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Abstract: An important source of risk in agricultural production is the variability to crop yields refl ecting 
irregularly changing weather. This variability may be described as a stochastic process that has a func-
tion of density. Analyses of historical data on crop yields reveal that the function of density changed 
from right-skewed to left-skewed, along with increasing mean yields. All examined yields of crops 
cultivated recently in Poland demonstrate the left skew, which does not diminish with the aggregation 
of acreage. A fairly good approximation of the probability distribution for actual yields may be obtained 
using the log-normal distribution with an inverted abscissa. 
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INTRODUCTION

Irregular inter-annual changes in yield are 
usually ascribed to weather conditions. This 
variability may be formalized and calculated 
on the basis of residuals in detrended  multi-
year series of yields.  Where a trend cannot 
be approximated by a low-order function (as 
during the economic transition in Poland), 
use may be made of the residuals of produc-
tion function (based mainly on agrochemi-
cals applied) (Fig. 1). Another method usable 
in determining residuals is the weather index 
(dimensionless WI, Fig. 2), which is a func-
tion of meteorological variables (Górski et 
al. 1994; Górski and Górska 1999), and may 
be treated as a percentage deviation from the  
expected value. 

The climatic variability of yields may 
be described as a stochastic process having 
a function of density, with the mean as the 
expected value. A knowledge of this function 

(i.e. the type of distribution and its parame-
ters) is necessary for the quantitative assess-
ment of  the probability of extreme situations 
(yield risk), because all the risk calculations 
are sensitive to  distributional assumptions 
(Nelson 1990). 

TYPES OF STATISTICAL DISTRIBUTION

As revealed by extensive studies of his-
torical and more recent data on yields (Day 
1965; Gallagher 1986; Ramirez et al. 2003; 
Sherrick et al. 2004), the form of the distribu-
tion depends on the crop, and may depend on 
the average yield level and many local or re-
gional conditions (mainly climatic). Biologi-
cal and technical progress has allowed mean 
values and standard deviations for yields to 
increase considerably over the last two cen-
turies. It may be stated that the coeffi cients of 
variability remain fairly stable (Austin and 
Arnold 1989; Górski and Górska 1999). 
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The determination of yield probability is 
also complicated by the type of  statistical 
distribution, which is often far from normal 
(Gaussian). This problem has been discussed 
widely (Gallagher 1986; Just and Weninger 
1999; Atwood et al. 2003; Ramirez et al. 
2003), with many cases of skewed distribu-
tions (both negative and positive) being de-
scribed.  

In the case of Poland, the density func-
tions for low cereal yields in the 18th cen-
tury were often skewed positively (Fig. 3), 
but later – at higher mean yields – the func-
tion tended towards normality (Fig. 4). The 
same trend might be observed elsewhere, for 
example in the Kansas series of wheat yields 
over the years 1866-2004 (Kansas Depart-
ment of Agriculture 2004). By the end of the 

Figure 1. Winter wheat yields in Poland.

Figure 2. Weather index (WI) for winter wheat in Poland. Main causes of low yields are indicated.
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Figure 3. Wheat yields on three Podolian estates (1770-1790). 
Source: Data after Rychlikowa (1968)

Figure 4. Relative frequency (%) of the Silesian yields of oats. 
Source: Data after Żytkowicz (1970)
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20th century, crop yields (now several times 
higher) usually had a negatively skewed dis-
tribution (Skees et al. 1997; Górski and Gór-
ska 1999). It may be argued that the shape of 
the distribution is an effect of limiting con-
ditions (Park and Sinclair 1993). In the fi rst 
case, the natural limit was zero yield, nowa-

days – the upper limit may be determined by 
the biological potential of the crop. In Po-
land, all crop species examined demonstrate 
greater or lesser negative skew for their  dis-
tributions (Fig. 5). All the recent data on crop 
yields came from the Central Statistical Of-
fi ce (GUS), with the exception of the results 

Figure 5. Climatic variability of mean yields in Poland (1955-2006).
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for farms  which derived from the Institute of 
Soil Science and Plant Cultivation (IUNG).

IMPACT OF AGGREGATION SCALE

The yield variance is shown to depend 
markedly on yield aggregation in space: from 
farm to national level. This regularity may be 
presented  (Górski and Górska 2003) as:

 ln V = ln v – b(n-1)0,2

 where V is the coeffi cient of yield vari-
ability in an aggregated area; v per unit area;   
n – the number of unit areas; b – the empiri-
cal parameter

Thus, for example, the coeffi cient of vari-
ability for  winter wheat yield in Poland in 
relation to acreage may be calculated after 
the equation: 

 ln V = 3,0 – 0,034 (n-1)0,2

where  n is area (ha) 

However, the calculations of probability 
are complicated by the lasting asymmetry of 
the density function. Because the weather is 
strongly correlated throughout the country, 

the central limit theorem of statistics does 
not apply in the case of aggregation of farm 
yields, and the distribution does not tend 
wardstowards normality.  The negative skew 
is apparent also at the region (county, voivod-
ship) and country level. Moreover, the nega-
tive skew in Poland is commonly greater at 
the country than at  the farm level (Fig. 6). 

Table 1 shows  the main quantiles of dis-
tribution function of winter wheat and potato 
yields in three scales of area aggregation. 
It may be seen that the crops differ in their 
spatial characteristics. The interpretation of 
such differences is possible on the basis of 
ecological features of the species.  

CONCLUDING REMARKS

The three parameter log-normal distri-
bution (Aitchison and Brown 1957) with an 
inverted abscissa gives a fairly good assess-
ment of the density function of actual yields. 

The random variable:  
 X = ln ( A – Y) 
where  A is the empirical parameter and 

Y  the yield,  has a normal distribution  and 

Figure 6. Climatic variability of potato yields in Poland.
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therefore a cumulative distribution func-
tion can readily be obtained from statistical 
tables. The parameter A (the starting point) 
may be determined using the method of 
quantiles (Q).

The following equation assumes symme-
try of distribution:

ln (A-Q50) – ln (A-Q5) = ln (A-Q95) – ln(A-Q50)
where Q5, Q50, Q95 are empirical quantiles

Hence, after simple transformations:
 A = (Q5  Q95 – Q50

2 ) / (Q5 + Q95 – 2  Q50)
Quantiles  Q5 and  Q95 can be replaced 

by another pair, in line with the quantity of 
empirical data and planned applications. The 
parameter  A  changes with the scale of ag-
gregation and should be calculated separate-
ly for each scale. The log-normal function of 
density approximates well the empirical his-
tograms of yields or WI values, particularly 
at the extremes (Fig. 7).

Knowing the parameters of the log-nor-
mal distribution, calculations of yield risk 
due to  extreme weather conditions become  
relatively precise, as long as the statistical 

distribution  of climate elements infl uencing 
yields may be treated as stationary. Climate 
change will complicate the issue. It seems 
that in such a situation special models of 
weather impact on crop yield  (among them 
weather indices) may improve risk calcula-
tions.
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