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XIL

CALCULUS OF PRINCIPAL RELATIONS*
[1836.]

INTRODUCTION.

1. Ttisa well-known theorem of the Integral Calculus that if ¥, be a function of z, respecting
which we are only told that it satisfies a given differential equation of the first order,

0=f($,_1/z,jl/;), (1)

¥y, denoting the differential coefficient or derived function d—‘%) , we are at liberty to assume

dx
an additional condition of the form
Ya= b, (2)

a and b denoting any two assumed corresponding values of the two connected variables z and
Y,; but that after the assumption of this new condition, the functional relation between these two
variables # and ¥, is in general theoretically determined, whatever practical difficulties may
remain in the actual discovery of its form. So that the differential equation (1) may in general
be conceived as conducting, by an easy or difficult but always possible integration, to a relation
between any one pair of corresponding values a, i, of the two connected variables of the question
and any other pair of corresponding values z, ¥, of the same two connected variables; or to an
equation in finite differences of the first order between a, y,, Aa and Ay,, which may be thus
denoted,

0=F(arya’x’yz)=F(a:ya’a+Aa>ya+Aya)’ (3)
Aa and Ay, being here equivalent to # —a and y, —y, respectively.

2. Again, if y, and z, denote two functions of z, respecting which we only know that their
first derived functions y, and z, are connected with them and with « by a given relation of the
form

0=X+Yy,+ 2z, (4)
in which X, ¥, Z denote given functions of z, y, and z,; then, if we denote by
8X 38X O0% r3NAQX.BY. 07 6Z o7
TR 78 U 238 7% S T AL X
the nine partial differential coefficients of the first order of these three functions, taken with
respect to the three variables z, y,, and 2, as if they were independent of each other, and if we
suppose that these partial differential coefficients satisfy the condition

. o 3Y 8Z 8Z 8X 83X &Y
"“X(a;“@,)”’(a‘sz)”(@;a)’ (6,

* [1t was Hamilton’s intention to write a book on the Calculus of Principal Relations (see Graves, Life of
Hamilton, 1, p. 177). This is all that remains of the manuscript of the proposed treatise. Papers XIII and XIV,
pp. 332-390, contain material which he obviously intended to incorporate in the book. A sketch of the calculus
is to be found on page 408.]
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298 XII. CALCULUS OF PRINCIPAL RELATIONS [2-4
it is known that the differential equation (4) conducts by integration to a relation of the form

f, (x’ Yz> za:) =const. =f; (a’ Yas za)s (6)
which may also be thus written, as an equation in finite differences of the first order,
0=F(a, Y,, 24, @ +Aa, Y,+AY,, 2,+A2,). (7)

3. But in general, if the derived functions y, and z, be only connected with 2, y, and z, by

a given relation, which may be thus denoted,
0=f(x7 Yas %2> y;:’ z:::)’ (8)

then (setting aside some particular cases of exception such as that which has been last con-
sidered) we may attribute any arbitrary values to the three initial and three final values, a, ¥,,
2., a+Aa, y,+ Ay, and z,+ Az,, without obliging these initial and final values to satisfy any
determinate relation, such as (7), as a necessary consequence of the given differential equation (8).
Or, to express the same thing otherwise, we may in general assume any arbitrary values y, and
2, of the functions ¥, and z,, as corresponding to an assumed value @ of the variable , without
thereby establishing any relation between the values of the same functions ¥,,,, and z,, 4.,
which correspond to any other assumed value a + Aa of the same variable x. According to the
unlimited variety of forms which we may assume for the function y,, consistently with pre-
viously assumed values y, and y,, ., we shall have by the differential equation (8) an unlimited
variety of corresponding forms of the function z,, even when the initial value z, is given cr
previously assumed; and in passing from one such form of z, to another the final value z,,,,
will itself in general vary; so that it will be only in particular cases that these various forms of
the function z, will fail to give an unlimited variety of final values 2,, 4.

4. To illustrate this theorem by an example and to prove that it is true in an extensive
class of cases before considering the general proof of it, let us assume the particular relation (4),
supposing now that the condition (5) is not satisfied; and let us write, for abridgement,

X Y
_Z=p9 —'Z:q» (9)

so that the condition (5) shall take this simplified form

S % % 3%

8’—%+q3z—:c='8—'+p8z—a:. (10)
We have thus the differential equation :
% =D+ (11)
in which p and ¢ are any two given functions of z, , and z,, not satisfying the condition (10).
Let any function %, of « be supposed to be assumed at pleasure, subject only to the initial and
final conditions

ya=b’ ya+Aa=b+Ab> (12)
in which the values of b and Ab are given or previously assumed; and then let the connected
function z, be conceived to be determined (as we may always at least theoretically conceive
it to be, by principles already referred to, whatever practical difficulties the actual determina-
tion may present) so as to satisfy the differential equation (11) and also the initial condition

2,=¢, (13)
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4] XII. CALCULUS OF PRINCIPAL RELATIONS 299

in which ¢ is given or assumed; and finally, from the form of the function z, thus determined,

let the final value
Zassa=0+Ac (14)

be conceived to be calculated. We propose to show that this final value ¢+ Ac will in general
vary with a variation of the assumed form of the function y,, even when a, b, ¢, Aa and Ab
remain unvaried. To show this, let € be any small and arbitrary constant and let y, + en, and
2, + €{, denote two new connected functions of &, which differ little from the two old functions
Y 2, and which satisfy, like them, the differential equation (11), or rather the new equation into
which that transforms itself when the new functions are substituted for the old ones; let it be
supposed also that these new functions y, + en,, 2, + €{, satisfy these three new conditions

ya+€’7a=b’ ya+Aa+€77a+Aa=b+Ab’ Za+el,=c, (15)

which are analogous to the three old conditions (12) and (13) and give, when combined with
them,

17a=0, 7Mar0a=0, La=0. (16)
The new differential equation, analogous to (11), may be thus written
! ’ 8 8 8 ’ ’
Zatelz=p+ ‘nzs—yg +‘Cz§£ L (q+ e1)387q 5 nggzg) Yo t+eqn,+ 2l (17)
x x z 3 xZ

E, denoting, for abridgement, a factor the development of which is easily obtained but is not
necessary for our present purpose; and if we subtract the old differential equation (11) from
the new one (17) and divide by ¢, we find, more simply,

, (%P ,ﬁ) op ,_3_4_) ; t
gz—(gzjc+yx8zx Cz'*' Syz"'y:cayz "7x+q7la:+€Ez' (18)

from which equation we propose to deduce by integration an expression for the final value
Curaas Which shall show that this final value does not in general vanish and therefore that the
final value 2, s, + €{, 4, Of the new function z, + €{, is in general different from the final value
244 a4 Of the old function z,.

With this view, we may multiply the differential equation (18) by a function A,, so chosen
as to make the product
. (% .. %
- () o

equal to the first differential coefficient or derived function (A,{,)’ of the product A,{,; a con-
dition which gives

X= - (L +450). (19)
\ & z
and therefore, in the notation of definite integrals,
Yy SWK. 4w
A=Ae / ..(8%*”"8%) i (20)
38-2
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300 XII. CALCULUS OF PRINCIPAL RELATIONS [4

When A, is thus chosen, it is easy to see that the first differential coefficient or derived function
of the product A, q is

M) = o Q) =D, St g

, 8¢  _,0q
=a (8x+y"8y z‘”_+qA)

_ |5 i , 8¢
—Az{s—:'v+yzsy +(p+qym)g Q(Sz +yzsz )}
iy ,5q 8 b‘p)
_ A (8x+y‘ +p8z 75, 1)
and that cousequently
8p 8q Sp 8 @ g\,

changing therefore (A,q)’ 17m+)«gcq'r;m to the eqmvalent expression (gA,7,)’, we find from the
equation (18) the following

i 3 8 dp

OuLe) = + A (5~ 50 + 250~ p ) + A s, (23)

which gives, in the notation of deﬁnite integrals, by the conditions (16),

a+Aa S & Sp o
Asrsabataa =fa A:c"']ar: (sy . th qb‘z P 52 ) dz + Ef A:c-E dz, (24)
that is, finally,
i 1 a+tAa 8]) 8q Sp Sq

el MR L - R i

From this expression it is easy to prove what was asserted, that when the condition (10)
is not satisfied the final value {,,,, does not in general vanish independently of the form of the
function 7, , even when the initial value {, and the initial and final values », and 7, ,, are each
=0; for we now see that {, ,, may in general be developed according to ascending powers of
the small multiplier € in a series of the form

Laraa= cg’-)!-Aa"'elg-)kAa“l"etc-, (26)

and that the first term of this series does not in general vanish independently of 7, since it may

be expressed as follows
a+Aa

Cg)-)l-Aa = _fa

Lydx a+Aa + / Zdex
f ec A%, e ML a Lt (27)

a
if we put, for abridgement,

A 4 39)
L’”__—(Sz t¥5, )

x .
eyt .l S
e T qu oz,

We see, then, that except in the case expressed by the condition (10) (in which this last
coefficient M, vanishes) the differential equation (11) is not sufficient to conduct, by necessary
inference, to any one determinate relation between the three initial values a, b, ¢ and the three
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4-6] - XII. CALCULUS OF PRINCIPAL RELATIONS 301

final values @+ Aa, b+ Ab, ¢+ Ac of the three connected variables 2, y,, z,; and therefore that
we cannot in general deduce, as a necessary consequence of the differential equation (11), any
equation in finite differences of the form (7): since otherwise it would be necessary that {,, .,
should in general vanish along with »,, {, and 7, ,, independently of the form of 5, and of the
value of e.

5. To make this reasoning more perfectly clear by a still more particular example, let us
assume the following particular forms for the coefficients p and g,

P==Yzs ¢=7; (29)
so that the differential equation (11) becomes now
Ze =Yz — Y- (30)
We have now
_, o Lo AP L ORI, | 8¢
5= 0 Sy, ek 52, 5= 1 5y, =0, 5 =0; (31)

so that the condition (10) is not satisfied. If we suppose that y, and z, are two functions of x,
which satisfy the differential equation (30) and also the conditions (12) and (13); and that
Y, +en, and z,+ e, are two other functions of x, which satisfy the analogous differential
equation

2+ el =2 Yy + enz) — Yo+ €1,) (32)
and the analogous conditions (15) or (16); we obtain this new differential equation of the
form (18)

Lo =05 —Ng» (33)
and the general expression (20) for the multiplier A, becomes here
A, =A,=const., (34)

so that we may suppress this multiplier or suppose it equal to 1; and we find this new equation
of the form (23)

L= (2n;)" — 27, (35)
which gives, by integration and by the conditions (16), a result of the form (25), namely,
a+Aa
lorsa= [ (~20)da. (36)
a

And it is clear that this final value of £, does not vanish independently of the form of the
function 7,, even when the conditions (16) are satisfied; and therefore that, in this example,
the final values of the three connected variables z, ¥,,, z, are not connected with each other by
any necessary relation when only the initial values and the differential equation (30) are given.

6. Resuming now the more general differential equation (8) and reasoning on it in a similar
manner with a view to establish the general theorem of the third article, we find, instead of the
equation (18), the following:

Sf gz Sf z:c 8;’ a:+8:;/f Ny t+ely; (37)
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302 XII. CALCULUS OF PRINCIPAL RELATIONS [6

which is now to be multiplied by a function A,, chosen so as to make the product
b 3
(el
equal to the first derived function or differential coefficient of the product A, g {,, that is, so
xz

as to satisfy the following condition

slon ()

252, * |82, \Oz,

analogous to the condition (19). In this manner we find, for the multiplier A,, the following
expression, more general than the expression (20),

L,d
do=A, i (39)
in which we have made, for abridgement,
2]
_ 0z, 8z,
8z,
and since we have thus the relation ;
AL=LAss (41)
we may put the product
(i
Sy, " Byy
under the form
of of _(3f of
(A’” 5% ”’) o {Syx (83/@ T 8?;}’
and consequently may present the differential equation (37) under the form
o ¢ of of (3 ) of
A (’”Sz ) (A"Sz )+”{8yx (Sy; wte 8y}+)‘E e

which is analogous to the equation (23) and may be similarly integrated. We are thus conducted,
when we suppose that the conditions (16) are satisfied, so that 7,, 7,,,, and {, vanish, to a
development of {, , », of the form (26), in which the first and principal term {9, , , will not vanish
independently of the form of the function 7, unless the functions y,, 2, satisfy the following
(additional) condition: :

of (of e
o™ (ov2) ~ et )
that is, by (40), ¥
L0 £
oy oye) Bl e
g of
Y. oz,

And since this condition (44) is not in general satisfied, either identically by all possible forms
of the functions y, , 2, or even by all forms of those functions which satisfy the given differential
equation (8), the theorem of the third article is true.
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7, 8] XII. CALCULUS OF PRINCIPAL RELATIONS 303

7. We see, however, that when the forms of the functions ¥, z, are such as to satisfy this
new condition (44), along with the differential equation

0=f(x’yz1zx’y:'wz;:) (8)
and the initial and final conditions (12) and (13), we have then the final condition
Cgﬂ- Aa= 0: (45)

as a consequence of the differential equation (37) and of the initial and final conditions (16),
whatever the form of the function n, may be for intermediate values of z; supposing always that
no one of the functions here considered becomes infinite or indeterminate within the extent of
the question. And because the condition (45), or the differential equation (44) which expresses it,
conducts in general (in combination with the other conditions above mentioned) to a final
value 2, ,, of the function z,, which has its variation €, ,, of the form €2{{}). ,, + etc. and there-
fore ultimately proportional to the square of the small multiplier ¢, (to the first power of which
multiplier the variation ez, of the function y, has been supposed proportional); whereas without
the condition (45) the variation €l,,,, would be of the form €, ,, + etc. and therefore ulti-
mately proportional to the first power of the same small multiplier €; we see that this condition
(45) conducts in general to forms of the functional relations between the variables z, y,, 2,
which are remarkably distinguished from all other forms of those relations by a peculiar law
of variation of the final value of z,. On account of this important property and of others con-
nected with it, we shall call the equation (44), which expresses the condition (45) and which is
in general a differential equation of the second order, the principal supplementary differential
equation for determining the forms of the functions y,, z, in combination with the given differ-
ential equation of the first order
0=f(, y;:’zx’y:’mz;)’ (8)

and with the initial and final conditions (12) and (13); and when these equations and conditions
conduct to a determinate final value (or class of final values) 2z, 5, of the function z,, we shall
call this value (or these values) z,, ., the principal final value (or values) of the function z,,
corresponding to the given initial and final values a, y,, 2,, @+ Aa, ¥, ., and to the differential
equation (8).

The values which we have thus called principal final values of a function z,, which is con-
nected with another function y, by a differential equation such as (8), are called more com-
monly the maxima or minima of the function z,, though they are not always greater or less
than all neighbouring values of that function; and it was the desire of discovering these par-
ticular or principal values which led to the invention of the Calculus of Variations. But although
the rules of that Calculus conduct to what we have called the principal supplementary differen-
tial equations, such as (44), they offer no general method for investigating or even expressing
the integrals of those differential equations. A general method for accomplishing this important
object is supplied, however, by that new Calculus of Principal Relations, to the consideration
of which we shall soon proceed. :

8. For the particular case (4) of this general differential equation (8), that is, for the

particular form
[=X+Yy,+Zz, (46)
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304 XII. CALCULUS OF PRINCIPAL RELATIONS 8

of the general function f, (X, ¥ and Z denoting here any given functions of z, , and z,,,) we have
the particular expressions
o XY 3% W
TR T TR TR A
af sy (47)
Sz,, ya: Sz +2 z az L] F
) OGNED GRE ¢
+2

“’Sy Foz,
sz 8Z 8% 48)
( ) oz ’83; +z”87x’
and therefore
8 (8f\ 8X 8Y ,(5Z &
8_yz_(fiyn.) %, _+z"(%_3§i)’]
(49)

of _8):) _8X 387  ,(3Y Z)\,
5, \822) T2, 52 T¥e 5, T5y,)
so that when we attend to the original differential equation (8), which here reduces itself to the
particular form (4), we find, after reductions, that in the present case the general supplementary
equation (44) transforms itself to the particular condition

8Y 67 8Z 68X 6X &Y
3 0 B A e 5
In like manner, if we assume the particular form
[=P+qY—2, (50)

so as to reduce the general differential equation (8) to the particular differential equation (11),
we find

s ()
Sy, \8y; =1(§g b_ %, aq)
of q\8y, '8 oz, "8
%Yz , (51)
of ( Sf)
oz, \oz. op ,oq\.
e~ (g i)
oz, J
so that in this particular case the general supplementary equation (44) reduces itself to the
particular condition
Smedsorydo ok

8y, 952, 50 P,

Thus for the two particular forms (46) and (50) of the function f (of which two forms, indeed,
the one includes the other) the condition (44) either cannot be satisfied at all (as in the example
of the fifth article where f was equal or proportional to —y,+xy, —z,); is identically satisfied
(as in the case considered in the second article); or else can only be satisfied by establishing a
particular relation between the variable # and the functions y,, z, which does not involve the
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8, 9] XII. CALCULUS OF PRINCIPAL RELATIONS 305

differential coefficients of those functions, and therefore does not permitus to assume as we have
hitherto done the arbitrary initial conditions y,=b, z,=c¢. Peculiar considerations would also
be required for the case when one or other of the differential ccefficients y,, 2, disappears from

the expression of f. But, in general, the equation (44) may evidently be put under the form

0=P+Qy;+ Rz, (52)
in which P, @ and R are known functions of z, y,, 2., ¥, and z,,, namely,
f(f L AT o ,Szf)’
~ 82! 8y, oxdy, “*8y.dy. 5 Y.,
1 A AR i S el A
A (5;“ Sudr. YrSy,0n. Toz, sz;) ’ %
FIPRL. ALy S, ... ws
dz, 8y dy. dy. oz,
Sf &f | of 8
T 82, 8y 8z, dyL oz )

or functions proportional to these; and since the functions @ and R do not in general both
vanish, this supplementary equation (44) or (52) is evidently in general a differential equation
of the second order, as was remarked before.

9. Another differential equation of the same order, which is in general distinct from this
principal supplementary differential equation (44) or (52), may be obtained by differentiating the
original differential equation of the first order (8) and may be thus denoted,

0=f'=P,+Q,y,+ R,2; (54)
in which the coefficients P,, ,, R, are the following functions of z, y,, 2., ¥., 2.,
e LWL _of 39f
+yz:8y zs_zz) Q,_Sy;y R’—S—Z;’ (55)

or functions proportional to these. If we had only the system of these two differential equations
of the second order, (52) and (54), we could only in general deduce from them, by an easy or
difficult but theoretically possible integration, two relations which might be thus denoted,

0=X(a’ya’za’y;:z;’x:yz’zz)’ } (56)
0=x, (@ Yas2asYasZa>® Yu> %)

between the three connected variables z, ¥, , z,, their three initial values a, y,, z,, and the two

initial differential coefficients y,, z,; or relations equivalent to these. But since the original

differential equation of the first order (8) gives this other initial condition

0=fa=f(a’ya’za’y;=z<,z): (57)
we can in general conceive the two initial differential coefficients ¥, and z, to be eliminated
between these three last equations and thus a relation obtained of the form

\ 0=F(a',ya:zaax’yz,zz)r (58)
or
0=F(a’ ya’za’a+Aa’ ya+Aa’za+Aa), (59)
or, if we choose, of the form (7), or finally of this simpler form
0=F(a,b,c,a+Aa,b+Ab,c+ Ac) (60)
HMPII 39
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306 XII. CALCULUS OF PRINCIPAL RELATIONS [9, 10

between the three initial and three final values of the variables z, y,, 2., these variables being
obliged to satisfy both the original differential equation (8) and also the principal supplementary
differential equation, (44) or (52). And because the relation (58) or (59) or (60) thus obtained
gives in general the principal final value z,, ,, or ¢+ Ac of the function z, when the five other
initial and final values a, y,, 2,, @ +Aa, Y, a4, OT @, b, ¢, a+Aa, b+ Ab, are given, we shall call
this relation the principal integral of the original differential equation (8), or the principal
integral relation between the final and initial values of the three connected variables z, ¥, 2,
resulting from that differential equation.

10. To give an example of the application of this method of investigating a principal
integral relation, let us take the following particular form of the function f,
J=9Yo+ 395" — 2, (61)
g being any given constant; so that the proposed differential equation, of which we are to seek
the principal integral, may now be put under the form

20 =9Y2+3Ya™ (62)
We have now the following particular expressions for the partial differential coefficients of the
function f,
8 o Bf il o B cr na i i
gi—(), S—yx—g, %—0, Sy;—yz, S—Z;D— L (63)
so that, by (55), the general coefficients P,, @,, R, of the differential equation (54) become here
P,=9yYs, @ =Yz B,=-1L (64)

we have also for the partial differential coefficients of the second order of the same function f
the expressions

~

P o gpnciiont gRRBROT gen B O flpsts

v Bl dx 8y, el dxdz, " dx 8y, 0y Ssz;—O’

8 | .02, | WOy, | Syid

& A8 o e B

822 9, 82,8y, 0, 82,0z, o ( (65)
o L S

T A T

3%

=i3=0

82,2

J
and therefore, by (53), the general coefficients P, @, R of the differential equation (52) become,
in the present example, '

R= g5 Qe 1.8=0, (66)
The general differential equations of the second order
0= P+ Qy,+ Rz, s (52)
and 0=P,+Q,y,+ R,z (54)
become therefore now
0=—g+y; (67)
and % =Y+ YrYas (68)
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the former of these two, namely the equation (67), being the principal supplementary differ-
ential equation and the latter, namely (68), being obtained by differentiation from the original
differential equation (62). If we had only the system of these two differential equations of the
second order we could only deduce from them by integration the system of the two following
equations of the forms (56),

0=yx_ya_y;(x—a)—%g(z_a)2 (69)

C0=z,—2,— 2z, (x—a)—gy,(x—a)®—ig*(x—a)? (70)

and

or relations equivalent to these. But the original differential equation (62) gives also this
initial condition of the form (57),

0= fa gya'l'%ya o a’ (71)
and, by eliminating y, and 2, between the three last equations (69), (70) and (71), we find this
other equation of the form (58),

O0=F=2z,—2,—39 (Y, +y,) (®— a)—(2(z—y;)) + 9492 (x —a)?, (72)

which is the principal integral sought of the proposed differential equation (62). This integral
may also be thus written, under the form (7), as an equation in finite differences,

2
0=22,—9 (Yo +$Ay,) Aa— %j(—;;— +359°Ad®; (73)
or more concisely thus, under the form (60),
0=Ac—g(b+ }Ab)Aa— Ab 3. i 259%Aad, (74)

11. In a very extensive class of cases the proposed differential equation, though it contains
the differential coefficient z,,, does not contain the undifferentiated function z,; and then, as
in the last example, it may be put under the form

2= (T, Yz, Ya)s (75)
so that the function f may be regarded as being of the form
=4 @, Yas Yz) — 2. (76)

In all cases of this class the process of the 8th article for determining the principal integral
admits of being simplified; for the principal supplementary differential equation (44) or (52)
becomes simply

8 (34’
@—(szf;)’ 4
or
2 2 2
T 8'l’+ g a2 (78)

R T TR VAL T
and does not involve z,, z, nor zj, so that its integral, like the equation (69), is of the following
form, more simple than the form of either of the two general equations (56),
0=X (a, Ya> yclv Z, yz)' (79)
And because this integral (79) of the principal supplementary differential equation (77) or (78)
enables us to express the function ¥, , and therefore also ¥, in terms of the constants a, y,, ¥,
39-2
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308 XII. CALCULUS OF PRINCIPAL RELATIONS [11,12

and of the variable , it enables us to express the difference z,—z, in terms of the same con-
stants and variable, by means of the original differential equation (75), as the value of a definite
integral, namely,

zx_za=fx¢(x: Yz ya,c)dw: (80)

so that instead of eliminating the fwo initial differential coefficients y, and z, between the three
equations assigned for that purpose in the 8th article, it is sufficient to eliminate the one initial
differential coefficient y, between the two equations (79) and (80) in order to obtain the prin-
cipal integral relation connecting the initial and final values of z, ¥, and z,; which relation will
evidently be of the following form,

O0=F=2,—2,—D(a, y,, 2, Y,)=Ac—D(a, b, a+Aa, b+ Ab). (81)
Thus, in the last example, in which the function ¢ (z, ¥,,, ¥.) = 9y, + 34,2, so that

5¢ 5, 8% 8% 5%
=0, ==Yt Ta7=0, =7—1—5=0, —==1, 82
Sy, O Sy, % Sadyl 0Y Y, 8Yz® o

the form (78) for the principal supplementary differential relation becomes

0= -9+, (67)
as was otherwise found before; and its integral is of the form (79), namely,
0=Y,—Yoa—Ya(®—0a)— 39 (x—a), (69)
which gives for the functions y,, ¥, the expressions
yz=ya+y¢’z(x—a)+%g(x_a)2s} (83)
Yo=Yat+9(@—a).

Substituting these expressions in that of the function ¢, we find

(X, Yu» Vi) = 9Y+ Y22 = 9Ya+ 3o’ + 20Y0 (x—a) + g2 (x—a)?, (84)
and therefore

Zp—2,= f {9Ya+ 3y22+ 29y, (x—a) + g2 (v — a)}} dx

=(9¥a+194") (€ —a) + gy, (2 —a)* + 39 (2 —a)®; (85)
so that finally, by eliminating y, between the two equations (69) and (85), we obtain the same
principal integral relation

—qy.)? :
0=z, 2, by (a9 =)= PV gt o —a, (12)
which was found before by a less simple process.
12. The differential equation
2, = (2, Yz, Yz) (75)
conducts in general to the expression
x
z:c"za=f ¢(x’ Yas ?/;) de, (80)
a

whether we do or do not employ the supplementary differential equation (77) or (78); but
among all the values of the definite integral (80), corresponding to all possible forms of the
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function ¥, and to the initial and final conditions (12), the particular value (or values) deter-
mined by this principal supplementary differential equation may be called the principal value
(or values) of that integral for reasons already explained. We shall therefore call the value (or
values) of the definite integral (80), determined in this manner, the principal definite integral (or
integrals) of the differential expression ¢ (2, ¥, ¥.) dz, taken between the limits @ and , or @ and
a+ Aa; and we shall distinguish in writing a principal definite integral of this kind by drawing
a stroke under the sign of integration; so that the principal integral relation (81), deduced
from a proposed differential equation of the form (75), may be denoted as follows:

a+Aa
Pl f ¢ (@, yor YL do= f $ (@ Y, L) d. (86)

For example, by what has been already shown, the principal definite integral of the differ-
ential expression (gy, + 3.2 dx, taken between the limits @ and z, is
, (Y2 —Ya)®
2 Yao™Ya)” _ 3
[ o wnar=tow s -+ Gl e ap (87)
13. Besides the principal supplementary differential equation, the Calculus of Variations

conducts also to another important relation called usually the Equation of Limits, which may
be explained and investigated as follows.

Returning to the general differential equation of the first order

0=F(, Yz 2> Yzs %2)s (8)

let us now imagine that after finding two functions y,,, z, which satisfy this original equation (8)
and also the principal supplementary differential equation (44) or (52) and the initial and final
conditions (12) and (13), and after calculating thus the principal final value z,, ,, of z, which
corresponds to a given final value y,,,, of ¥, and to given initial values y,, z, of the same
functions y,,, z,, we then change these two functions as before to others of the form y, + en, and
2, + €(,; but that at the same time we change also the variable z itself to a function of the form
x + €€,, and therefore the differential coefficients y,, z, to the quotients

Yotens Ztels

1+€f.’ 1+¢€,’

and that, by making all these changes in the original differential equation (8), we form a new
but analogous differential equation and then oblige the functions £,, 7, , {, to satisfy this new
equation, namely,

‘ siter, )
O=flae+e,,y,+en,,2,+€l,, =y ). 88)
f( §I Yot €Mgs 2y Cz 1+€fx 1+€‘fz (

We shall then have, instead of (37), the following equation deduced from the combination of
(8) and (88):

0L bt gL mt g Lok g = )+ 5 (= 2E0) B (89)
E, being a factor Whlch we need not, at present determine; and since by the differential equation
(54) we have
i ia g L biaply b

T T
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it will follow that

f(lz_ e xf:c)'*' of ("7::: yxf; Yzbz)

+8—zf;<c, S+ 5 (Vi) +eE. s

Multiplying this differential equation (91) by the factor A, of the 6th article, which satisfies the
two conditions

VL 10
we find this transformed differential equation
0= ({ L st + 5 —vita)}) + L E, (93)
which gives, by integration,
0-8 (A{g tu-mitd+ 2 a=vat] )+ [ N But (04)

[ denoting as in (57) the initial function f(a,¥,,24, ¥4, ?,) and A still implying that we are to
take the finite difference corresponding to the transition from the initial to the final values. If
then, without obliging £,, 74, {4; £asaq a0d 744, to vanish, we suppose (as in general we may)
that {,, ., is developed in a series of the form (26) according to positive and integer powers of
the small constant multiplier ¢, we find for the first and principal term {9, ,, of this series the
equation

8 a a 8 a a ’
S‘Z‘a::a (C(O) a+Aa§a+Aa) i 8.;;::“ (’7a+Aa ~Yataa §a+Aa)
atAa
) 3 L dx
{2 (it + g5 a =ik e bt
in which L, has the same meaning as in the 6th article, namely,
of _(of )' f (&Y
- é =il S?:c ¥ % " Syz Sy;__ :
L=3= R (96)
82, Yz
This equation (95) may be simplified when the function f has the form
f=¢(x’yzﬁy.;)—z:::; (76)
for it then becomes
.
; s+ Paraafarsat SZ/S s *(Nat+sa—Yatsabaraa)
=~ Lt bukat gt (Vi) (97)
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. | 56 5,
0) o T a+Aa
tha’t 18, a+Aa ca 8?/;+Aa a+da Sy' Na
Obasa + Oy
+ (¢a+Aa ya+Aa8ya+Aa) atAa ™ (¢a ya Sy ) f (98)
For example, when the function ¢ has the form (62), so that
¢ =0Y,+ %y:'cz’ ¢a =9Yat %?/;2, ¢a+Aa =9Ya+rat %y:ziAa ’ (99)

then the formula (98) becomes

CEHAa fa =Ya+aaNa+sa ™ Yaat (9Ya+aa— 3ya% aa) Bethe — WVe— ") a- (100)
In general, if we write z instead of @ + Aa, the formula (95) becomes

- [*L,de
8f=<z<°> 2LE)+ f‘(nz yiE,) = {Sf"(c —gg)+ f“(na ~vita)e J. . (101)

and the formula (98) becomes
0 —ty= g = g, (he-viger) € (ba-viglt) & (102)

Thus, although the differential equation (88) is not sufficient of itself to determine the forms
of the three functions £,, 7,,, £,, nor even to determine rigorously, in general, the final value ,
of one of these three functions when only the final values £, , 7, of the other two functions and
the initial values &,, 1,, {, of all three are given; (because the term e\, Z, in the transformed
differential equation (93) is not in general immediately integrable;) yet, when the functions ¥,
and z, satisfy the principal supplementary equation (44) as well as the original equation (8),
we see that then the differential equation (88) is in general sufficient to determine the most
important part or term ¥ of the final value of the function ,, or the limit to which that final
value tends while the small multiplier ¢ tends to 0, whatever arbitrary forms may be assumed
for the three functions £,, 1., {, consistently with that one differential equation (88) and with
the three given initial and the two given final values, &,, 7,, {,, and £, ,.

14. Now, consistently with these five given values, initial and final, and with the differ-
ential equation of the first order (88), we may in general oblige the three functions ¢, 7, {,
to satisfy other conditions; for example, we may in general oblige them to satisfy any two
assumed supplementary differential equations of the second order; because a system of three
differential equations between four variables z, £, , 7, {, conducts in general to a system of
three integral equations between those four variables involving five arbitrary constants, when
one of the three differential equations is of the first order and the two other differential equations
are both of the second order. Among all the supplementary differential equations which might
be thus assumed, there is one which deserves special attention; namely that which is formed
from the principal supplementary differential equation of the second order (44) by not only

yz+€7’z z + ECI

changing z,y,,z,and y,,z, tox +€£,, y, +en,, 2, + e{, and 1+<€. 1+<E.’ , but also changing,
in like manner, ¥, and 2], to
(y; +eng)’ 2+ els)’
1+¢€, 1+, )
Tra, PO rar
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and which may therefore be thus written,

() (s
4 Yrtens 2otely \1+ef;)] \1+¢;
O—¢<z+€§’°’y’°+€””’z’°+“=“1+ef;’1+e§;’ e v

if the equation (44), from which it is formed, be written thus,

0=‘/’(x’yx’zx’y:;’z:::’yg::z;)' (104)
For, although the two equations (88) and (103) are not alone sufficient to determine completely
the forms of the three functions &, ,, {, even in conjunction with the five given initial and
final values ¢,, 1,, {,, & and 7,, but require another supplementary differential equation of
the second order, which might, for example, be assumed as follows,

§:=0, (105)

for such complete determination; yet it is easy to see that, as the two equations (8) and (44)
conducted to a principal integral relation of the form

O=F(a’ya’za:x’yw’zz): (58)
80 the two similar equations (88) and (103) must conduct to a similar integral relation
0=F(a+ Efa, Yat €Nas2q+ eca’ x+€fm’ Yot €Nz za:+€£:c)’ (106)

in which the form of the function ¥ is the same. Combining these two relations (58) and (106),
we find a new equation to determine the limit {& to which the final value of the function {,
tends, while the small multiplier € tends to 0 and while the final values of the two other functions
¢,,m,and the three initial values ¢,,7,, {, of the same three functions £, , 7, , {, remain unchanged
but arbitrary; namely, the equation

3F SF SF 3F

= o (0)
0= o — &, + Sy Ca £+ +8z (107)

The value of the limit { thus obtained from a combmatlon of the two differential equations
(88) and (103) must agree with the value of the same limit obtained in the 13th article from the
equation (88) alone; and this agreement must exist independently of the five arbitrary values
€as Na> Las €xs My comparing, therefore, the coefficients which multiply these five arbitrary
values in the two expressions of {, deduced from the two equations (107) and (101), we find
these three relations:

} f : L,dx i

SF)—I 8F  (8f \1( ,8f, oy , of,
3z da ( y"Sy “a gy :
= e, L d.
By =00, ol e : (108)
82,) Sy, Sy,, 3

-
(8
(

) - a) g

and these two others:

!

¥|
(3

)‘lﬁ_ 8fy\ '
Syz—( Sy

(109)

2
N

l

[«2I
N

4
Sz,

z
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In that extensive class of cases, in which the function f has the form (76) and in which
therefore the function ¥ may be put under the form (81), the five relations (108) and (109) may
be reduced to the four following'

/O, 3 3¢,
aay ‘ﬁw S—?Ia_—m’ (110)
and
30 S, 30 3¢,
S Yoy, Sy, oy, (1)

In general, the three relations (108) conduct, by elimination, to the two following:
1L s |
B ol

dz da oz, A%y “Tor

a ya a (112)
L D -
d2,) 8y, \82)) Oy,

15. To illustrate these general relations, let us resume the example of the 10th article, in
which

0=fa: gya:"‘%y’z_z (61)
0 fa gya'*'%ya —Za, (71)
and
o } A 4 (yz ya) A 3 72
0=F=2,~2,~ g ys+¥) (6 —0) ~ oY 4 Jeg? (o’ (72)
In this example
&y v Ofa_ 8fa o P, e T
ol R ol il
8F X ™
= W0+ (B0 gt o,
oF Yo—Ya OF _
g/;_—}gx —a)— g gl %—1’ - (113)

%g#g(yz-wa)—%(x a) -49* (z—a)?

L A Vo—Vs SE
gyfa——‘z‘g(x—a)*‘ e ke J

the general relations (112) become, therefore,

-39 (Y +Ya)+5 (y’ ) +§g (x—a)l=y2-z,
\ (114)
lg@—a)-L=te_ .,

to which forms the two first of the three relations (108) also reduce t'nemsélves, while the third

HMPII 40
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of those relations (108) becomes identical, because, in this example, the function L, vanishes
by (40); and the two general relations (109) become

— Y9 Wot+Ya)+3 (y; Z“) +ig* (@ —a)* =y —2;,
(115)
e —a)=Yz"Y%_ _
d(e—a)e"8— Yz-
And accordingly we may verify the existence of these four relations (114) and (115) in the
present example by substituting for y,, y,, their expressions (83), deduced by integration from
the principal supplementary differential equation of the second order (67), and at the same time
substituting for 2, 2, their values deduced from the original differential equation of the first

order (62) and its initial form (71).

The same example enables us to illustrate the four simpler but less general relations (110)
and (111); namely, by making, according to the 11th article,

$2=9Ys+ 30"  ba=9Ya+3¥a"
116
=139 (Yot Ya) (@~ a)+(g’(°x y;)) z4ad” (@ —a)’ o
and therefore
s _,1 OFa_. . )
Sy yz’ Sy‘;_ya’
ot _1 Y2~ Ya 2_ 2 2
'_x_%g(yz'i'ya) 2(:6—(14 %g (x—a’)y
3D = Ya
@f%g(x—a)#/ﬁ, : (117)
3D 1 (y,—y,\2
s = W0+ 5 (E2%) g -ap,
0P . i oy _Yz—Ya,
.~ o) -te=te, J
for the two relations (110) thus become
—39 (Y2 +¥a) + (y’ ) +392 (x—a) =3y, -9,
(118)
lg@—a)-Y2=Ye_ _y.;
and the two relations (111) become
39 (W= +Ya) =5 ( g, \) —§9* (x—a)’= — 39" + 99,
(119)
Yow—a)+L2=Ya_y;

and these relations (118) and (119), which agree with those marked (114) and (115), are satisfied,
like them, by the expressions (83) for y, and y.
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Reciprocally, it is important to observe that those former expressions are included in these
recent relations; in such a manner that they might have been obtained from the equations
(110) and (111), if the form of the function ® had been known as well as the forms of ¢, and ¢,;
or from the more general equations (112) and (109), if we had known the form of the function F
as well as the forms of f, and f,. For, having thus obtained the relations

’ =y.1:_ya

- Ayt | |

(120)

yo=te s g (a—o),

we might thence have easily deduced the expressions
' yz=ya+y;(x—a)+%g(x—a)2,}
Yo=Ya+9(@—a),
which we have otherwise deduced before, by integration, from the principal supplementary
differential equation

(83)

402
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CHAPTER 1.

Geﬁeml Theory of the Principal Integral of any Total Differential Equation
of the First Order, but not of the First Degree, between three or more Variables.

1. Let z,, z,, ... «, denote any n sought functions of any one variable z, the number »
being supposed to be greater than unity; let 1, @3, ... #, denote, according to the well-known
notation of Lagrange, the n derived functions corresponding, of the first order, or the first
differential coefficients .

de,  dz, dz,,
%" s —d; ’ cee .d;

of the n sought functions respectively; let

i (W PR MR A NG A

denote any known function of z, z,, #,, ... x,, 1, @, ... ,; and therefore let the equation

0=l oy - e ese AR ) (A)
represent any proposed total differential equation of the first order, restricting the forms of
the n sought functions 2, , ... z, and assisting to determine those forms by establishing a known
relation between those » functions themselves, their # derived functions of the first order and
the independent variable 2. Since the number 7 of the sought functions 2, ... 2, has been sup-
posed to be greater than unity, the one equation (A) is not in general sufficient to determine
the forms of all and we may on the contrary assume any n—1 supplementary equations,
differential or not differential, to connect these n sought functions, in combination with that
given equation of the first order (A).

Among all the supplementary equations which might be thus assumed, we shall select as
deserving of special attention, for reasons that will hereafter appear, the following n — 1 equa-
tions, which are in general of the second order, and we shall call them the principal supple-
mentaries of the original equation (A):

@)= {f @)Y _f @) —{f" @) _  _f @) —{f @)} (B)
I (@) I’ (@) f@)
In this notation, which is borrowed from Lagrange, the 2n symbols
I @), f1(@e)s oo [ (@), S (@), [ (23), v f'(25)
denote respectively the 2n partial derivatives, or partial differential coefficients, of the first
order of the known function f, taken with respect to z,, z,, ... 2,, @1, @3, ... ,; and the n

symbols

{F" @)Y, {F @)}, ... {f' @)}
denote the total derivatives, or total differential coefficients, of the first order of the functions
I (@), f' (x3), ... [’ (x,) respectively, considered as depending on the independent variable z,
not only so far as that variable enters into them explicitly by entering into the known com-
position of the function f, but also so far as it enters into them implicitly by entering into the
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unknown composition of the » sought functions 2,, @,, ... x, and of their derivatives @y, xj,
... Z,; so that, according to Lagrange’s analogous notations for partial and total derivatives of
the second order,* the symbols {f’ (z})}, ... {f’ (x,)} are equivalent, respectively, to the following
more developed expressions:
I" (@ @) + i fo (2, 21) + 2 f " (@, 21) + oon + 20 f7 (2, 1)
+2if" (@) +a5f" (@1, @) + ...+ fo (21, 2,),
I @, zy) s f (@, @) + 2o f " (@, @) + oo+ 2, 0 (@, %)
+ayf" (e, @)+ f " (@, @) + oo+ 2 f7 (@)

The object of the present Chapter is to establish a general method for rigorously expressing,
and for at least approximately calculating, the integrals of all such systems of original and
principal supplementary equations as the system (A) and (B) for any number of variables z,
... z, and for any form of the given function f, (some particular exceptions being set aside); but,
before proceeding to the establishment of such a method, it may be proper to mention some of
the chief reasons, (connected with the Calculus of Variations,) for the selection of the system
of equations (B) as the supplementary system to be combined with the original equation (A).

2. Such reasons may be drawn from the comparison of that original equation (A) with
another equation of like form, obtained by slightly altering as follows the original values of
the variables z, z,, ... z,. If we represent by &, &, &,, ... £, any functions of  and by e any
small multiplier independent of «, we may then consider

@, + €€y, Ty +eby, o0 Tyt ek,

as n functions of z + £, which do not much differ in their forms, or in their laws of functional
dependence on z + €, from the n former functions z,, z,, ... z,,, considered as depending on z;
and if we wish that these n new functions a, + £, , &c. of z + £ should be connected with each
other by a differential relation of exactly the same form as that original differential relation,
which was previously given to connect the » old functions z,, &c. of x, we must then establish
this new differential equation of the first order, analogous to and formed from the original
equation (A):

O=f(x+ef,x1+efl,...xn+efn,x1+€§1 x"+€§")

1+e£ " 1+’ )’ (©)
in which &', €1, ... £, are the first derivatives or differential coefficients of £, £, , ... £,,, considered
as functions of #; and consequently

Titely  tel,

1+ef 7T g

are the first derivatives or differential coefficients of z, + €£, , ... ,, + €£,, , considered as functions
of z+ €. Developing this new differential equation (C) according to the ascending powers of
the small multiplier ¢, and suppressing that part of the development which vanishes on account
of the original differential equation (A), and finally dividing by €, we find

0=£f" (@) + &S (@) + ... + €. (=)
+(E =2 ) (@) + ...+ (Er— 208V () + B (D)
* [Lagrange, T'héorie des fonctions analytiques (1797).]
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the coefficient # denoting, for abridgement, a development of which the actual calculation is
not necessary for our present purpose, because it disappears when we pass (as we shall shortly
do) to the limit at which e vanishes. The part independent of € in the equation (D) may be
transformed, by observing that the total derivative of the original equation (A) gives this

relation:
O=f" (@) +arf (@) +... + 2, f (@) +2if’ @)+ ... + 2, f' (%y,); (E)

for thus we find, by eliminating f’ (x) and by observing that {; —a1&' —a &= (§; —21§)’, &e.,
0=(&—2 &) f (@) + .o+ (En—2nE)f" (%)
+E 218 f (@) + oo+ (En— 20 8) [ () +€E. (F)
Let A denote a function of z, so chosen that when we multiply by it the sum of the terms
(ép—2, &) f (2,) and (¢, — =z, €)' [’ (x,), the product shall be an exact derivative, independently
of the forms of the functions ¢ and ¢,,; that is, let A satisfy the following differential equation of
the first order,
Af' (@) ={Af" ()} ()
The differential equation (F) may then be thus transformed,
0={(¢1—21 ) Af (@) + ... + (Ea— 2, E) A ()}
+(E—218) Af' (@) —{Af (@)}) + ...
+ (1= 21 €) Af @na) = {Af' (@ a)}') + A B (H)
and it gives, in the notation of finite differences and of definite integrals,
0=A{¢ -z ) Af" (@) + ... + (Eu— 2, E) S ()}

+ e-so 0 @) -0r @) dor .

- na O W @) - OF @) de e ABds (@

the sign of a finite difference A implying here that we are to subtract the initial from the final
value of the function to which it is prefixed, so that, the initial value of x being supposed to be a,
the symbol AF () is equivalent in this notation to F (x)— ¥ (a). Now if we take successively
smaller and smaller values of the multiplier ¢, that is, values nearer and nearer to 0, so as to

make e tend to 0 as its limit, the product efoE dx will also tend to 0 as its limit, and thus the
a
definite integral fz)\E dx will disappear from the limiting or ultimate form of the equation (I),
a .

z
as being multiplied by an ultimately evanescent factor e. But when the term e f A dx is
a

suppressed in the equation (I), the function £, enters into that equation by its initial and final
values only and no trace of the intermediate values (or form) of this function £, remains; to
accomplish which removal of the effects of all but the extreme values of ¢, from the equation (I)
was (as will easily be perceived) the thing aimed at in establishing the foregoing relation (G) for
the determination of the multiplier A. As yet, however, the equation (I) involves not merely
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the extreme values, but also the intermediate forms, of the other » new functions &, ¢,, ... §,_4,
because it involves the definite integrals

f :wl—x;f) OF (@) — Af' (@)Y de, ]
....................................... )

it is therefore evidently an object of particular interest to make these n — 1 definite integrals
vanish, without restricting the forms of the » functions ¢, &,, ... §,_;, and for this purpose to
make the coefficients of

§1—216, . b1~ T

under the signs of integration vanish, by establishing the following » — 1 relations between the
n original functions @, , ... z,,, the multiplier A and the independent variable x:
M @ =0 @, |

...........................

(K)

which can in general be done, consistently with the original given relation (A) and with the
assumed equation (C). And if we eliminate A and its derivative A’, or rather the ratio of the latter
to the former, between the n equations (G) and (K), we obtain the n — 1 supplementary equa-
tions (B); which were accordingly selected as possessing this remarkable character, among
others, of causing the effects of the forms of the n+ 1 new functions ¢, &, ... ¢, to disappear
from the ultimate state of the integral of the varied equation (C), and of reducing this ultimate
state of that integral (I) to the form of a linear relation between the final and initial values of
these new functions, namely,

0=A{&~2 A @)+ ... +(E— 2, E)AS ()} (L)
a relation which may also be thus written, ’
0= (& — 21 ) Af (@) + ... + (En— 2, E)AS () } o)
— (o —a10) yf’ (@) — .. — (@ — A @) yf" (a7),
if we employ the symbols
@l L Boafgens @by jeus bl o de oo wneye oy

to denote the initial values of the functions

VL I L N PR ey BT A St A M ey
(corresponding to the initial value @ of z,) and employ also the symbols f’(ay), ... f'(a,) to
denote the corresponding initial values of f’ (z7), ... f' (2,).

3. In the important but particular case, in which the original differential equation (A), or
the given function f, is of the first order with respect to the differential coefficients 21, ... 2, , so
that the expressions of the partial derivatives f’ (z7), ... f’ (z,,) do not contain those coefficients
zy, ... x, , the supplementary equations (B) reduce themselves to the first order; and a reduction
of the same sort takes place, with respect to all or some of these equations, in some other cases

www.rcin.org.pl



320 XII. CALCULUS OF PRINCIPAL RELATIONS [3, 4

of exception, which are of less importance. But, in general, the n — 1 supplementary differential
equations (B) are of the 2nd order and compose, when combined with the total derivative (E)
of the original differential equation of the 1st order (A), a system of n total differential equations
of the 2nd order, of which the complete integrals must involve 2n arbitrary constants, (besides
the arbitrary initial value @ of the independent variable x); and since we may choose for these
2n constants the 2n initial values a,, ... a,, ay, ... @, , we may represent the n integrals of the
equations (B) and (E) as follows:

T Dl B B s v s 9 Bainss Vb }

......

(N)

B = (T BB s s Byt e )
the forms of the n functions ¢,, ... ¢, remaining, as yet, unknown. Besides, the original differ-
ential equation (A) gives this initial condition:

0=flas ay, ey e yiial); (0)

so that the constants a, ... a,,, a1, ... a, are not any longer all arbitrary (when a is considered as
known), but must be so assumed as to satisfy this condition (O), if we wish to represent, by the
equations (N), no longer the integrals of the derived system (B) and (E) but the integrals of the
original system (A) and (B). And if we knew these integrals of that original system, that is, if
we knew the forms of the » functions ¢, ... ¢, in the n equations (IN), as well as the form of the
function f in the initial condition (O), we could in general eliminate the » constants a, ... a,,
between these 7 + 1 equations (N) and (O) and so arrive at a relation which would involve only
Z, Xy, ... ¥, and @, a,, ... a, and which would be thus denoted:

0 =fi(2) 2y solaly aia, i Jvad)s (P)

but not in general at two (or more) distinct relations of this kind; since, after the assumption
of the n initial values a,, ... a,, of the » functions z,, ... #, (corresponding to any assumed initial
value of the independent variable ), there would still remain % — 1 arbitrary constants to dis-
pose of, and consequently the final values of any n — 1 of the same n functions (corresponding
to any final value of the same independent variable ) would still admit, in general, of being
assumed at pleasure. It is sufficient, for the present, to concede the possibility of such an
elimination, and to perceive the general existence of a determinate relation such as (P), (that is,
a relation between the final and initial values of the independent variable  and of the » func-
tions z,, ... z, as a consequence of the differential equations (A) and (B)); for it will soon be
shown that, instead of our being obliged to integrate first those differential equations and then
to deduce the relation (P) by elimination from the integrals thus found, we may, on the contrary,
with advantage, seek first by independent processes to discover the relation (P), and, when it
has once in any way been found, may then deduce from it the whole system of integrals (N).

4. The equation (M) between the extreme values of the n+ 1 functions &, &, ... £,, intro-
duced in the 2nd article, was obtained as a limiting form of the integral of the single differential
equation (C), combined with the relations (A) and (B) between the n functions #,, ... z,; and
therefore this equation (M) will still be true, after the introduction of any new equations between
the same n + 1 functions ¢, £, , ... £,, if we combine these new equations with the equation (C)
and with the system (A) and (B). If, then, by the introduction of any such new or supplementary
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relations between the functions £, ¢, , ... £, we can obtain, in any new way, a new limiting linear
relation between the extreme values of those functions, not visibly coincident with the relation

(M) but of the form
0=X§+X1§1+...+Xn§n} Q)

+Aa+ A 00+...+ 4,0,

in which the coefficients X, X,, ... X,,, 4, 4,, ... 4, are independent of &, £,, ... £,; if also, by
the nature of this new process, it is permitted to assume at pleasure any 2n+ 1 of the 2n + 2
extreme values «, oy, ... &, &, &, ... £, , provided that the limiting state of the remaining extreme
value (corresponding to the limit e = 0) is then determined so as to satisfy the new relation (Q);
(as, by the nature of the process which conducted to the former relation (M), it was permitted
to assume at pleasure any 2n + 1 of the same 2n + 2 extreme values, provided that the limiting
state of the remaining value was determined so as to satisfy that former relation); we shall be
able to conclude that these two limiting relations (M) and (Q), though differing in appearance,
must in reality coincide with each other, in such a manner that the 2n + 2 coefficients of the one
must be proportional to those of the other, and that thus, by the introduction of a new multi-
plier L, we shall have the 2n + 2 equations following:

X = — LMarf' (#1) + ... + 2, (@)},

Ko LAT* T oo X =LA (20

A=Ly{ayf' (@) + ... +a,f (a,)},

Ay = = Lyf' @), ... Ay= — Lyf’ (@}).

5. Now among the various supplementary relations which might be assumed to connect the
n+ 1 functions &, &, ... £, , those relations which are derived from the principal supplementary
differential equations of the second order (B) by changing

SR e S Rl O T b
(xi + 651) : ,+ €€\’
xy + €€y z,+ek, \1+€€ 1+e¢
x+ef, ¥+ ey, ... Byt ey, T e L e

(R)

to

are deserving of special mention, namely the n — 1 new supplementary equations, which may

be thus denoted,
(rs) ()
1 Haedh  wiet \1ie 17 e
O= f<x+€§, z1+€£1, ves xn+€£m 11+€§Il’ “en {l+€£;n, 1+€§, 3 see 1+€£, ’

) +e1)’ x, + ek’
n-1 xy + €€y z,+e€, \1+¢€f 1+€€
0= f <x+e§, Zy+ ey, .. X, + €€, 11+€£,1, i‘+€§,", o B P .

if the n — 1 former principal supplementary equations (B) be denoted as follows:
1

O=3fi(a, s VR, b ) a0 ),
.................................... (T)
n—1
' (VE 1 200 REUS. TR A T R ST ) L
HMPII 41
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and these n — 1 equations (S), when combined with the equation (C), conduct to a limiting linear
relation of the desired form (Q) between the 2n + 2 extreme values «, oy, ... ,, & &, ... &,,
leaving 2n + 1 of them arbitrary. For, although the n differential equations (C) and (S), even
along with any finite relation of arbitrary constants or initial data, are not in general sufficient
to determine completely the forms of the n + 1 functions ¢, £, , ... £, considered as depending on
z, yet these n differential equations are in general sufficient to determine completely the forms
of the n functions x, +€£,, ... z, + €, considered as depending on z + £, if the 2x initial con-
ay+exy @, +ex,

1+ea’’ ™ 1l4ed’’
of these 2n constants, because the equation (C) conducts to an initial condition connecting
them; and thus we find = integral equations of the forms (N), namely,

stants a, + exy, ... @, +€a,,, (as well as a + ex,) be known or even any 2n - 1

a;y+ eo; a, + eo,
Z, +eby = (:r+e¢f, a+ex, Ay +eay, ... B, +ed,, 11+ea'1’ ?-}-ea:‘) 4
.................................... (U)
zn+‘€§ﬂ=¢’n (x+e€, ... %
together with this initial condition of the form (O)
ay + eoy a’ + e
o=f (a. +ea, a,+ €0y, ... @, +ex,, 11+ ea’l’ 1"+ E:;") : (V)

which n+ 1 equations (U) and (V) conduct, by elimination of the n constants
ay+ eoy a, + ea,,
l4ex"’ """ 14ex’’

to this following relation
0=y (x+ef, x,+ €&y, ... 2, +¢€£,, a+ex, ay+eoy, ... a,+ex,), (W)

the form of the function i in this relation being the same as in the final relation (P); so that,
developing this new relation (W) according to the ascending powers of €, suppressing the terms
which vanish on account of the old relation (P), dividing across by € and finally letting ¢ tend

to 0, we have the equation
0=&f (x)+ &y () + & (@) + ... + €, (2,) } (X)
+af’ (@) + oy (ay) + oo’ (ag) + ... + .Y’ (a,).

[Here there are 19 pages of manuscript missing.]

11. The reduced equation (G2) may be put under the form
Zon-1=V121+Vaza+ ... + V920, s, (A?)

in which the 2n — 2 coefficients V;, V,, ... V,,,_, are to be considered as known functions of the
1 1

1
2n— 1 variables z,, z,, ... Zy,_; and of these alone. If we denote by the symbols z,, z,, ... z,,_5
any 2n— 3 assumed functions of these 2n — 1 variables and treat these functions as auxiliary

variables, we may in general conceive that the 2n—3 former variables z,, z,, ... 2y, 5 are
.  §
expressed, reciprocally, as 2n — 3 functions of these 2n — 3 new variables z,, 2,, ... 2,,_5 and of
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the two other old variables 2,,_,, 2,,_1; the partial derivatives, or differential coefficients, of the
first order of these 2n — 3 new functions may be denoted by the symbols

1 1 1
zl’l (zl): Zi (zz)s z;. (zan—a): Zi (zan—a)’ 21 (zzn—l)»
!’ l ’ l ’ 1 ’ ’
Zan—3 (21)s Zan—3(%2); --- Z3n—3 (Zan—3)s 22n—3 (Z2n—2)s Zan—s3 (Z2n—1);

and their total derivatives of the same order may in like manner be denoted as follows:

s SO | 1 1
21=21(21) 21+ ... +21 (220—3) 2an—3 + 21 (Z2n—2) 22n—2 + 21 (Z2n—1) Zan—1,

................................................ ] (B3)

£ 1 1
Zan—3=2an—3 (21) 21+ ... + 23,3 (Zan—3) Z2n—3 + Zan—3 (2an—2) 22n—2 + Zon—3 (Ran—1) 2201 J

By the substitution of these expressions, the equation (A?) takes the form

0 e 1 1 1 : 1 :
0=2Z21+ Zozy+ ... + Zgy_g2n—3+ Zign_o2n—2+ Zgn_1%2n-15 ()

g3 1
in which the coefficients Z,, Z,, ... Z,,_, have the following values:

.......................................... (D?)
1 A PR J
Zgy3=V121 (23n—3) + -+ + Van—3%n—3 (22n-3)s
1
Zgp—3=V,21 (2an—2) + -+ + Van—3%in—3 (Zan—2) + Von—a ,} (E3)
X ;
Zoy 1=V121 (2gn-1) + -+- + Van—3%2n—3 (23a—1) — 1.
This equation (C?) will admit of being put under the simpler form
: 1 I g T 1 1 3 :
Zon-3=V121+Vaza+ ... + VansZan—s+ Van-1220-15 (F?)

1 1 1
in which the 2n —4 coefficients V;, V;, ... V,,_4 will be known functions of the 2n—3 new
¥4 1
variables z;, 2y, ... 2, 3 and of z,, ,, not involving z,,_,, if we can so choose the new variables

as to satisfy the 2n — 3 conditions following:

1
Zigp5=0; (G)
1 1
Ziy (2yn—s) _ 23 (2an-3) Zign—3 (Z3n—2)
1V . 2% L e (H?)
Zy Zy Zign-3

The expressions (D?) give

1 (1 1
Zi (2an—2) =V121" (205 29n_g) + ... + Vo _3%n—3 (205 Zan—2)

1
+{V1(21) .21 (2an_g) + ... + V1 (23n_3) - Zam—3 (2an—2) + V1 (2an—2)} 21 (2:)

1
+{Van-3(21) .21 (23 _5) + ... + Vin_3(23n3) - 2303 (an—2) + Vin—s (Zen—o)} 2203 (2:); (I®)

41-2
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the index 7 being here any one of the integer numbers 1, 2, ... 2n — 3; and the first expression
(E3) gives

1 1 1 1
Zyy o (2)=V127" (25,299 -0) + - + Van—8%¢n—3 (2> Zan—3)

1
+{V1(21) .21 (Zan—9) + -+ + Vau_3 (21) - 2303 (22n—3) + Van—2 (21)} 21 (2)

1
+{V1(2an-3) - %1 (22n—2) + --+ + V3u_3(22n—3) - 220—3 (2an—2) + Van—2 (2an-3)} 2203 (2:); (K3)
so that we have the equation

1 1 1 1 1
Zé (z2n—2) Rt Zén—z (zi) = Wl zi (zi) +et Wzn—s zé‘n—s (z't)a (LB)

Wy ={V1(21) = V1 (21)} 21 (220—2)
+{Vi (22) = Va (2)} 22 (220—2)

in which

b vidian
+{Vi (22n—3) — Van—3 (2k)} 2an—3 (22n—2)
+ Vl’c (zZn—z) [Th Vén—-z (zk)’ (MS)

the index £ (like 7) denoting any integer from 1 to 2n — 3 inclusive. And since, by (D?3), we have
1 1 1
Zi=V121 (2:) + .- + Van_s3%n3 (22), (N?®)
we see that we shall satisfy the 2n — 3 conditions (G®) and (H2) if we can so select the 2n—3
1 1

auxiliary variables z;, ... 2,,_5 as to satisfy all the following conditions:

0=V,2; (2gp—3) + --- + Van—3%an—3 (2an—2) + Von_s> (0%
and
Wy W, Won—s
e e W) F e o SV Ps
A /g Tt o

In this manner we are led to endeavour to integrate a new auxiliary system of total differential
equations of the 1st order, namely, the following system of 2n — 3 such equations between the
2n — 2 variables 2,, 25, ... Zg9,_s:

0= Vlzi i sz; +...t V2n—32;n—3‘+ Vzn—z; (QS)

1 ! ’ ’ ’ ’ ’ ! ’
1A {Vi(2) .21+ V3 (21) . 22+ oo + Vi3 (21) - Zon—a+ Van2(2) — V3}

1 ’ ’ ’ ’ ’ ’ ’ ’ i
= Vz{Vl (z2) .21+ V3 (2) . 23+ oo + Vg (20) - 2303+ Vin—2 (22) — V3} L (R

1 4 ’ ’ ’ %
W‘;{Iﬁ (22n—3) - 21+ V3 (22n—3) - 22+ --- + Vin_3 (2an—s) - 2en—3+ Van—2 (2an-3) = Vin_s};
n— #
in which z,,,_, is treated as constant and z,,_, is taken for the independent variable, so that the
total derivatives V7, ... V3, _5 are equivalent to the following more developed expressions:
Vi=Vi(z).21+... + V1(2an-5) - 2on-s+ V1 (22n-2)s
............................................. (8%)

Von-s=Van-a (1) .21+ ... + Vap_3(2an-3) - 2an-3+ V2n_s (23n—2)-
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For, if we can integrate these 2n — 3 equations and thereby discover expressions for z,, 2,, ...
Zon_g a8 functions of the independent variable z,, ,, involving also the variable z,, ,, which
has been treated as constant in the integration, and involving 2n — 3 arbitrary constants, we

have only to treat these 2n — 3 new constants as variable and substitute them for the 2n— 3
3. .1

auxiliary variables 2, , 2, ... 25, 5, which have hitherto been left undetermined; since thus we
shall accomplish the desired reduction of the differential equation (A®) to the form (F?), in

1
which the coefficient of z3,_, is null, the coefficient of 2, s is unity and the coefficients of
K

1
21, 2, ++. 25,4 are independent of z,,_,. The same reasoning shows that if we can integrate the
following new system of 2n — 5 total differential equations of the 1st order:

33 14 1 1 1
0=Vi21+Vozy+ ... + Von_52n—5+ Van—as (T%)
; I TR ¢ 1 b 1 1 1 1 3
T {Vi (zl) . z:’l +oeet Vén—s (zl) * zén—s e V‘:!n'—-4 (zl) P Vi}
"
1 Ty 1 1 ' 1 1 1
’[1/ {V;. (zan—s) . Zi kT V;n-s (zzn-—5) 4 z;n—li =) Vén—d. (ZZn—s) g V;n—s}; (Ua)
2n—5

1 1

in which 2,, 5 and z,,_, are treated as constant and z,,_, is taken for the independent variable;
s 1 1

and if we can thus discover 2n — 5 expressions for 2, 2,, ... 2,,_5 as functions of z,,_,, involving

1
also in general z,, g and z,, ; and 2n—5 arbitrary constants; then, by treating these latter
2 2

constants as 2n— 5 new auxiliary variables z,, zz, ... 2955, We can reduce the equation (F?) to

this new and s1mpler form:
23 22 2 1

z2n s=Vz+ Vazz + -+ V'm—s Zan-gt Vzn-—szan—a + V2n—1 N (V®)
2 3 3 2 1
in which the 2n— 6 coefficients Vl, Vz, «e. Von_g Will be known functions of z1 ey 7’2n—5’ R

and 2o 5. Vz,,_3 will be a known function of the same variables and of z2n_4, and V

an—1 Will
involve in general the variable z,,_, along with all the former.

By successive reductions of this sort, depending on the integrations of several successive
systems of fewer and fewer total differential equations of the first order between fewer and
fewer variables; namely, on the integration of a system of 2n—7 equations between 2n—6
variables, a system of 2n — 9 equations between 2n — 8 variables, and so on till we come to the
integration of a single total differential equation between only two variables; it is in general
possible, at least in theory, to reduce the differential equation (A2) to the form:

n—l n—ln—2 n-ln—3
=V g+ Vs 25 ...+ Vzn—3z2n—3+ Vzn—lzzn—p (W?)
—1 n—1 n—-2 n—3

in which the coefficient V is, in general, a known function of the n variables z, , z3 , % , ...
:2,,_5, ;2”_3, Z9n_1, involving also another variable which, according to the same analogy of
notation, is to be denoted by the symbol ”z:, nﬁl involves in general the same variables as nVl
but mvolves also an additional variable z, 3, and thus new variables nz: 3 ”z: , &c. are introduced
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n—1 n-1
successively as we pass to new coefficients V, , V, , &ec. till we come to the last coefficient

n—1
Vap—1 which is a known function of all the 2n — 1 variables of the new system, namely,

n—-1 -2 n-2 -3 n-3 2 2 1 1
%15 %5 B3, %45 %5 5 +ec Ron_gs an—5s %an—a> “on—3> Pan—2> Pan—1-

And now, at last, we see that the sought integral of the total differential equation (A®) of
the 1st order and lst degree between 2n— 1 variables may in general be represented by the
following system of n equations, involving one arbitrary function of » — 1 variables:

n—1 n—2 n—-3 1

2y =X(23 5 25 5.es Zan-3> Zan-1); (X3)
n—1 i n—2 n—-1 < n—3 n—1 A
Ve =x'(2), Vs =x'(2%), -+« Van-1=x (Zan1); (Y?)
: -1 81 n—1 b
in which the coefficients V; , V; , ... V,,_, are the known functions just now described, and
n—-1 n—2 n—-2 n-3 n-3 1 1
in which the 2n — 8 new variables 2, , 2, , 23 , 24 , 25 » -+ Zan_4> %an—g are themselves known
functions of the 2n—1 old variables z,, z,, ... 2, 1, Which entered into the equation (A3);
n—2 n—-3 1
while the function y of the n— 1 variables z; , 2z , ... 25,_3, %3, Iemains entirely arbitrary.

We see also that the equation (A%) may be integrated by another important (though only

particular) system of » equations, namely, the following:
n—1 n—2 n—3 1
%1 =€, %3 =€y, %5 =€, ... Z9n_3=C€y_1, Zon—1=Cp;

(2%
n—1 n—2 n-38 1

in which the n expressions 2z, , 23 , 25 , ... 29,3, %2, are equated to n arbitrary constants

€1, €5, €3, +.. €, 1, €,, instead of the first being treated as an arbitrary function of the rest.

And to apply all this research respecting the integration of the equation (A3?) [or (G2)] to the

problem of integrating any partial differential equation of the 1st order

0= Fi(, @y s Bty saYn)s (X1)
n—1 n—2 n-3 1 L S Y T ! n—1
we have only to consider 2, , 23 , 25 , .- 2ap_3, 2ap18nd V3, V5 ,... V,,_; asequalto 2n—1

known functions of the 2n+ 1 variables ¢, z,, ... @,, ¥;, ... ¥,; the forms of these functions
being supposed to be discovered by combining the processes of the present and of the preceding
article. For thus we shall either have, at once, the general integral of the proposed partial
differential equation, with an arbitrary function x of n— 1 variables, by eliminating, or by
conceiving eliminated, the n partial differential coefficients ¥, , ... y,, of the sought function ¢
between the proposed equation (X1) itself and the general integral system (X3), (Y?), which is
properly the method of Pfaff; or we shall have, if we prefer it, a simpler but only particular
integral of the same partial differential equation (X!), involving no arbitrary function but
involving » arbitrary constants, by eliminating the same n partial differential coefficients
Yy, --- Y, between the equations (X') and (Z2); and then from this particular integral the
general one can be easily deduced.

12. In order to apply the general method, explained in the two last articles, to the case

where the relation
Qe T (b, vii s Y s 5iy); (X1)
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between the 2n + 1 variables ¢, 2,, ... @,,, ¥, ... ¥, is supposed to result by elimination of n
other variables, such as %, ... u,, , from a system of n + 1 given equations of the following forms

O=f(¢’ Lyy eenly, Uy s “'u")’ (AA)
and
s’ I (uy)
yl—ulf' (wy) + ... +u, f' ()’
......... (BY)
" I (uy,)

T f () e A U [ () A
we must endeavour to deduce from these equations expressions for the 2n+ 1 partial deriva-
tives, or partial differential coefficients,
F'(¢), F' (@), ... F' (), F' (), - F' (Y);

or at least for their 2n ratios, because these ratios enter into the formulae (V2), (W2). By the
nature of these 2n + 1 partial derivatives, they are equal or proportional to the coefficients of
that limiting and linear relation which connects the otherwise arbitrary increments that may
be attributed to the 2n + 1 variables ¢, 2,, ... @,, ¥;, --- ¥, , consistently with the relation (X1),
when these increments are made smaller and smaller; in such a manner, that if we represent these
increments respectively by ef, €, , ... €, , €y, ... €1, , € being any small multiplier, and if, after
developing the equation

0=F(¢+¢, @y + by, oo xn+€fn’ Yrten, oo YntEny) (CY
according to the ascending powers of e and suppressing the part of the development which
vanishes by (X?), we then divide by e and finally make e tend to zero, we shall thus be conducted
to the limiting and linear relation following, between &, £;, ... &,, 11, «.. 7,

0=EF" (B)+ 6 F (@) + .. + £ F @)+ F' (1) + oo 410 ' (Y)- (DY)
The equation (A?%) conducts in like manner to this other limiting and linear relation,

A 0=ff’ (¢) s Elf’ (x1)+ e +§nf’ (xn)+vlf’ (u1)+ B +vnf’ (un)’ (Eg)
if, besides changing ¢, z,, ... z, to ¢+¢£, z, +¢€é,, ... ,+€,, we change also u,, ... u, to
Uy + €vy, ... U, +ev, and make e tend to 0 as before; and, by making the same changes in the n
equations (B%), we should obtain » other limiting and linear relations between ¢, ¢, ... §,,

vy, ... v, and 7y, ... 1, , which, when combined with the relation (E4), would conduct by elimina-
tion to a new limiting and linear relation between ¢, ¢, ... &,, 1, -.. 1, not involving v, ... v,,;
but we may simplify this elimination by observing that the equations (B*) give

I=y 0+ .. +YpUn, (F4)
and therefore at the limit (corresponding to the limiting value 0 of ¢)
O=n %+ o+ Up+01Y1+ oo + 0, Yy (G4

while the limiting relation (E%) gives, on account of the equations (B?),

0=£" (P)+&f" @) + oo + &S (@) + @r¥1 + oo o) {unf (W) + -+, f' ()} (HY)
We may therefore eliminate all the » variables v, , ... v, together by eliminating the one com-
bination v,%; + ... +v, ¥, between the two relations (G*) and (H?%); and thus we obtain

0= —{&f" () +&uf () + ... + &S (2,)} } (%)
+ g+ eee F ) {unf () + oo+ uy f ()}
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Comparing this with the relation (D*), we find, in general, the following expressions for the
sought partial differential coefficients of the function F':

F'($)=—Mf'($), F'(2))=—MUf" (1), ... F'(2,)=—Mf"(2,), (K%
F' (y) = Muy {u f* (u) + ... + 2 f' ()}, }

and

......... (L4
F’ (yn) =Mun {ulf’ (ul) +.. +unf, (un)};

the multiplier M remaining indeed still undetermined but disappearing from the expressions of
the ratios of the coefficients F’ (¢), &c., which alone are required for our purpose. For, since
the expressions (L*) give by (F4)

Nl @)+ 4y I (Y,)

‘M o) ’ ’ 3 M4
I OO Ea L oW -

F’ (y,) T
WF @)+ Y F ()

F’ (yn) Py
nF (y)+...+y. F' () ™

F'(g) L £ (9)
ylF, (1’/1)+---+1‘/nF' (yn) ulfl (u1)+"'+unf,(un),
F' (@) gy £ (@)
ylF’ (y1)+"'+ynF' (yn) ulf’(u1)+"'+unf’ (un)’ [

F (z,) i 1 @) :

BF @)+t F @) wf )+ f ()

we can now easily eliminate all the partial differential coefficients of the function F from the

auxiliary system of total differential equations (V2) and (W?2), and may write these equations
as follows:

and therefore

(N%)

and also, by (K4%),

(0%

xi=u1¢'s "'xrrm=un¢'; (P‘)

o= {f' (@) +nf ($)}¢

Vg f () + e f ()
...... - QY
IR VACALINAL) LA

muf (ug) + et f ()

It results from the general theory explained in the 10th article that the equations of this system
(P*) and (Q*) must be capable of being reduced to 2n — 1 distinet differential equations between
2n variables; and, accordingly, we may consider any one of the 2n equations of this system as
being a consequence of the 2n — 1 other equations of the same system, because the equations
(A*%) and (B*) give this differential relation, analogous to (I*) and deduced by a similar process:

0=f"(¢).¢"+f (1) . a1+ ... +f () . 24,
— (g Yy + oo F U Yp) {un S (0g) + oon U f ()} (RY)

and
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while the same »+ 1 equations, (A%) and (B%), enable us to consider any n+ 1 of the 3n+1
variables ¢, Z;, ... &, Y1, «++ Yp» Uy, .. Uy, for example, the n + 1 variables %, ... %, and y,,, as
known functions of the 2n other variables ¢, ,, ... 2,,, ¥y, ... ¥, . If, then, omitting any one
of the 2n equations (P%), (Q%), for example, the last of these equations, we can integrate the
rest as a system of 2n — 1 total differential equations of the first order between 2n variables, such
as ¢, Ty, ... By, Yy, +o» Yn_y; and if we then change the 2n — 1 arbitrary constants of this integra-
tion, ¢, ... Cy,_4, t0 S0 many auxiliary variables z,, ... 2,,_,, and differentiate them as such; we
shall be able, by what was proved in the tenth article, to transform the partial differential
equation of the st order (X!), in which y,, ... y, are the partial differential coefficients of ¢
taken with respect to 2, ... @, and which results by elimination from the system (A%) and (B),
into a total differential equation, such as (G2), of the 1st order and 1st degree between the 2n — 1
auxiliary variables z,, ... 2,, ;. But when, to simplify this preliminary reduction, we select, as
we are at liberty to do, the variable ¢ itself for that hitherto undetermined and independent
variable #, on which all the rest are conceived to depend in these total differential equations
and with respect to which the total derivatives or total differential coefficients, ¢', 21, ... #,,,
Y1, ... Y», have all been imagined to be taken; and when, in consequence, we change ¢ to  and
¢’ to 1, as at the end of the 10th article; the equations (P*) then become:

o TR TR (8%

the equation (A%) reduces itself to the original equation (A) of the 1st article; the equations (B*)
transform themselves to (D!); and the equations (Q*) to (O'); which former equations, (A),
(D1) and (0O%), had been found in the 7th article to compose a system equivalent to the system
of the original equation (A) and its principal supplementaries (B); whereas it was for the very
purpose of accomplishing or dispensing with the integration of that system of many total
differential equations that we were led to desire to integrate the one partial differential equation.
Since, then, the preliminary reduction required by the general method of Pfaff (for the trans-
formation of any partial differential equation of the first order between n + 1 variables to a total
differential equation of the 1st order and 1st degree between 2n — 1 other variables) conducts
us back, in the research of a principal integral, to that very system of total differential equations
with which we originally set out, and requires that those equations should previously be in-
tegrated as an auxiliary system, it appears impossible to derive any aid from this method of
that eminent mathematician towards completing the solution of the special problem of the
present Chapter.

13. Yet some interesting consequences result from the foregoing discussion; and especially
the existence of a very intimate connexion between the general integral of any proposed partial
differential equation of the first order with any number of variables, (a few particular forms
being excepted,) and the principal integral of a certain total differential equation of the same
order, involving the same number of variables; which connexion, if it fails to enable us to dis-
cover the latter integral through the former, yet at least allows us to deduce conversely the
former from the latter; and gives thereby a new importance to the theory of principal integrals.
For it is easy now to perceive (from the investigations of the last article) that in order to inte-
grate any proposed partial differential equation of the 1st order

Q= 1 (P, Ty, 0 o TS Y 5 Y ) (X1)
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in which F denotes a known function of ¢, z,, ... %, , %, ... ¥,, while ¢ denotes a sought function
of the n independent variables 2, , ... #, and y,, ... ¥,, denote its partial differential coefficients
of the 1st order

Y1=9¢" (@), - Yn=9"(2,); (YY)

we may in general proceed as follows. We may change the previously dependent variable or
function ¢ to a new and independent variable z, on which the previously independent variables
%y, ... Z, are now to be imagined to depend; so that z,, ... #, are now to be considered as func-
tions of z, of which the st derived functions or differential coefficients may be denoted by

3, ... ,. These n derived functions are next to be conceived as being connected with the
functions z,, ... z, themselves and with the independent variable z by a differential relation
of the form
Oy, Bas B it otes Pt ) (A)
obtained by eliminating ¥, , ... y,, between the » + 1 equations following,
0=F(x, %y, ... Ty, Y1» -+ Yp)s LRY)
and
2z = F’ (yl)
Vo F )+ Y F (y)

.................................... (Y?)
{3 ' (y,) ]
" )+ Y (Y)

and then we are to find, if we can, the principal integral of the total differential equation (A),

which will (by the theory of such principal integrals, explained in the early articles of the present
chapter) be of the form

O=ULE, B35 B0 By ey s (P)

@y, ... a, being the initial values of the variables #,, ... z, corresponding to the initial value a
of z. This principal integral (P) of the total differential equation (A), when it is changed by
restoring ¢ for  to the form

0=4(d, 2y, ... %y, B, Gy, ... @), (UY)
is itself (by what has been already proved) a particular integral of the proposed partial differ-
ential equation (X1); and since it contains n arbitrary constants a,, ... a,, (besides the initial

value a of , which may be treated as =0 or any other assumed and absolute number) we may
immediately deduce from it the general integral of the same proposed equation (X*) by the
process mentioned at the end of the 9th article; namely, by treating these n arbitrary constants
as so many connected variables, of which any one, for example a,, may be considered as an
arbitrary function of the rest, and by then eliminating, or conceiving eliminated, the » constants
@, ... a,, thus rendered variable, between the particular integral (U!) and the » equations
following:

ay=x(ay, a3, ... a,),

), i Gigh (gl naialo i) .
X (ap)= ' (a1)5 e X (@)= ¥ (ay) .
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It results also from what has been shown in former articles that by eliminating 1, ... ,, between
the following equations
it £ (@)
ayf' (@) + .+ f (@)
S £ (@)

o f @)+ 2 f (@)
with the help of the relation (A), we should (in general) return to the equation (P?); or, putting
¢ for z, to the proposed partial differential equation (X1): so that the supposition made respect-
ing that equation at the beginning of the 12th article, namely, that it results by elimination
from relations of the forms (A%) and (B%), is generally permitted and ought not to be considered
as restricting to any particular class the form of the function F, or of the partial differential
equation. However, like most (and perhaps all) other general methods, the method of integra-
tion proposed in the present article is subject to some particular exceptions, among which the
most important is the case where the proposed partial differential equation (X), or the pro-
posed function F, is linear with respect to all the n partial differential coefficients y, , ... y,, of
the sought function ¢; so that the n derivatives F’(y,), ... F'(y,) and also the combination
nF (y)+...+y, F (y,) are all, either immediately or at least in virtue of the proposed
equation F =0, expressed as known functions of the sought function ¢ (or #) and of the n
independent variables z,, ... ,, not involving ¥,, ... %, . For then the variables y,, ... y,, dis-
appear from each of the n equations (V2), and therefore we cannot deduce from the system
(X1), (Y?2), in this particular case, (although we can in general,) any one determinate relation,
such as (A), between z, 2, ... 2, ©1, ... Z,, to the exclusion of all other such relations; since in
the present particular case we have many different relations of that form: whereas the deter-
minateness or uniqueness of the relation thus deduced is essential to the success of our method.
On the other-hand, in this particular and simple case, when the proposed partial differential
equation (X?) is linear, we know from the researches of Lagrange that a particular and com-
paratively simple method may be applied, in which the equations (V?) are still useful as auxi-
liary relations; and which consists in integrating those relations (V2) as an auxiliary system of
n total differential equations between the n + 1 variables z, z, ... z,, and in then treating any
one of the n arbitrary constants of this particular and auxiliary integration as an arbitrary
function of the rest.

Y
(DY)

14. It may serve to illustrate still more fully the intimate connexion which exists between
the theory of the general integral of a partial differential equation and that of the principal
integral of a total differential system, and thus to exhibit more plainly the meaning and utility
of the latter, if we suppose for a moment that this latter theory is complete and avail ourselves
of its assistance to accomplish the several processes required for the completion of the former
theory, as set forth in the method of Pfaff.

[Here the manuscript ends.]
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