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11.

CHAPTERS IN THE ANALYTICAL GEOMETRY OF (n)
DIMENSIONS.

[From the Cambridge Mathematical Journal, vol. 1v. (1843), pp. 119—127.]

CHAP. 1. On some preliminary formule.

I TAKE for granted all the ordinary formule relating to determinants. It will be
onvenient, however, to write down a few, relating to a certain system of determinants,
‘hich are of considerable importance in that which follows: they are all of them
ither known, or immediately deducible from known formulz.

Consider the series of terms

[l o S R ¢ S MR NI S WA o T (1)
Ay vz i
RS R K

he number of the quantities 4 ...... K being equal to ¢ (g <n). Suppose ¢+ 1
ertical rows selected, and the quantities contained in them formed into a determinant,
nn-—1)..... (g +2)

different ways. The system of determinants

B, et i

nd the system of equations, obtained by equating each of these determinants to zero,
y the notation

R M R Ty =0 (3).
| A v | m A,
il Kancn, 8y |
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56 ANALYTICAL GEOMETRY OF (7) DIMENSIONS. [11

w1 (g +2)
18 i1 ST, m—q+1)
(n—q) independent equations. Imagine these expressed by .

equations represented by this formula reduce themselves to

1)=0, (2)=0...... (0 = g =S B N L R 4),
any one of the determinants of (2) is reducible to the form _
B (1)R@ (2 ) S B gt oo v s (5),

where 0,, ©,...0,_, are coefficients independent of ;, @, ...z The equations (3) may
be replaced by

‘ Ny ety e Ny 5B T B e ey s Ty SRS == O L T (6),
Mdy+Mdy+ o N . SE SR, V. IR |
RN e e e iy
and conversely from (6) we may deduce (3), unless
N Rl A L Ol R o, s ().

M1, Moy oo Pn
T1y Ty ave Ty

(The number of the quantities A, w...7 is of course equal to n) The equations (3)
may also be expressed in the form

& ) &5, e &p

YW BN g, W e e vy TR L R ),
MR A AL SR
the number of the quantities N, u...® being ¢.
And conversely (3) is deducible from (8), unless

).\q,...wl ) AR e kR R o 9).

Agy +-e O |
CHAP. 2. On the determination of Ulinear equations wn z,, a,, ...z, which are
satisfied by the values of these quantities derived from given systems of linear equations.

It is required to find linear equations in @, ...z, which are satisfied by the values
of these quantities derived—1. from the equations &'=0, '=0...G'=0; 2. from the
equations @” =0, 3" =0... V"=0; 3. from A" =0, W =0... " =0, &ec. &c, where

[ T (L S 1 S T et S R SO L B S | 1),
B'=Baxz, + B, ... + Bﬂwn)

and similarly @”, 3”,..., ", 43", ..., &c. are linear functions of the coordinates z,, @, ... &
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11] ANALYTICAL GEOMETRY OF (1) DIMENSIONS. 57

Also 7/, »”... representing the number of equations in the systems (1), (2)... and k the

number of these given systems,
(n=2)+(—=r")+...Ppn-1or (k=1)n+1Pr+r"+..
Assume
0=NA +pW +...,
NA +p W +...=NR"+ B+ =NR+ B+ = (2),

the latter equations denoting the equations obtained by equating to zero the terms
involving @,, those involving ,, &c.... separately. Suppose, in addition to these, a
set of linear equations in A, w'...A”, w”... so that, with the preceding ones, there
is a sufficient number of equations for the elimination of these quantities. Then,
performing the elimination, we thus obtain -equations W =0, where ¥ is a function of
#;, &,... which vanishes for the values of these quantities derived from the equations
(1) or (2)...&c. The series of equations W =0 may be expressed in the form

|, W,.E,
. AN | NNy G SR .
A”l, B",’ “ .G”’ : A""::’ £ 0.7::,’ " " =0..... (3)
41}"'.1) '41 )"'1'21:
A "/1’ MiE O”//’ An///, B Rnl”:
CuAP. 8. On reciprocal equations.
Consider a system of equations
Aoy LA e A S = N e b i abp

Ko+ Ky, ...+ Kz,=0,

» in number).

The reciprocal system with respect to a given function (U) of the second order
n 2, &...%,, is said to be

f dle 3 dxaU, ---dg,,‘U =0 ........................... (2),
A V. o R

n—r in number).

It must first be shown that the reciprocal system to (2) is the system (1), or
hat the systems (1), (2) are reciprocals of each other.

C. 8
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58 ANALYTICAL GEOMETRY OF (7) DIMENSIONS. [11

Consider, in general, the system of equations

bl + .. 4 aud U S8 ciiiisi . iiommiiiiinm 3).
x,z;l,,U+qux,U...+x"dz,U¥0. .
Suppose 2U =3 ()22 + 23, (af) z.xp, s0 that d ,U=3(sa) @ ............... 4), (3).
The equations (3) may be written
o (@ (12) -+ @ (12) ... + & (10)} + ... + @ [ (R1) + @ (n2) ... + &y ()} =0 ......... (6),
c.

and forming the reciprocals of these, also replacing d,U, d U ... by their values, we
have

2 (12 +2,(12) + ... 24 (In), ... &, (n1) + 2, (n2) ... + 2, (n®) | =0...... (7).
% (1) +a (12)+... 2 (In),... & () + ay (n2) ... + a, (n?)

M (12) + X (12) + . A (10), . Ay (01) + 24 (02) ... + Xy (0)

From these, assuming
I (1% (h8y:ReXN0) (R s ket (8)
I @n, (@2),... (2n)

(1), (n2),... (n?)
we obtain, for the reciprocal system of (3),

Wiyl e ey

7 S A

|

A

Now, suppose the equations (3) represent the system (2); their number in this cast
must be n —r. Also if @ represent any one of the quantities «, B ... A, we have

B . v B B R i (10),
K0+ Kby ... + K0, =0.
By means of these equations, the system (9) may be reduced to the form

| Ay oAy Ty oo Ay oy, il B BBy Kty 5 B s st ] =0\ (1),

0 J 0 s 0 A0 PR SR

’ O g Sy 0 ) k7"‘H’ x7’+2’ "'M

which are satisfied by the equations (1). Hence the reciprocal system to (2) is (1)
or (1), (2) are reciprocals to each other.
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THEOREM. Consider the equations

R RS AR L R A T (12),
A" =0, BW" =0..."=0),
(A"=0, W"=0...1"=0),
&e.
of Chap. 2. The equations

U, doU,.. .U I=0, | dT. , T ,..dT ;i=o, e 1),
1.‘11,, Azl, 41;, ‘ Al”} A2”, An” ’i
- . ! . i

| Ga Gy e Gl {lis # 0, 6 SRR 0 S|

&e.

which are the reciprocals of these systems, represent taken conjointly the reciprocal of
the system of equations (3) of the same chapter.

Let this system, which contains n — {(n —7) 4+ (n—7") + ...} equations, be represented by
[T s R el U B SR e S e U (14),
[:31.7:1+Bﬁ.’£2 oot Baan=0.
é, & F ...+ Caan=0.
The reciprocal system is
NPT QU AT =0 P A 1. 928),

al ) a‘l ¢ T an

éll > é'z 3 e tn 5
containing (n—r) 4 (n —2') + &e. ... equations.
Also, by the formule in Chap. 2,
G+t ty 2y = MNA W+ 0/ (N, p...o, 7 in number).
Bizy+...+Bnan =NMA +u/W+...0) &

é"m S e e v HE T T e e R B R L e S (16),
Writing @ =g, — {n=r)+(n—2)+..}.

: Al'§0, assuming any arbitrary quantities 7, 7y... % ... $1, b2... ¢a (the number of
ets being (r — 6),) such that

My e F T = Aot B + oW + ... 0o @ ....ooiiill, (17),

¢1x1...-i-'¢nwn=7w’ ﬂ'+p/ ¥B'+...0. &
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60 ANALYTICAL GEOMETRY OF (7) DIMENSIONS. [11

From the equations (15) we deduce the (n—r) equations

| 4, U, daU, ... AR USRS, 2o ohineial s v Midnn ) (18).
| > M2 > Nn .
l ¢1 > ¢2 ’ ¢’n i
Hence, writing
g =N A4+ Be .l o) o aesiisape od Tl 19).

p=N'A+p'B+...0/G,
and reducing, by the formula (8) of Chap. 1, we have

do U, d,U,...d.U

. Sapey S Eaete. iy

ERPERRE N

(T o T LRI e (20);

and similarly may the remaining formule of (13) be deduced from the equation (15).
Hence the required theorem is demonstrated, a theorem which may be more clearly
stated as follows :—

The reciprocals of several systems of equations form together the reciprocal of
the equation which is satisfied by the values of the variables which satisfy each of
the original systems of equations. (The theorem requires that the number of all the
reciprocal equations shall be less than the number of variables.)

Conversely, consider several systems of equations, the whole number of the equations
being less than the number of variables. These systems, taken conjointly, have for
their reciprocal, the equation which is satisfied by the values satisfying the reciprocal
system of each of the given systems.

CHAP. 4. On some properties of functions of the second order.
Suppose, as before, U denotes the general function of the second order, or

U = R(of) w2 +'2% (afyagmy s ok anfianail bt Yok (21).

Also let V denote a function of the second order of the form

Ve =sH T © gy 5 o

[ o, Od3,...0Qa,

L P> PereePn )

(H Dbeing the symbol of a homogeneous function of the second order, and the number
r of the quantities a, B...p, being less than n —1). [Observe that a, B, ...p,,.-
%,, By, ... pa, or say the suffixed quantities @, B,...p (r in number) are used to denote
coefficients : a, B, without suffixes, are any two numbers in the series of suffixes
1, 2, 3,...n.] Then 2U — 2kV, k arbitrary, is of the form

o g PUNED S 2 % PR N S (23).
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Suppose X,, X,,... X, determined by the equations
(11X, +[12] Xy o4 b [In]) Eam 0 ieeon iiiinninnnninainn (24),

211 X, +[28 ] X, ... +[2n] X, =0,
[11:1]X1+[n2]X2 e+ [ ] X, =0;

equations that involve the condition that /& satisfies an equation of the order n—r, as
will be presently proved.

Then shall #, =X, ... 2, =X, satisfy the system of equations, which is the reciprocal of

e e e R == e e S s S o L e (25).
PR PP X
t pl) P2:~--Pn

To prove these properties, in the first place we must find the form of V.
Consider the quantities &,, &z, ... &, (n —7) in number, of the form

i R S R 5 b T Sl N L L (26),
£x = BBy .. -EiBy @y,
En =L e

where, if ® represent any of the quantities 4, B ... L,
a0, +a0, .. +2,0,=0, .......c..ccociiiiinnn.. (27)
:81®1 R0 B‘z@z et Bn®n e 0;
p10; + 0,0, ... + p,®, =0,

V=(AVEL+(B)E+... +2(AB) EsEz+... =2 (4) E2 + 23 (AB) E.ks
Hence, if ZV =2 [ 22 + X laB] sy 0ty SOl Bl . (28),

we have for the coefficients of this form

(1 =3 (4% 42+ 25 (AB) A,B,, {12} =3 (4 4,4,+ 5 (AB)(4,B, + 4,B),

and consequently the coefficients of 2U — 2kV are
[19]= 19 — & (13, [12] = (12) - £ (12}

Hence, 6 representing any of the quantities a, 8 ...p,

BT18 AR A B B G v . o i (29),

6,(n1} + 0, (n2} ... + 6, (n?} =0;
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62 ANALYTICAL GEOMETRY OF (1) DIMENSIONS. (11
whence also 6[12]+..6,[1n]=6,(12) +... 6, (1n),
é, 1]+ ... 0,[n2 ]=6,(nl) +... 8, (nd).

Hence, the equations for determining X, ... X, may be reduced to

Xy (o 1)+ ... an (In)] + Xo[a; (21) ... + @y (20)] ... + X [& (n1) ... + @y (02)] =0... (30),
X, [8 (1) + .. Bu(I)]+ Xa[Bi 21) .. + Bu ()] . + X [Bi (1) ... + B (W] =,

Xi[po (1) +... pa (In)]+ X, [ps Q1) ... +pu(20)] ... 4+ Xy [pn (1) ... + pu (v?)] =0.
X, [r+1, 1]+ X,[r+1, 2]... + X, [r+1,n] =0,
X, [n, 1]+ X,[n, 2]...+ X, [] =0
Eliminating X, ... X,, since the first » equations do not contain %, the equation i
this quantity is of the order n—r.

Next form the reciprocals of the equations (25). These are

PAY NP (R N Pl S (31).
i AL

gl il
From which we may deduce

| adnU ... + 0@ U, BidnU...+BudsT, ... ;s U... pudl, dx,,r,U,...d,“U\=0...(32),
0 , 0 0 WS ol i
: x

L |

which are evidently satisfied by «,=X,, z,=X, ... z,=X,,.

0 ; 0 0 IR o

In the case of four variables, the above investigation demonstrates the following
properties of surfaces of the second order.

I. If a cone intersect a surface of the second order, three different cones may
be drawn through the curve of intersection, and the vertices of these lie in the plane
which is the polar reciprocal of the vertex of the intersecting cone.

II. If two planes intersect a surface of the second order through the curve of
intersection, two cones may be drawn, and the vertices of these lie in the line which
is the polar reciprocal of the line of intersection of the two planes.

Both these theorems are undoubtedly known, though I am not able to refer for
them to any given place.
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