
B - i et Bl il
A_ yl x/! L -Dy”
therefore
A=I‘L’x’+’w”-,w,(w”+.ll’y')= —Et
M'z Lgyls xl'
Thus
SRS TR R L RS2 M}
A== W )+ feal — L) = o W~ R g |

by the value of ¥” deduced by differentiation from the equation

Ly'?—2'2— Ma'y' =0.
Hence

0=\’ + ') Ly 2Ly’ — Ma') = L (2 Ly’ — Ma')? — pa’* (L' (Ly/ — M) + M L'}
=2 (' Ly (M?+ 4L) — pLL'y +pa’ (ML — LM")},

www.rcin.org.pl



406 XV. PARTIAL DIFFERENTIAL EQUATIONS 3

and so
v _LLy +(LM'-ML')x' )_\__ _LL’y’+(LM’—ML’)x’
o L(M2+4L)y A L(M2+4L)2'y
We had found before that
AN
IR 2T

The equation (21) gives, in the present example, A’ = 0; we ought therefore to have identically,
or at least in virtue of the relation
0=Ly?2—2'2— Mz'y',
iy {LL'y'+(LM'-ML')a'Y LL'y +(LM'—ML)2' {L(M?*+4L)x"y'}

LL'y' +(LM'—ML'")2' L(M2+4L)y T L(M?+4L)a'y
(If, to particularise a little further, we make
2
Wi by Wb b
Y Y )

we fall on the case of equal roots and have M2+4L=0; to which case we shall afterwards
return.)
If we suppose, at random, L=2?% M =0, we have

o s B b g ol g g8

g odele ! Bl o it B e ahs e A8 1 |
It certainly seems that we have not in general A’ =0, without a new relation giving the ratio
y’|x', which may not coincide with the relation 0= Ly'?—a'2— Mx'y’; and perhaps there may
thus arise an equation of condition restricting the application of the method.

In the case of the equation

3. Wy
t=— - Yer—8,
Y
the equation Ly'2=2'2+ Mz'y’ becomes 0= (yx’' —xy’)? and gives
y_y

== =const. =a.
Biw &

’

Also the equation 0= Ly'p’ —2'q’ + Nx'y’ becomes y'p’/x'q’ = —y?|«*. Therefore
Il: i g = —a,
q x

and hence
p+aq=const.=b.

The 5th of the five equations in the middle of page 405 becomes

xz oo o 2x’y,
= —y—zyr —z's’ — 7 (2r +ys),
that is,
0=xr’+ys'+2%(xr+y3),

and so '
' +as L
= 2—
9 r+as iy
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or
(r + as) x® = const. =c.
The first of the same equations gives
Z'=(p+ag)a’ =(b+2aq)’,
and hence
z—bx—y(x, a, b, c)=const.=a, Y’ (x)=_2aq.

The second of the same equations gives
’ ’ cx’
p'=(r+as)x’= o

and hence

P +§= const. = .

407

Reciprocally if we differentiate these five integrals, treating a, b, ¢, «, B as variables, we find

y’:ax'-{-m’, p'= —aq'—qa'+b', (r’+a8')x2+2(1‘+a8)xw’=c’,
GO
2= bbb+ @)+, P ==t

to which we are to join these five integral equations themselves and the equation ' ()=

Thus y
0=pa’' +qy —2 =ba’ +q(ax’ +y')—2' = (b+ 2a9) 2’ + qza’ -2’
=qza’ —xb’ —o’;

’ ’ ’ ’ ’ cx' cl__ o ’ C’ L
0=ra’+ sy’ —p'=(r+as)a’ +sva —‘—3—9;+; B =sza'+——B;
0=82'+ty —q¢ =(8+at)a’+txa’ —q'

1 ’ ’ ’ / cx' c' ’
=a{—-(r+as)x +txaa’ +9a’ —b +;¢7—;+B}
=1 a'(q+tm)—b’—c—’+,3'}=1{(q+txa+8x)a’——b'}.

a & a

Therefore
’ x c c ’ A ca’
—= =g—— =Q——=0——) 6L =2 a —bl =—,
7 g+a(s+ta)=g—_(r+as)=q—_—=4q v (¢ S
and so

a=x(a), c=ax (a)
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