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VI.

THEORY OF THE MOON*

[1837.]
[Note Book 48.]

Dunraven Castle, Septr 25, 1837.

Let 2, y, z be the Moon’s geocentric rectangular coordinates; m Moon’s mass; «, , ¥, , 2, those
of the Sun; m, Sun’s mass; u =sum of masses of Moon and Earth. Then
[0=x”+;w(w2+y2+z2)‘*+m,w, @+ 42 m, (2—2,)
T x{@—=)+ @~y +E—2)3h
0=y"+
0=2"+
and
0=a"+(u—m+m,)e, (@2 +y2+22) rma (@2 + 92+ 22 F4m(z, - 2)
o | x{@—2,+@-y)+ -2
0=y +
\0=2" +

(Hence
0=ma"+m, &, +(u+m,) {me (@ +y2+2%) Hrm, 2, (@3 +y2+2)), , )
If m (=Moon’s mass) be extremely small, we shall have, very nearly, for the Sun’s motion,
the equations of elliptic motion,
(3) 0=2)+(u+m)z, @ +y2+2)F 0=, 0=
& may conceive z, , ¥, , 2, expressed thereby as functions of the time ¢. (And as a mathematical
problem we may propose to integrate the 3 equations (1), considering z,, ¥,, 2z, as explicit

functions of ¢, which satisfy these 3 equations (3). Physically, this corresponds to seeking the
limiting state of motion of the Moon, when the Moon’s mass is considered to tend to the

limiting value 0.)

By easy combination of (1) and (3) we get

() 0=2"— T tp@tyit ) em, 0-2) (@2 + G-y + =2

00, if =0 & if

H1( , m,;\? L (a2 4 2% 4 22)E 2 3 “5}
O s=[{5(F-2) s+ tuerrgretem, Gty v e,

all Eit ol Bl 2 ARG
(6) 83_(x M+m,)8x+ = (xo #+m,)8xo

* [See also Correspondence with J. W. Lubbock, pp. 249 et seq.]
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VI. THEORY OF THE MOON 239

This last formula of variation would have resulted equally if instead of (5) we had put

t /2 ’2 ’2
(7) ,g=f {’iyz_"i+#(x2+yz+zz)—%
0

x;x:_l_ ’ :_'_z:z:
+ml (_ _ﬂ__._’.

p+m +(x—x/‘+y—y/£+z_zld)_%)}dt'

Besides, the part

; 1ot m, ’ ’ ’ ’ ’ ’
O(xx +y yl +zz )dt I"T,”T(le +yy/ +zz/"xox/0_?/0?//o_'zoz;o)

’

m
4 i +22))dt=———
T |, o+

tex, +yy, +22
fo (22 +y2+22)¢

Cptm,

(B ok oot o= Bg®le—1 (= )

If then we put*

xx, +yy, +22, 5
12 A
we shall have, by (7), gt
$ ’2 ’'2 2
(9) s=f (z——"'yTi +,;.(x2+y‘-’+z2)"*—R) dt
0

’ ’ ’ ’ ’ 5%
(xxl +yyl +ZZ’ — %%, — yoylo K zozl()) )

ptm,
and hence by (6) we have

124 a2y 512
(A)as 8[(9—04——‘24——?— +p(a+y? 422 - R) dt =2'8x +1y'Sy +2'82 — xy Sy — Y, Yy — 2002, -

The only thing neglected in this very simple formula is the mass of the Moon; by neglecting
which we are able to treat the Sun’s coordinates z, , , , 2, in R as explicit functions of the time ¢.
Accordingly when the Moon’s mass is thus neglected, & 8¢ is made =0, the formula (A) results
at once from the 3 known equations

8., o+ pa (@ +y? +z2)"*+83—f=0, :

In fact if we multiply the three equations (B) by 8z, 8y, 8z and add the products, we get
a"8x+y"Sy +2"82=pd (22 +y2+22)~t —SR;
"' because
24 2 4 52
o (o) +y By +2 (o) =574

we have
l2+y12+ i2

t=t
A (2'8x +y'dy +2'82) = 8[ ( +u(@+yt+22) - R) dt.
R

Let T=1Co8A, Y= rsin)\, Z2=0,
x,=u,cosn,t, y =asinnt 2z=0, ani=p+m,;
so that the Sun’s orbit is now supposed to be circular and the inclination of the Moon’s orbit is

neglected.
Then the fundamental formula (A) becomes
e Bt ey S s B
©... o R v dt=1"3r + 1N =187 — 15283

* [See p. 51.]
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240 VI. THEORY OF THE MOON

also
(D)... R=m, {%n'—t)‘{“5—2a,TGOS(A—n,t)+r2}‘%}.
At the same time the differential equations (B) become
(E)... A’2+ +8_R=0 2y +8R 0.

Besides we may put, with a great degree of approximation,* m, =a?n?, neglecting Earth’s mass

’ ’?

in comparison with Sun’s; and then if in general we make (1 — 2up + 2) = 1 + aP; + a2P, + &e.,
and put also p=cosA—n, ¢, we shall then have

- Bantut) 4 (rsz 1>3+"1 P+ &. )

Hence,
t (2 2)/2 t 3
(F)... sfo(”T”+’r—‘)dt+nesf0(r2P2+’—P3+"—ZP;4+ &c.)dt

=181+ r2A"8X — 1y dry — 13X 02, .

As a first approximation we may neglect n,; (which comes to treating the month as very
small in comparison with the year;) & then we may take elliptic values for » and A, (that is, for
the moon’s geocentric radius vector and geocentric longitude,) which values, if we retain only
the 18t power of the excentricity e, will be

r=a—aecos (ni+e—w)=a—aecosé, (if é=ni+e—w,)
A=nt+ e+ 2esin (nt+ e — @) =nt + e+ 2esin ;
also p=an? :
Accordingly these expressions give, when we put
k=ecos(e—w), l=esin(e— ),
r=a(l—kcosni+Ilsinnt), A=nt+ e+ 2ksinnt+ 2lcosnt,
=n(1+2kcosnt—2lsinnt), 3r2A'2=a?n?(}+ kcosnt—Isinnt),

t[p'2 23’2
SJ (Lﬂ +’—L)dt=8{%a2n2t+2a2n(ksinnt+lcosnt—1)}
0

=an (t8n + 28k sin nt + 281 cos nt — 1) =a*n & (A — Ag) = a2n SA — a“‘nb‘)«o
=12N'OA — 1A 8Ny =1"8r + 12A'8A — 1o Brg — 13 A 8y .
In these last equations it has been supposed that k and [ vanish after the act of variation §

has been performed, but if we even retain terms of the 15t dimension with respect to & & 1, we
find that the differential equations

—rA24+==0 and (r2X') =0 are satisfied.
*
308 — » ' ; b5 ot WL AN, g R 3y
[a,n, ms (l +m,)' We have the following approximate values: m =330, 330,000° 7 —13° = 20° &, 400
the tangent of the inclination of the Moon’s orbit = LY and the excentricity of the Sun’s orbit= 5 Brown,

11 60"

Lunar Theory, pp. 42, 80.]



VI. THEORY OF THE MOON 241

As a second approximation we may take the differential equations

3R 3R

3 Ly Ll G ANl TN
0=1r" ”'A‘f" +8, 0 (TA)+8A’

retaining in R only the term

—n?
At the same time,

LR t i LS
8f ( 3 +1—')dt+£n?8f 72(1+ 3 082X — 2m, t) dt =1"8r 4+ 12X'8A — 1507y — 13 A A, .
0 0
We are now to employ the expressions
r=a(l—kcosnt+1lsinnt), A=nt+ e+ 2ksinni+ 2lcosnt;

but are no longer to consider a, n, ¢, k, [ as constant. We are however to suppose ry=a (1—£k),
Ao=e€+2l; but ', X', 5, Ay will now have new values, at least in the 24 member of the formula
8[ &c.=7'0r + &ec., though in the 15t member of that formula the values of »" and A’ remain
unaltered. We may °." make, in the 2" member of that formula, (if we neglect n?% and »n?1)

r'=Ar', XN=n+AXN, rg=Ar;, A=n+A), r=ry=a,
Sr=28a—adk.cosnt+adl.sinnt, SA=tdn+ de+ 28k .sinnt+ 231.cosnt,
dry=08a—adk, OXy=20ec+2dl, -
& we may suppress in it the part a®n (8A —8),), if we suppress in the 15t member the part

t [p'2 2)/2
af (r +2”— +§) dt;
0
by which means it becomes*

Ar' . (8a—adk.cosnt+adl.sinnt) +a2AX . (£5n + 8¢ + 28k . sin nt + 25 . cos nt)

? t P A
—Ar(,.(8a—a8k)—a2A/\(’,.(8€+28l)=in",’8f r2 (14 3 c0s ZA—2n, 1) dt = 8s;
0

t —_—_—
that is, after expressing s= }nfj r2(1+ 3cos 2A—2n,t)dt
0
as a function of a, n, €, k, I, ¢ & taking its variation relatively to n, ¢, k, I, (observing that

a=(um)t & . Sa= —g%Sn,)

o8 ‘ 2a ’ ’ 2 £ §'§ ’
5= 35 (O —Ar) +a¥AN; = =a*(AA —AN);

g—z= a (Ar' . cosnt— Arg) + 2a*AX’ . sin nt; %— alAr' .sinnt + 202 (AN . cos nt — A)g).
These four equations will give, by elimination, expressions for Arj and AX; of the forms
ds o8 o8 38 3s
R, — 15, + R, 25, +R38k+R48l and L1§ﬁ+"'+L“8l'
R,, ... L, being functions of n & ¢; while g g iy g—; are functions of n,  and 7, .

* [See First Essay, p. 161, (G%.).]

HMPII 31
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242 VI. THEORY OF THE MOON

Besides, if we neglect the products of #, k, I, we may retain the expressions thus found for
Ary and A)j and substitute them in these new equations

ro=anl+Ary, Aj=n(1+2k)+AN;
with which we are then to combine the 2 equations
ro=a(l—k), A=e€+2l, (and a®n?=p,)

in order to get n, ¢, k, I (and a) as functions of 7y, Ay, 79, A, ¢ and »,: which functions are then
to be substituted in the expressions

r=a(l—kcosnt+Ilsinnt), A=mnt+ e+ 2ksinni+ 2lcosnt.

To effect this substitution, it is convenient* to change @ and n, €, k, I to a + Aa, n+ An, e+ Ae,
k+ Ak, 1+ Al, and to establish the equations

ro=a(l—k), A=e+2l, rg=anl, N=n(1+2k), a*n’=p,
and
0=Aa—alAk, 0=Aec+2Al, O0=anAl+Ar;,

0=An+2nAk+AN;,, Aa= —2aAn/3n;
after which we shall have
Ar=Aa—alAk.cosnt+aAl.sinnt; Ad=tAn+ Ae+ 2Ak .sinni+ 2Al. cos ni,

and finally
r=a(l—kcosnt+Isinnt)+Ar, A=ni+ e+ 2ksinnt+ 2l cosni+ AA;

in which expressions @ and =, e, k, [ are constants independent of the time .

In this manner we have

Ma=alk; An=—PAk; Ak=—§A,\:,;

’ 2a ) il 1 ’ ad 2 23
An=3A%;,, Aa=— e A)y; and Al=— o Are\ T e= o Arss
therefore

Ar= —2{(1——cosnt)A)\{,—%sinnt.Ara;

A= (3t— 43‘“’") AN By Mt AP
an
Besides, by the equations near the foot of page 241, we have
S i i i e , 138\ 3nds_
AX —A)\0+;23—€, Ar'=Arg+ 3ant (A)\o+a—28—€) e A

* [Six variable parameters are introduced: Arg, A\, An (or Aa), Ae, Ak, Al. It is possible therefore to prescribe
four relations between them. The four given above are not the usual relations employed. Cf. Appendix, Note 7, p.628.]
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VI. THEORY OF THE MOON 243

< O pror 3
also, sinnt. oo +cosnt . oo = 22 (AX" — cos nt AXG) + a Argsin ni

ok dl
7 g y ds 38
=20,2(1—cosnt)A)\0+asmntAro+2S;=—cmAr+2s—,
€
and
88 i 5. ds , i gihis
cosnt.gc—smnt.s—l= —aAr' +a Arycos nt + 2a2AN] sin nt
=—a(l—cosnt)Ar{,+a,2(—%nt+2sinnt)A/\{’,—%ntg‘—:+3%Lg—;
a’n 3ntds 3nds
B N T s
therefore
208 61 (. .5 88 ds
Ar=%§—%(smnt§c+cosntg),
3 (ds! 1,08 2 daiiisit o8
AA;EQ(%—tg—G)—-EZ—n(cosntﬁ—smntg).

To calculate s, we have
r2=a2 (1 — 2k cos nt + 2lsin nt),

2A—2n,t=2(n—mn,)t+ 2¢+ 4k sinnt 4- 4l cos nt;
1+ 3cos (21— 2n,t) =1+ 3cos (2nt— 2n,t + 2¢) — 12 (ksin nt + [ cos nt) sin (2nt — 2n, t + 2¢);
4s’
a*n?

={1+ 3cos (2nt— 2n,t + 2¢)} {1 — 2k cos nt — 2l sinnt}
— 12 (ksinnt + I cos nt) sin (2nt — 2n, t + 2¢)
=1+ 3cos (2nt — 2n,t + 2¢) — 2k cos nt + 2l sin nt
+ 3k {cos (3nt — 2n, t + 2¢) — 3 cos (nt — 2n, 1+ 2¢)}
— 31 {sin (3nt — 2n, t + 2¢) + 3sin (nt — 2n, t + 2¢)};
4s 3a?
- ik
= e 2n—2n,

’

{sin (2nt — 2n, t + 2¢) — sin 2¢}

+ ka? { —%sin’nt+ ——%{sin (3nt — 2m, t + 2¢) — sin 2¢}

3n—

{sin (n¢t—2n,t+ 2¢) —sin 2
o, B0 (nt—2n,t+ 2¢) —sin e}}

4

+ la? {%——5cos nt +—§%{COS (3n¢— 2n, t + 2¢) — cos 2¢}

3n—

5 v oy {cos (nt— 2n,t + 2¢) — cos 26}};
—_ 2
4—7"2A%= . (cos 2nt — 2n, ¢+ 2€ — cos 2¢) +— (1 — cos nt)
an? n—mn, n
—-3n—2n(0082nt—-2n,t+2e—cosnt—2e)
g S A(cos2nt—2n,t+2e——cosnt+2e);

’
31-2
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244 ~ VI. THEORY OF THE MOON

s, e T TN R, 9Int cos 2e
and TR 3 = o s 2¢
p. AX {t + In—2n, (sin 2nt — 2n,t + 2¢ —sin 2e)} Fhsns %
on ¢ ST o AT Lt i 4 .
sl Sm—n ) (sin 2nt — 2n, t + 2¢ —sin 2¢) + ,Sin nt
“3n—2n, (sin 2nt — 2n, ¢ + 2€ + sin nt — 2¢)
i :
+ ———— (sin 2nt — 2n, t + 2e — sin nt + 2e).
n—2n,

(As verifications, these expressions for Ar and A) should not only vanish themselves when
t=0, which they evidently do, but also their differential coefficients, taken with respect to ¢,
should vanish at the same time; we ought *. to have

0=—-12+3+9 & O0=—4+4+cos2e¢(—12—6+18);
& so we have.)

It results then from the foregoing calculations that if squares & products of n2, k, I be

neglected, the two differential equations of the 2" order

2 i o oo S G N O
0=r"—r)\'2+—r’i2—7%(1+3cos2)«—2n,t), 0=(r2)\’)’+3nT’rsin2)\—2n,t,

(in which p and #, are constant,) admit of having their integrals expressed as follows:
2

r=a—akcosnt+alsinnt+g%;(l—cosnt)

3an? e T i )
# o (cos 2nt — 2n,t+ 2¢ — cos 2¢) — (cos 2nt — 2n,t + 2€ — cos nt — 2¢)
in (n—mn, 3n—2n,
- (cos 2nt—2n,t+2e—cosnt+2e)};
n—2m,

2t

2 2
A=nt+e+2ksinnt+2lcosnt—%(1 Opoon e) <

—4—(1‘L—_%,) +h—28mnt

3n?
4an

2 3n T T
in 2nt — 2¢ —g8in 2
{(n—n,+2(n—n,)2) (sin 2nt — 2n, t + 2€ — sin 2¢)

+ (sin 2nt — 2n,t + 2€ + sin nt — 2¢) — (sin 2nt —2n,t + 2e — sinm)};

3n—2n, n—2n,
in which @ and n, €, k, [ are 5 arbitrary constants determinable by the 5 conditions
ro=a—ak, A=e+2l, rg=anl, N=n+2nk, a*n’=pu.
These expressions may be put under the forms

1 n? 1 3n cos 2e)
i -}-27;2 n—mn,

tik & 1_3_n 1—+ 2 cos 2
B dapont i, 2 \3n—2n, n-—2n, %

innt{l 3_n? : - 3 sin 2
i onion +4n 3n—2n, n-—2n, €

3an?( 2 1 3
! — - 2nt—2 2¢);
i 4n (n—n 3n—2n, 'n—2n,) O i )

’
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VI. THEORY OF THE MOON 245

- +3n’,‘ - )sin2e
Tan\n= 2(n— n,)?
+ 2sinnt k+ : -4 2 cos 2
3n 2n,  n—2n, .
3n? 1 3 A
+2cos‘nt{l+ = (3n on, n_2n‘)sm2e}

2
3—"—( L e 2 . )sin(2m-—2n,t+2e).

“dn \n—n, 2(n—n,)2+3n—2n,_n—-2n

In the same order of approximation, if we put

o gﬂ(l 9neos2e)' a_:/;{_a+2nfa(l_9ncos2e)ll
n 4(n—n))" = ANn| " 3m? 4(n-n)]})’

n? 3n 1 3 3n? 1 3 ) ;
2 ) fnd s sin 2e:
. k+2n"(1 3 (3n 2n, +n—2ﬂ,) 00826)’ AT 4n (3?@—2%, n—2n, %

3n? (
e=e+ | st

2n(n—mn,)
we shall have

’

- )sin2e'
4(n—m,) A

n? :
=a{ ’2-—kcosnt+lsmnt}
6n

3an?( 2 1 .Y
2 - - 2nt—2n,t+ 2e);
tm (n—n, 3n— 2n, n—2n,)008( oprmeL igae
A=ni+e+ 2ksinnt + 2l cosnt
3t 2 3n 2 6 4 :
H (n— +2(n—n,)2+3n—2ﬂr,_n—~2n,) sin (2né — 2n,t+ 2e).
Developing, we have
2 2 : IO b Qg |
o i TR At BRIl gy M g+ 2m);
. & uid n 1 8m i
if we put for abbreviation m=E’, & neglect m?; *.* sum= e and similarly
2 2 3n 3 2 2 : i | :
n—_;’=ﬁ(1+m), 2(n-n,)’_%(1+2m)’ 3?—2n,_ﬁ(1+§m)’ n-2n, it
‘. sum = —-%— 5—3?”1'; *.* putting for abbreviation 7=n¢—n,t+ e, we have

\

= {l—in%—kcosnt+lsmnt m?2 (1+&a) 00321-}

6 6
11 59m)\ .
A=nt+e+ 2 (ksinnt +1cos nt) + m? (§+W) sin 27; ]
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246 VI. THEORY OF THE MOON

and accordingly these agree, so far as they go, with the expressions of M. Plana, as cited by
Mr Lubbock,* in the Appendix to the 15t Part of his Theory of the Moon.

We might have commenced our 2" approximation by retaining in R the two terms

2
n . y
—n2r2P, and ——73P,; in which
a

’

1 3 2__1\3 Y L —_
s=g(dd—p) (&2—) =z1§(17°—3p4+3p2—1)”’=———5p 3 3p=§-cos)\—n,t3——%cos)\—n,t
__5cos3A—3n,t+3cosA—n,t
= 5 ;

8o that we should thus have had

2 ('t 2 [t
s=% r2(1+3cos2)\—2n,t)dt+87;’ f 73(3cosA—n,t+ 5cos 3A— 3n, t)dt,
0 ,Jo

while Ar and AX would still have been given by the formulae of page 243,

1 08 LAY =208 ds 1 os 3s ds o
Ar-—a—n (28—€—smnt%—-cosntg) : AA‘=¢zTn (3nsﬁ—3nt8—€—2cosnt8—k+2smnt87) :

If then we put
t oty R A TR
s‘=f r3(8cosA—n,t+ 5cos 3A— 3n, 1) dt,
0

and
Rt Rl ds J ds" as' ds" Lo ee:
A 2§—smnt%-—cosnt L A —3n%—-3nt §€——2cosnt8—k+ 2s1nnt§ >
n3r' n2A :
we shall only have to add and —/— to the values already found for » and A.

8aa,n 8a%a,n
Ip developing s' we are to use for 7 and A their 18t approximate values
r=a—akcosnt+alsinni, A=nt+ e+ 2ksinnt+ 2lcosni,
which give
r3=a? (1 — 3k cos nt + 3l sin ut),
3cosA—n,t=3cosnt—n,t+e— 6 (ksinnt+lcosnt)sinnt—n,t+e,

5c08 3\ — 3n,t = 5cos 3nt — 3n,t+ 3¢ — 30 (ksinnt + L cos nt) sin 3nt — 3n,t + e,

28" 3 S R gy PR LTI s 1O
i =a—2(3cosA—n,t+5cos3)\—3n,t)=6cosnt—n,t+e+100083nt—3n,t+3e

— 6 (kcosnt—Isinnt) (3cosnt—n,t+ e+ 5cos 3nt — 3n, t + 3¢)

— 12 (ksinnt + 1 cosnt) (sinnt —n,t + €+ 5sin 3nt — 3n, t + 3¢);

* [Lubbock, Theory of the Moon (1834), Appendix, pp. i, viii [1]. Brown, Lunar Theory, p. 110.]
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VI. THEORY OF THE MOON 247

T 5a’
8 =n—n, (smnt—-n,t+e—sine)+m—_—n~,)
3ka3{

(sin 3nt — 3n, t + 3e —sin 3¢)

2

AT 1 T st s s T
h—(smn t—e+sme)+ g (sin 2nt —n,t+ e —sine)
15 ——
+§_—3(sm2nt 3n,t+ 3e—sin 3¢) —
3la® e 1 — -
__2_{?7(00511, t—e—COSe)+%———(cos2nt n,l+e—cose)

’ ’

5 TR R
AL e ' B
ey ———— (sin 4nt — 3n,t + 3e —sin 3e)}

15 —_—— 5
—m—(cos2nt—3n t+ 3e —cos 3¢) — o
& consequently,

3
P S (cosnt—n t+€—COSE)+ o

T8,

— (cos 4nt— 3n,t+ 3¢ —cos 3e)} 2

(cos 3nt — 3n,t+ 3e — cos 3¢)

3a® 1
2 (cosnt nt+e—cosnt+e)+———(cosnt n,t+e—cosnt—e)

15 5
—2n-3'n, (cos 3nt—3n,t+ 3e—cosnt+3e)—-m (cos 3nt—3n,t+3e—cosnt—3e)}
and
3(3n—2 —— —_——
N —(—z%?in—;:’—){Q (sinnt—n, ¢+ e—sin €) + 5 (sin 3nt — 3n, ¢ + 3¢ —sin 3¢)}

B ;
_3(,3{; (sinnt—n,t+e—sinnt+e)—

1 . :
; e (sinnt—mn,t+e+sinnt—e)

15 L . 5 . ;
_m(sm3nt—3n,t+3e-—smnt+ 3e)+m(sm 3nt—3n,t+ e +sin nt — 35)} ;

We have only to add

to k the terms
o2 54 2 )cos -5 % + o 3et;
16a, n m—n,) %" "\2n—3n,  dm—3n,) °* >’
to 1 the terms
3a7&{(5_ n, )sm 5 3n, n, gl
16a, n m—n,) """ \2n—3n, m—3m,) ")’
to e the terms .
1 = 2
8: 2 (3: 7;2(981ne+ 5sin 3e);
to n the terms
\ 3 2
San (3cose+5cos3e)
and consequently (because a’n?=pu)
to a the terms
1a2
_Z:—%n— (3cose+5cos3e)
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248 VI. THEORY OF THE MOON

& we shall have (making %=m, nt—n,t+e=-r)

Neint o sl s Skoonnis TS e il O lsing
=nil+e+ 2ksinni+ zlco 4 {I-m 2(1-m)2" 3—2m 1-2m T

_3ma m  3m(3—2m) 5m*a ( 9 3 3—2m} s R
8a{5_2—m (L) BT e (-0 i—Im (P
r m2 ¢ Sm2 (. 2 1 3
;=1——6——kcosnt+lsmnt+ 3 {1 o BB o }cosZ-r
3m a 4m 5m?2 a 9 8 4
+16a{5+2 mT1-m }c"“"_ﬁa{2—3m+4-3m‘1—m}0083"
Developing,
i% 5 " 47m?2\ .
A=nt+ e + 2k sin nt + 2] cos nt + m? —+—2—”} 27'-—% 5 —1-7Ln+ b sinT
8 as 8a, 2 4
bm2a 35m
32a (3+—)sm3-r,
7 : m2 o 19m 3ma Im  1Tm?
;—l—kcosnt+lsmnt——§—m (1+ 6 )cos2 +16 (5 7+—4—)cos—r
5mza 53m
64a (5+ 4 )cos3-r.

And accordingly these equations are integrals, in the present order of approximation, of the
following system of differential equations of the 2n order:

AR ) % W Jurises o il 16 .
r"—r)\'2+%= : —2n, )+—%’ai(3cos)\—n,t+5cos3)\—3n,t);

3n?r?

& o 302 . g
(r2\') = — sin 2A—2n,t—v— (sinA—mn,t+ 5s8in 3A — 3n, ).

Yet the coefficients of sin 7 and cos 7 do not agree except in their first terms with the expres-
sions of Plana and Lubbock.*

* [In the remainder of this manuscript Hamilton attempts to verify that these equations for A and r satisfy
the differential equations of motion to the present order of approximation. Actually he recognised later (see

page 275) that the approximations of Plana and Lubbock were correct. Lubbock, loc. cit. pp. vi, xviii [101].
Brown, loc. cit. p. 241. See also Appendix, Note 6, p. 627.]
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