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346.

NOTE ON AN EXPRESSION FOR THE RESULTANT OF TWO
BINARY CUBICS.

[From the Quarterly Journal of Pure and Applied Mathematics, vol. Vi. (1864),
pp. 380—382.]

Mr WARREN, in his paper “Illustrations of the Theory of Critical Functions,”
Quarterly Mathematical Journal, t. Vi pp. 231—237, (1864), has given for the Resultant
of two binary cubic functiors, an expression which is in effect as follows; viz. considering

the cubic
(@, b, ¢, dQ=, y),

(a, b, e, y), =(ac -V, ad—"be, bd—c*Yz, y),
and the cubicovariant
(4, B, C, Dy, yp, = a2d — 3abc+ 203 , )
3abd — 6ac* + 3b%,
_ 3acd +6td — 3be, @ 9
\— ad®+3bed —2¢° , J

its Hessian

and in like manner the cubic
(«, V, ¢, dQ=, y),
(a%, b, ¢Uz, v)%
and the cubicovariant
(4, B, €, D'z, yP;
A =ad —3bc’ —3bc —ad,
B=ac' +a'c —2bb ]
C=AD —-3BC'+3BC—-A'D,

its Hessian

and writing
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290 NOTE ON THE EXPRESSION FOR

then the Resultant is
=—290+ 27 AB + 27 @,
that is, the Resultant is
=— 2(ad —a'd— 3bc’ + 3b'c)?
+ 27 (ad’ — a'd — 3bc’ + 3b'c) x

{(ac— b)) (B¢’ — d) — } (ad — be) (¢'d’ - b'e') + (bd — o*) (d’ —b?)}

+27{ (@*d—3abc+2b* )(—a'd?+3bc'd —2c*)
—3 (abd — 2act+ bc ) (—da'cd +2b*d —b'c*)
+3(—acd +2bd—be*) ( a'b'd' —2a'c® +b%)

— (—ad*+38bed —2¢%) ( a*d’ —3a’b'c’ + 2b%)}.

In particular assume

(a/’ bl, C’, d/zzx, y)s = x;s + ys,
so that

@, v, Uz, y)P=ay,
A, B, O, D{ax, yp=o—1,

and thus

ahe di - sadimibiaie 1 =0y

A c= e s AhE—l

A'==D=1, B'=0"=0.

N =a-—d,
B =—b=0bc—ad,

€ =A + D= a*d — ad? — 3abc + 3bcd + 2b* — 2¢?,

or, putting for shortness,

a—d=0, and therefore a=d + 6,
we have

A=0,
B=bc—df—d,

€ =2 (b°—c*) — 3bch + d?0 + de?,
and Resultant is
— 260

+ 276 (be — d? — df)
+ 27 (2(b — ¢) — 3bof + 20 + de?),

which is
= — 20°+ 54b* — 54c¢® — 54bch,

or rejecting the factor —2, it is
- 0° — 270 + 27¢* + 27cb0.
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But the two equations are
(0320, ¢ id D v R=0,
w3+y3 =0’

the last of which gives y=—a, y=— w02, y=— 0%, if © be an imaginary cube root of
unity, and hence the Resultant is

=(a—8b+ 3¢ — d) (a — 3bw + Scw? — d) (a — 3bw* + Scw — d),

which is
=(60 — 3b+ 3c) (0 — 3bw + 3cw?) (6 — 3bw* + 3cw),

or finally is
= 65— 270° + 27¢® + 27Dc),

and the formula is thus verified.

If the two cubics are taken to be

(a, b, ¢, dQ=, y)*=0,
by e, dy elio, y»P=0,

then the formula gives for the Discriminant of the quartic function (a, b, ¢, d, eQz, y)*
a new expression, which however does not appear to be an elegant one.
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