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262.

ON THE EQUATION OF DIFFERENCES FOR AN EQUATION OF
ANY ORDER, AND IN PARTICULAR FOR THE EQUATIONS
OF THE ORDERS TWO, THREE, FOUR, AND FIVE.

[From the Philosophical Transactions of the Royal Society of London, vol. cl. (for the
year 1860), pp. 93—112. Received March 2,—Read March 29, 1860.]

The term, equation of differences, denotes the equation for the squared differences
of the roots of a given equation;, the equation of differences afforded a means of
determining the number of real roots, and also limits for the real roots, of a given
numerical equation, and was upon this account long ago sought for by geometers.
In the Philosophical Transactions for 1763, Waring gives, but without demonstration
or indication of the mode of obtaining it, the equation of differences for an equation
of the fifth order wanting the second term: the result was probably obtained by the
method of symmetric functions. This method is employed in the Meditationes Alge-
braicce (1782), where the equation of differences is given for the equations of the
third and  fourth orderswanting the secondterms; and in p. 85 the before-mentioned
result for the equation of the fifth order wanting the second term, is reproduced.
The formulae for obtaining by this method the equation of differences, are fully
developed by Lagrange in the Traite des Equations Numeriques (1808); and he finds
by means of them theequationof differences for the equations of the orders two and
three, and for the equation of the fourth  order wanting the second term; and in
Note IIl. he gives, after Waring, the result for the equation of the fifth order wanting
the second term. It occurred to me that the equation of differences could be most
easily calculated by the following method. The coefficients of the equation of differences,
qua functions of the differences of the roots of the given equation, are leading
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coefficients of covariants, or (to use a shorter expression) they are “ Seminvariants(x),”
that is, each of them is a function of the coefficients which is reduced to zero by one
of the two operators which reduce an invariant to zero. In virtue of this property
they can be calculated, when their values are known for the particular case in which
one of the coefficients of the given equation is zero. To fix the ideas, let the given
equation be (*Qv, Dn=0; then, when the last coefficient or constant term vanishes,
the equation breaks up into v=0 and into an equation of the degree n—1, which
I call the reduced equation; the equation of differences will break up into two equations,
one of which is the equation of differences for' the reduced equation, the other is the
equation for the squares of the roots of the same reduced equation. This hardly
requires a proof, let the roots of the given equation be a, /3, y, 8 &c., those of the
equation of differences are (a—/3), (@-y)2 (@a-3)2 &c, (I3-y)2 (/3—-18)2 (y—18), &c.
but in putting the constant term equal to zero, we in effect put one of the roots,
say a, equal to zero; the roots of the equation of differences thus become /32, y? 8
&c., (13—vy) —8)2, (y—8), &c. The equation for the squares of the roots can be
found without the slightest difficulty, hence if the equation of differences for the
reduced equation of the order n—1 is known, we can, by combining it with the
equation for the squares of the roots, form the equation of differences for the given
equation with the constant term put equal to zero, and thence by the above-mentioned
property of the Seminvariancy of the coefficients, find the equation of differences for
the given equation. The present memoir shows the application of the process to
equations of the orders two, three, four, and five: part of the calculation for the
equation of the fifth order was kindly performed for me by the Rev. R. Harley. It
is to be noticed that the best course is to apply the method in the first instance to
the forms (a, b, Dn = 0, without numerical coefficients (or, as they may be termed,
the denumerate forms'), and to pass from the results so obtained to those which belong
to the forms (a, b,..~$y, Dn=0, or standard forms. The equation of differences, for
(a—fi)2, &c., the coefficients of which are seminvariants, naturally leads to the con-
sideration of a more general equation having for its roots (a—/3)2 (yc —yy)2 (x— 8y)2.., &c.,
the coefficients of which are covariants; and in fact, when, as for equations of the
orders two, three, and four, all the covariants are known, such covariant equation can
be at once formed from the equation of differences;, for equations of the fifth order,
however, where the covariants are not calculated beyond a certain degree, [they are
now all calculated, see 141 and 143], only a few of the coefficients of the covariant
equation can be thus at once formed. At the conclusion of the memoir, | show how
the equation of differences for an equation of the order n can be obtained by the
elimination of a single quantity from two equations each of the order n—1; and
by applying to these two equations the simplification which 1 have made in Bezout's
abridged method of elimination, | exhibit the equation of differences for the given
equation of the order n, in a compendious form by means of a determinant, the
first-mentioned method is, however, that which is best adapted for the actual development
of the equation of differences for the equation of a given order.

1 The term “Seminvariant” seems to me preferable to M. Brioschi’s term “Peninvariant.”

C. iv. 31
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The equations successively considered are

The equation of differences for the quadric, and that for the squares of the roots,
are considered to be known, and the ether results are derived from them: it will be
convenient to write down in the first instance the results for the quadric, the cubic,
and the quartic equations, and then explain the process of obtaining them.

For the quadric equation,

Equation of differences is, 0=

Equation for the squares of the roots is, 0=

For the cubic equation,

Equation of differences is, 0=

Equation for the squares of the roots is, 0 —
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For the quartic equation,

Equation of differences is, 0 =

Equation for squares of the roots is, 0 =

The multiplication of the equation of differences and the equation of the squares
of the roots of the quadric equation, gives the equation, 0=

where all the coefficients except the last are reduced to zero by the operator

+ 2bdc + cdd,
31—2
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and they are consequently (without any alteration) coefficients of the equation of differ-
ences of the cubic equation: the last coefficient is not reduced to zero by the
operator, and requires therefore to be completed by the adjunction of the terms in d
(the series, here and in every other case, is of course a finite one, the number of
terms might easily be calculated a priori). Let the value be Zi+ Lyl + L.jd? + &c., we
have Zo= +4aci— Ibk2; and putting for shortness V' =3a9& + 2bdc, the operator which
reduces this to zero is V' + cdd; we ought therefore to have

and consequently

giving

and consequently for the last coefficient the value above written down; it will be
presently seen how in more complicated cases the calculations should be arranged.

Again, multiplying together the equation of differences and the equation for the
squares of the roots of the cubic equation, we obtain an equation which it is not
necessary to write down, as it can be at once formed by putting e=0 in the equation
of differences for the quartic equation. And from the equation so obtained, by the
adjunction of the terms in e, we find the equation of differences for the quartic
equation, viz. each coefficient is of the form Ln+ Ly +L.2e2+ &c., where Zo is known,
and such coefficient is reduced to zero by the operator

or nutting for shortness the operator We have there-
fore

It is to be observed that the last coefficient of the equation of differences is the
discriminant, and that the above method of calculating the coefficients of the equation
of differences, as applied to the last coefficient, is nothing else than the method of
calculating the discriminant given in my Fourth Memoir on Quantics, [155].
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The multiplication of the equation of differences, and the equation for the squares
of the roots of the quartic equation, gives, in like manner, the equation of differences
for the quintic equation, except as to the terms involving /; and these are obtained
as above, viz. each coefficient is of the form Lo+ L2f+ L., f}+ &c., where Lo is known;
such coefficient is reduced to zero by the operator

or putting for shortness the operator We have
therefore

which give LIf L2, &. by means of Lo. For the calculation of V'Z (where L is any

one of the coefficients Lo, L2, &c), it is proper to separate the terms involving the

different powers of e and write where
We have then

or, what is the same thing,

and as an equation which should be satisfied identically, and which would therefore
serve as a verification,

but, since a verification was obtained by other means, the equations of this kind were
not used for the purpose. It may be interesting to give the actual calculation of
one of the coefficients, say of coefficient 61 (which, with coefficient 0, was calculated by

Mr Harley).
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Calculation of coefficient 02 in equation of differences for the quintic equation

Calculation of Lo.

2ae —2bd +c? 2ce —a?
Coeff. 0°. Coeff. 0L
aded +512
a3bde3 -384 -512
aw -256 +256 -384
(Me2 + 288 + 432 + 192
asdde - 54 - 216
azh2ce3 + 288 + 144
azh2d2e? - 12 + 384 - 72
azbc2de? -160 + 256 -192 -240
abcdie + 36 -288 - 108 + 120
abd3 + 54 + 54
awWw + 32 - 128 + 64
aWike - 8 + 144 + 36 - 32
aw - 27 - 18
abde3 — 54
ab3cde? + 36 - 288 + 36
ab3cPe -8+12 - 18
ab2c3e? - 8 +1449-12
+2+160 —6 + 84 +6
ab2cd4 - 36 - 42
abcide - 32 - 80 - 52
abcPd3 +—8+1.8 +26
acde +—16+38
acid? —4 - 4
b3de2 +54
bic2e? - 27
biccPe — 36 — 18
bdd4 +8 +9
b3cide +—8+1.8 +12
b3c2d3 — == - 6
b2c3e —
b2c4cP +1 +1
Lo=A + Be + Cel + De3 + Eet, suppose, then
- B= -C = - D=
axd3 + 270 (M - 960 albd +840
albcd + 240 ald? - 275 a2 + 360
axid2 - 140 albc2d + 390 abe - 400
abid3 + 14 «ch + 15 abd + 48
ab2c2cP - 246 ablcd +178
abcid +164 ab2c3 —112
flco - 24 b3d - 48
bicd? + 54 b2 + 25
b3Pd - 38

b2c3 + 6

el

[262

Coeff. 02 In eq. of diff. for quart
-112= +400
+ 56 -840
+ 24 -360
+ 48 + 960

-270
- 32 + 400
- 25 + 275
- 54 -390
-240
+ 108
+ 17 - 15
+ 140
- 45
—— & 48
+ 38 - 178
- 14
- 12 + 112
+ 246
- 78
-164
+52
+24
- 8
— S a3
—-—22-25
— 54
+17
+38
— 12
- 6
+2
at -400
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+4dC) viz.

aPcdf
aVcPf
azbc2dF
awdf
abicdlF
ab2cedf
abciF
b5dF
b*c3df
b*c\f

~7(V"C+6dz>) viz.

aPhdPef
a?c2def
cdb2cdef
odbc'ef
ab’def
ab2c2ef
b'cef

—el/(V'7) +8N) viz.

addef
adbcdf
awf

Calculation of Lx.

Terms of LxF not involving e.

5adh + 4&a + 3c8d 4z
-B -C
+ 1200 + 3240 - 3840
+ 210 + 960 -1100
- 2460 - 1680 + 2160 + 1560
+ 820 - 840 + 60
+ 1080 --1968 + 126 + 712
- 570 + 2624 - 1476 - 448
+ 60 - 576 + 492
+ 216 - 192
— 456 + 324 + 100
+ 120 - 114
Terms of LxF involving el
Sadb + 4&ac + 6¢?
Y
-C -D
- 2750 - 3840 + 5040
+ 1950 - 5760  + 2160
+2670  +3120 - 1650 - 2400
- 1120+ 240 + 1170
- 1200 + 712 + 288
+ 500 - 1344  + 534
+ 200 - 144
Terms of LxF involving el
5adh AWC 3c3d 8d
v
- D -E
+ 4200 - 3200
- 4000 + 2880 + 2520
+ 960 - 1600

+ 600
+ 70
-420
+ 40

+130
-2
+ 24

+ 6

+ 1000
+ 1400
- 640

247
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Calculation of Z2.

suppose, where

<M2 + 775 cdd - 500
aced  + 825 atbc - 700
abed - 870 ah’  + 320
a2bc3 - 145
ab4d + 100
abic? + 155
b5c - 28

Terms of Z2/? not involving e.

Satib 463 3ced 4d
-l«(V"p+44C) viz. - |

-"B
awf + 3875 - 2000 = + 1875
a?bcdf? - 8700 + 6600 + 4650 - 2800 - 250
dic'F? - 725 + 2475 + 1750
azb3df2 + 2000 - 3480 + 1280 - 200
a2 + 2325 - 1740 - 2610 - 2025
abicf? - 700 + 1240 + 300 + 840
ab®? - 112 - 112

Terms of L2F involving el

Sadh 3cSd

- eA"4(7
-1(7

aice/l - 3500 - 1500 = - 5000

a7t + 4800 - 2800 + 2000
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Calculation of Z2.

Zj = A + Be + Ce2, suppose, where

-12? = . =
N2 + 775 aki - 500
a?cad  + 825 ashc - 700
albecd - 870 ay  + 320
albcy - 145
abid + 100
absc2 + 155
b5c - 28

Terms of Z2/? not involving e.

5ash 3cdd 4ez
-P(\/122+4(Z1C) viz. e Jomeee

—1<7
awf + 3875 - 2000 = + 1875
asbcdf2 - 8700 + 6600 + 4650 - 2800 - 250
a?cfl - 725 + 2475 + 1750
azdf? + 2000 - 3480 + 1280 - 200
azhc 2 + 2325 - 1740 - 2610 - 2025
ab’cf2 - 700 + 1240 + 300 + 840
aMf2 - 112 - 112

Terms of L2 involving el
Sadh 4bdc 3cda
Va7
-1C

cdcef? - 3500 - 1500 = - 5000

aWef? + 4800 — 2800 + 2000
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Calculation of Z3 (gives Z3=0).

L2=A +Be,.
alc + 16662
adh? - 666i
Terms of .
5ddb ibdc 3ecid
viz. SV
ai6/3 — 6666] + 66662 _ 0

and the required coefficient of 02 is

249

All the coefficients were calculated in this manner, except the last coefficient,
which was deduced from the known value of the discriminant for the standard form.
And we have thus the complete expression of the equation of differences for the

general quintic equation under the denumerate form (a, b, ¢, d, e Yy, D=0, viz.



Equation of differences for (a, 6, ¢, d, e f'6y, 1)5=0 is

or° 09 ef o7 6p & B4
i L

"

a8 x ax x a4 x al x

+1 ac+ 10 ak + 10 aice + 50 adf + 200 a3fF, +625 gicn + 1750
b2 - 4 albd — 4 ald? + 25 a2 - 95 asbef - 250 adef — 950
axi + 39 dbk - 20 afbcf - 120 alcdf +400 a3 + 40
abc — 30 dibcd - 50 ashde + 36 asce? - 360 a2 — 700
+

b4 + 6 al}cd + 80 ascle 124 alde + 260 albcef — 130
abid + 16 alcd? + 92 adb2df - 110 athdF + 380

ab2c? - 81 ald—+ 32 aibe? + 169  athde? + 142

ablc + 30 ath2ce — 98 albcF - 240  adcadf 4. 240

b6 - 4 adbad2 — 44 adbcde - 104 alcie? — 522

adbcd — 160 aibd3 - 104 alcde + 708

aded + 95 adcle + 196 addt — 53

aldle + 18 alcd? + 118  aldef + 128

dib3cd + 116 a?3cf + 150 adhlce2 + 388

a3b2c3 - 104 adbdde 10  d3blcdf 394

adsid - 20 alblcze - 180  ahlde — 378
albic? + 45 albcd? + 20  dibcF — 144
abic - 10 ashoid - 220  asbclde — 480
b3 + 1 asci + 66 adbcdi — 156
abf - 24 akle + 194

alblce + 66 add2 + 52

albid? - 3  ahidf + 66

alcd + 192  alblei — 84

albict - 66 alicF + 194

abfe - 8 allcde + 330

abicd - 66 alid2 + 92

abie + 24 allck — 152

bd + 8 aww+ 174

b6c2 - 3 abed — 140

alch + 25

abdcf — 70

dbsde — 42

abicie + 32

ablcd? — 144

abksid + 100

abls — 18

biF + 8

bikp  — 2

bpd2 + 22

biccd — 16

bict + 3



dief2
adbdf?
adbd!F
alc 2
alcdef
alcd
aldiF
adde?
dib2cf?
ash2def
a3hle3
asbclef
asbedF
asbcde?
asbdse
alcsdf
adde?
ascldze
adcdd
d2bif2
azblcef
aydiF
dib3de?
alb2cdf
alhlclel
d2b2cde
al>2d4
albclF
d2bcide
alde
alcdd?
absef
abdcdf
abice?
abidle
ab3clde
abiciF
ab3cd3
ablcle
ab2c3d?
abchd
acr
bdf
bee?
oiva §
bbcde
b5d3
bic3e
bdc2d?
b3cid
b2ce

- 3750
+ 1500
1500

+ 2500
— 2150
- 80
+ 700
+ 570
— 2450
— 40
— 118
290
400
158
596
80
308
612
102
490
180
112
92
86
388
150
160
48
504
106
7
68
86
178
54
234
34
148
56
112
34
4
16
26
6
30
28
8
24
8

1

+

|l ++++++++ 1 + | + 1

+

L+ ++ 1+ | ++ |

I+ |+ + |

the function in 0 is

alcef?
ald2f?
aldelF
alel
asb2ef?
asbcdf2
asbcel F
albd2ef
adhdd
didf2
dicldef
adcle3
alcdf
ascd2e?
asdip
d3df?
albieF
azb2cR?
dft)2cdef
azblcdi
azb2diF
azh2dle?
dibclef
d2be2diF
dZbc2de?
d2bccPe
a’bdb
<Pcidf
dicle?
d2c3d2e
d2c2d4
abicf?
abidef
able3
abiclef
ablcdF
ab3cde?
al)idie
ab2c3df
ab2c3e?
ab2c2de
ablcdi
dbciF
abcide
abcid3
ache
achd?

b3 2
bocef
b5diF
h5de?
bic2df
bdc2e?
bdcdle
bid4
b3cHF
bicide
b3c2d3
b2che
h2cdd?

B2

— 5000
+ 1875
+ 1000
400
2000
250
1400
1550
840
1750
1650
360
600
960
270
200
640
2025
1740
400
70
275
290
420
390
240
108
40
15
140
45
840
200
48
310
50
178
14
130
112
246
78
24
164
52
24

I+ | + +

I ++ 1 1 +

'+ 1+ 1 4+4+ 111 +++++11

I+ + + |

I+ + |

112
56
24
48
32
25
54
17

|+ + + 1

38
12

[+ + + |
(2]

+ |
o o

aldf3
alelF)
ajbcf3
asbdef?
adbelF
alc2pf2
alcd 2
aleddF
adced
didief
asde’
dibiFi
alblcef?
ab2d
d2b2delF
azhipd
albc2df?
d2bc2dF
albcdlef
dlbcde’
abdiF
dh<Fe?
dcHR
dlcidef
dickei
dic2diF
alc2d2e?
dYedlde
didb
ablef?
ab3cdf
ab3celF
ab3dlef
ab3de3
ab2ci 2
ab2c2def
abcle’
adcdiF
ablccPe?
ab2dde
abclef
abcidiF
abc3de?
abc2dse
abedb
ache?
acddle
ac3dd
bidf2
hbelF
bicel 2
bicdef
bdce3
bidsF
bid2e2
biclef
bic2dIF
b3c2de?
b3cd3e
b3d5

_ 6250
+ 5000
+ 3750
— 250
- 2000
- 3750
+ 3000
+ 200
+ 320
- 450
40
1000
1950
1150
1170
72
2100
1380
550
504
180
138
675
330
224
60
434
198
27
240
1320
1230
12
18
450
594
282
154
114
6

72
24
186
116
18
36
24

4
192
216
72
120
54
32
18
18

6

42
26

4

P+ L+ ++ L +++ 0+ 4+ +

T+ + 1+ 0+ ]+ 0+ +1 | ++ 1+

+ L+ o+ + 4+

El
asbefl
alcdf3
adedj'"?
d'dlef?
addesF
aseh
dib2df3
alblel
albc
dft>cdef2
dlbceiF
abdiF?
albder ¥
dbdet
alclef?
dved 2
dle2ddF
alclel
d2cd3ef
alcd’e3
dudiF
dtdde?
at>3cf3
abldef?
ableiF
ablc2ef?
abled 2
ab2cdel ¥
ablcel
dddief
ah2d2e3
abcidj®
abclelF
abc2dzef
abc2de’
abcdF
abcdie?
aci?
acldef
acled
ac3diF
ac3de?
bifFs
bicef?
bddHF2
bidelF
bdel
bic2df?
b3clel F
bicd2ef
b3cde3
b3dF
bh3d3e?
b2cHF)
b2cidef
b2c3e3
b2c2diF
h2c2d2e?

+ 3125
— 2500
- 3750
+ 2000
+ 2250
- 1600
+ 256
+ 2000
— 50
+ 2250
- 2050
+ 160
- 900
+ 1020
- 192
900
825
560
128
630
144
108
27
1600
160
36
1020
560
746
144
24

6
630
24
356
80
72
18
108
72
16
16

4
256
192
128
144
27
144
6

80
18
16

4

27
18

4

4

+ 1

T T B A I L N T B B e

L+ 1+ + 1+ + 1

L+ o+ |

I+ + 1

3P, 1),
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It may be remarked, that if « is an imaginary cube root of unity, then the roots
of the equation (1, 1, 1, 1, 1, D5=0 are —I, cd, e, —cd, —102; the differences of
the roots are

and the squares of the differences are

from which the equation of differences is found to be

or multiplying out, it is

which is what the preceding expression of the equation of differences becomes upon
writing therein a=b=c=d=e=f=Il. Moreover, upon passing (as will presently be
done) to the standard form, and then writing a=b—c—d=¢ =f=I, all the coefficients
(except the first coefficient, which is equal to unity) should become equal to zero;
these two tests afford a complete verification of the result.

The following corrections have to be made in Waring's result, as given by himself
and Lagrange (Waring, Phil. Trans. 1762).
Waring, Meditationes Algebraicce, p. 85:
for + 169 gss read 4-196 cfs (in coefficient wh).
Lagrange, Equations Nurneriques, p. 108 :
for 4-1200 CE read 4- 200 CE (in d)
for— 169 BiD read— 196 BD (in e)
for— 25B6 read + 25 B6 (inf)
for4- 27 (1iD2read — 27 C"D2 (in If

It may benoticed, that if in the coefficients of the several powers of 6 (as they
are written down in the columns, without regarding the powerof awhich multiplies
the entire column), we attend only to the terms independent of a, we have the series

-r >

the law of the first terms of which, up to the term 4-168 is obvious; but the term
4-168, which is the last term of this initial series, is also the first term of a terminal
series, the terms of which are deduced from the coefficients in the equation of differences
for the quartic equation (a, b, ¢, d e*$y, 1)4=0, viz. these coefficients are
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It may be remarked, that if w is an imaginary cube root of unity, then the roots
of the equation (1, 1, 1, 1, 1, N5=0 are —1, to, t02, —to, —t02; the differences of
the roots are

and the squares of the differences are

from which the equation of differences is found to be
or multiplying out, it is

which is what the preceding expression of the equation of differences becomes upon
writing therein a=b=c=d=e=f=I. Moreover, upon passing (as will presently be
done) to the standard form, and then writing a=b=c=d=e =f=I, all the coefficients
(except the first coefficient, which is equal to unity) should become equal to zero;
these two tests afford a complete verification of the result.

The following corrections have to be made in Waring's result, as given by himself
and Lagrange (Waring, Phil. Trans. 1762).
Waring, Meditationes Algebraicce, p. 85
for + 169 (fs read + 196 g*s (in coefficient wh)-
Lagrange, Equations Numeriques, p. 108 :

sur T (ln /Uy
It may be noticed, that if in the coefficients of the several powers of 3 (as they

are written down in the columns, without regarding the power of a which multiplies
the entire column), we attend only to the terms independent of a, we have the series

the law of the first terms of which, up to the term + 168, is obvious; but the term
+168, which is the last term of this initial series, is also the first term of a terminal
series, the terms of which are deduced from the coefficients in the equation of differences
for the quartic equation (a, b, ¢, d ef*v, 1){=0, viz. these coefficients are
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and by writing b, ¢, d, e, ¥ in the place of a, b, ¢, d, e respectively, and multiplying
by b2, we have the above-mentioned series,

It is easy to see, d priori, in the case of an equation of any order, that this property
holds good.

Passing now to the standard forms:

For the quadric , the equation of differences is, 0=
a2 X 4 x
+1 ac+ 1 .
( b2 -1 i
For the cubic equation the equation of differences is, 0=
ad x 18 a2 x 81 x 27 X
+1 +1 ax2 + 1 a?d? + 1
gl ablc - 2 abed — 6
( - 60 +1 act +4 1y
bidd +4
b2 - 3
For the quartic equation the equation of differences is, 0=
ab x  48al x 8al x 32 x 16 x 1152 x 256 x
tF ac+1 ae + 1 adce + 3 akl - 7 ajed — 1 aky + |
b2 —1 a?bd— 4 add? + 13 albde + 56 a??c + 3  akbde2— 12
ax? + 99 ale — 3 akek + 54 axde? + 1 axk? — 18
abd — 192 albcd — 90 akd? + 288 alcde — 10  a%cde + 54
6/ + 96 aV + 189 axdce — 192 a?bd3 - 12 adt - 27
aid + 64 a2 - 400 akxe + 6 adee2 + 54
aw - 432 a’Mcd-YMA  axd? + 9  add?e — 6
( adc +384 axt +1377 adde + 4  abckde - 180
&b - 128 ade + 96 abk2 - 3 abed3 +108

adcd + 3648 abld2 + 56 acle + 81
add -2592 abdd — 78 add? - 54
dd -1536 ach +27 dd - 27
642 +1152 dd2 - 32 dede +108
dcd +48 dd3 - 64

de? -18 dde - 54

dc2d? + 36



For the quintic equation (a, b, ¢, d, e, fCu, 1)8=0, the equation of dififerf.ces is,

or 89

a8 x 100 a6x

+1 ac +1
b -1

68
50 ai x

ale + 1
albd- 4
ax2 + 78
ab2c — 150
o + 75

0
2500 a2 x

aice + 1
aid? + 1
abe — 1
abcd — 10
a3 + 32
abid + 8
alblc? - 81
abic + 75
bp -25

6p
125 x
a*df + 16
ape? — 19
adbcf — 48
aibde + 72
aice + 496
aiccP + 736
aibiF + 32
adblce — 980
aibcP — 880
aibc2d — 6400
aici  + 7600
adbie' + 450
abicd + 11600
dib2ci — 20800
adbtd — 5000
a’bic2 + 22500
abfc _ 12500
bp + 3125

. ¢
625 x
T+ 1
dbef — 10
ajcdf + 64
ofce? — 144
adofs + 208
aib2d,f — 44
aibk? + 169
cdbcF — 192
aibcde — 416
aibdi - 832
aicle + 1568
aicad? + 1888
alb3cf + 300
albide — 100
ablcze — 3600
alblcd2+ 800
adheid — 17600
a3+ 10560
abif - 120
albice + 3300
albid2 - 300

abdc2d + 38400
alblct — 26400
abep — 1000
abscd — 33000
added  + 24000
brd  + 10000
bfc2 - 7500

04

2500 x

obc?2
o'def
aiel
adbi

+ 7
- 19
+ 2
- 7

aibcef — 13
aibdf + 76
aibdet + 71
aicldf + 96

odcle?
aeeZ2e
ald4

— 522
+ 1416
- 212

diblef + 32

asblce? +
asb2cdf—
adb2d2e -
alb<Pf —
adhcide -
adhecP —

ascle
avdl

abidf +

alhie?

albiclf+
a’hdcde+

albids

a’blcle —

970
394
1890
288
4800
3120
+ 3880
+ 2080
165
— 525
970
8250
+ 4600
7600

albec2d2+ 17400

a’beid
dtc3
abicf
abide
abicle
abiccP
abicid
abZci
\V4i
béce
Vd?2
Vel
bdcd

— 28000
+ 10000
— 875
— 2625
+ 4000
— 36000
+ 50000
— 18000
+ 250
— 625
+ 13750
- 20000
+ 7500



03
6250 x
«V?} 3
atbdj’  + 12
adbelj + 30
aldf2  + 40
alcdef — 172
adce3 — 16
aldFf + 112
addid + 228
albcfl — 98
aibldej - 8
alhid — 59
aibdej + 116
aibcdj — 320
albcdel — 316
aibde - 2384
addf + 128
alde? - 1232
alddle + 4896
alcdd — 1632
abf  + 49
dbicej + 180
amdf + 224
ablde? + 460
albkcdf + 344
al2de? + 3880
alb2cdle + 3000
ald2dd  + 6400
albdf — 384
dbdde — 20160
alde + 8480
ddd? — 1120
ddef — 170
abicdf - 860
ablcd — 4450
abide - 2700
abldde + 23400
abddf + 680
abicdd — 29600
abdp =+ 11200
abdd? + 44800
abdd - 27200
ad + 6400
bdf + 400
bed + 1625
bidf — 300
bicde — 7500
bsd3 + 14000
bide + 4000
bidd? - 24000
b3dd + 16000
had - 4000

viz. the function in 8 is

62
62500 X
adcef? — 4
aldf?2  + 3
alddf + 4
aded + 4
ahlef? + 4
<dbcdf? — 2
dibcdf + 28
albdlef - 62
albdd — 84
asci i + 28
<dddef 132
aidd - 72
alcdiF + 96
ascd2d + 384
addde — 216
abidf2 - 4
abidf - 32
dbc#2 - 81
alblcdef + 348
azblcd + 200
adtF + 28
aldid + 275
d2bdef + 116
albdd ¥ - 336
dlbddd - 780
albcdse - 960
azbd3 + 864
addf + 64
axdd - 60
didde  + 1120
axdd4 - 720
abdcf? + 84
abidef - 100
abdd - 60
abidef - 310
ablcd¥ — 100
ablcdd - 890
abidie - 140
abddf + 520
ab2de? + 1120
ab22de  + 4920
ablcdd - 3120
abdf — 192
abddB  — 6560
abcid} + 4160
ade + 1920
add? - 1280
b33 - 28
bicef + 140
b3dIF + 120
bidd + 600
bic2df — 320
bc2e? — 625
bdcde - 2700
bdd4 + 1700
b3ciHF + 120
bicide + 3800
b3c2d3 - 2400
b2de — 1200
b2dd? + 800

]

62500 x
aldf3 _ 1
aldf? + 2
d3bcf3 + 3
dibdef2 — 1
asbdf - 20
aPczefl — 30
dicdF2  + 48
dicddf + 8
ajcet + 32
addief — 36
addd 8
a2di3 - 2
dbctf?  + 39
abdif, — 46
abddf + 117
alhlel + 18
albddf2 — 168
abddf + 276
albcdlef — 220
albcded - 504
adbdF  + 144
atbde? + 276
adf? + 108
dddef — 264
a3 — 448
addf + 96
addid + 1736
cdcade, - 1584
axdp + 432
ablef? - 12
abicdf? + 264
ablcdf - 615
abidlef - 12
ab3dd + 45
abedf? - 180
ab2ddef + 1188
ablde3 + 1410
abcdi¥ — 616
ablcde? — 1140
ab2dle + 120
abclef — 288
dbdd¥ + 192
abddd - 3720
abddde  + 4640
abed3 — 1440
add + 1440
acidle — 1920
addd + 640
b3df2 )
bhdf + 270
bidf2 + 72
bdcde,f - 600
bdcd - 675
bidiF + 320
bdd2e? + 450
bidef + 180
b3ddd¥ — 120
bidde?  + 2100
b3cd3e — 2600
b3d3 + 800
bh2de? — 900

80

3125

J

T
dibef?

acdf’
alcdf
adlef?
addf
add
a2b2df3

+

+

amdf, _

albc 3

+

albcdef? _

dlbcdf
a2bd 2
abd2df
albded
didef?
add?
ddddf
alded
alcdlef
alcdze3
dudiF
ddid
abicf3
ab3def?
abidf
abldef?
ablcd 2
db2cddf
ablced
abdief
ab2d2d
abddf?
abddf
abddlef
abddd
abcdiF
abcdte?
adf?
addef
add
addiF
addld
bt

bAg,fi
bid2
bdddf
bid
b3ddf2
b, ddf
b3cdlef
bicdd
b3diF
b3d3d
h2df2
h2ddef
b2dd
h2ddiF
b2dd2d

+

+

|+ +

+

+
+
+

+
+

+
+

|+ + |

I+ T+ 1 1+ | ++

I+ + |

+

+

b3

1

20
120
160
360
640
256
160
10
360
1640
320
1440
4080
1920
1440
2640
4480
2560
10080
5760
3456
2160
640
320
180
4080
4480
14920
7200
960
600
10080
960
28480
16000
11520
7200
3456
11520
6400
5120
3200
256
1920
2560
7200
3375
5760
600
16000
9000
6400
4000
2160
7200
4000
3200
2000

£0, 1)
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[where in each column after the first the sum of the positive coefficients is equal
to that of the negative coefficients, and | have inserted at the foot this sum with
the sign +. A single coefficient — 7500 in place of —3750 has been corrected.]

The coefficients in the preceding equations of differences are functions of the

seminvariants of the quantics to which they belong; for instance, in the case of the
quartic, the coefficient of 04 is

that of 33 is

and so for the other coefficients; and by replacing each seminvariant by the covariant
to which it belongs, we pass from the solution of the original problem of finding the
equation for 3 =(a—/3), to that of the problem of finding the equation for

The results are as follows:

For the quadric the equation in 3 is, 0=

where U is the quadric, (I the discriminant.

For the cubic (a, b, c, y)s, the equation in 3 is, 0=

where U is the cubic, H the Hessian, I the discriminant.

For the quartic (a, b, ¢, d, e8x, y)4 the equation in 3 is, 0=

where U is the quartic, H the Hessian, I and J the quadrinvariant and the cubin-
variant respectively.
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For the quintic (a, b, ¢, d, e y)5, the equation in 0, as far as it can be
expressed in terms of known covariants, is, 0 =

where the Tables referred to are those in my Second Memoir on Quantics, [141; for the
completed equation see post p. 261].

The form of the preceding results may be modified by writing I we have
thus the equations for

thus for example, in the case of the cubic (a, b, ¢, dfyx, y)3

the equation for | is

this equation may be written
or putting we have
an equation the roots of which are

and which leads to the formula, given m my fifth Memoir on Quantics, [156], for the
solution of a cubic equation. But this decomposition of the equation in S- is peculiar

to the cubic.

The equation of differences for an equation of any order may be found by the
following entirely distinct method. Let the proposed equation (*'€y, I)n=0, be for
shortness represented by (jw—0, and let x, y be any two distinct roots, we have not only

values which are to be substituted for x, y in the equations
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We have thus two equations rational in s and 0, and the elimination between them
of the quantity s leads to the required equation in 0. But it is proper to modify
the form of the system; in fact the two equations are, as regards s, the first of them
of the degree n, the second of the degree n—1; but if we write

then each of the equations will be of the same degree n—1 in s.

For instance, let then the

equations , are

and multiplying the first equation by 3 and the second by —s, adding and dividing
by 2, we have an equation

The second equation and this equation may be written

and the elimination of s from these equations gives the required equation in 0. The
result may be obtained under either of the two forms,

and

the expansions of which respectively coincide with the before-mentioned result.

In the case of the quartic equation , we have

from which we derive another cubic equation; the two cubic equations thus are

from which, if s be eliminated, we have the equation in 0.
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Similarly, for the quintic equation we have

from which we derive another quartic equation; the two equations are

from which, if s be eliminated, we have the equation in 0.

But we may apply Bezout's method to the two equations each of the order n—1,
which result from the equation of the nth order < =(*$/v, D)n=0. The process is as
follows : Suppose, in general, that s is to be eliminated from the two equations

each of the order n—1; it is only necessary to form the expression

which will be a function of s, s' of the form

where the coefficients are such that cq, m=am i; and by equating to zero the determinant
formed with these coefficients, we have the result of the elimination.

In the present case, writing for a moment , and in
like manner we have

and therefore

or reducing and dividing by s—¢,
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Hence, substituting for A, B, A', B' these values, we have the expression

which is of the form

and equating to zero the determinant formed with the coefficients, we have an equation
in .0 which is the equation of differences of the given equation < =0. For instance,
if the given equation is < =(a, b, ¢, (T8, 1)3=0, then we have

and the function in s, s' is

which is equal to
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or reducing and dividing by 32, this is

the terms in s s? disappearing, as they should do. Writing this under the form

and equating the determinant to zero, we have the required equation in 0: the form
is that obtained by the ordinary process of applying Bezout's method to the two equa-

tions being in fact the
before-mentioned equation

But, as already remarked, this elimination process is less convenient for the complete
development of the result, than the method first explained in the present memoir.

[The equation p. 257, changing the notation and inserting the omitted coefficients,
becomes 0 =

010 09.100 x 08.50 X 07.2500x 06.125 X 05.625 x 04.12500 x
48+1 AeC+l AB + 1 ABC+ | AMH + 16 AG + 1 A3 - 212
AICI+T75 AR + 1 AbBI - 19 ABIC- 160 ABH - 1545

AC} +29 ABC2+ 450 AFI + 60 AbB3 + 230
CF2 + 800 ACID—1140 AEI + 275

Ct +6325 BF2 + 280 BEF + 1225

T +3620 B?C2 +11650

CH + 1125
03. 16250 x 02.62500 x  0.62500 x  0°.3125X
AM - 336 ABJ -20 BM-16 Q'+
ABG- 27 ABG - 3 B2G + 2
AB1Z>-2400 B4 +24 GIl - 1
ACJ -1520 BCG +19 DJ -48

BIC +3200 B2H - 36
BCH -2800 CM - 28
C2G +1625

where the capital letters denote the covariants of the quantic as explained 141 and 143.]





