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Comprehensive Model Building 19

TABLE 2. Alternative derivations of the gravity model of spatial interaction

Label Characteristics Selected references
Newtonian By analogy with gravitational force between
two masses
Probabilistic Based wholly on probabilistic assumptions as to Harris (1964)

human behaviour
Statistical mechanical Most probable of all possible distributions satis- Wilson (1967)

(maximum entropy) fying origin, destination and interaction cost con- Wilson (1970)

straints
Information theoretic = Maximally unbiased with respect to origin, desti- Wilson (1970)
(maximum entropy) nation and cost information Batty and March (1976)
Micro-economic beha- Consistent with economic theory of consumer be- Niedercorn and Bech-
vioural (constant utility) haviour, with travel as a consumer good dolt (1969) Golob and

Beckmann (1970)
General share model Sequential subdivisions from origin totals to des- Manheim (1973)
tinations, models, routes
A ‘generalised’ distri-  Assumptions on aggregate human behaviour to Cesario (1973)
bution model (macro- establish sources of variation in data
-behavioural)
Spatial discounting Travellers discount potential interaction opportu- Smith (1975)
nities in terms of perceived distances Smith (1976)
Random utility (micro- Utility and/or cost alternatives regarded as ran- Williams (1977)
-economic behavioural) dom variables
Cost efficiency (macro- Trip patterns with lower total cost are always more Smith (1977)
-behavioural) likely to occur

Entropy constrained Classic linear programming transportation prob- Coelho and
transportation problem lem with entropy function as an additional con- Wilson (1977)
straint Erlander (1977)

to bear in mind the concepts of model equifinality and homeofinality, this time with
respect to methods rather than assumptions (and there will obviously be cases, where
both methods and assumptions differ!).

(ii) As a first point on similarities between apparently dissimilar models, we
re-iterate the first point of ‘methods in combination’, but in a slightly different way:
to each mathematical programming model, there is an associated suboptimum entro-
py maximising model, and vice versa.

(iii) There are two well-known distinctive forms of account-based model. The
first is exemplified by the population model

w(t+T) = Gw(t), (5
where w(r) is a vector of population at time ¢ and G a ‘change’ operator — which

is actually a transposed matrix of rates. The second is illustrated by the well-known
input-output model

x = (I-a)'y, ©)

where x is a vector of total products, y a vector of final demands and a a vector of
column based rates; I is the unit matrix. Since the model involves the inversion of

2%
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44 E. Casetti and G. Thrall

given in Table 1. From a gross annual income of $12626 we subtracted personal in-
come taxes, social security and disability taxes, along with the transportation ex-
penses as given in Table 1. The disposable net annual income obtained is $9358.00;
this remaining quantity is then split between the three items z, g, and gg considered
in this example.

Forty percent of the expenditure for housing ($1163 on a total of $2908) was
imputed to land expenditure. Then pg/y* = $1163/$9358 = 0.1243. tgq is assumed
to be $540, obtained by assuming $300.00 in property taxes, $120.00 in local sales
taxes and $120.00 in city income tax. Therefore, 1gq/y* = $540/$9358 = 0.0577.
Using equations (59) through (62) we have b/v = 0.8180 which is the proportion
of y* devoted to the composite good. One of the second order conditions involved

TABLE 1. Annual budgets for 4-person urban families, autum 1973*

Food $ 3,183
Housing 2,908
Transportation 1,014
Clothing 995
Personal Care 275
Medical Care 664
Other Consumption 722
Total Family Consumption 9,761
Other Items 611
Personal Income Taxes 1,607
Social Security Taxes and Disability 647
TOTAL BUDGET $ 12,626

* Source: Bureau of Labor Statistics, as quoted in Information
Please Almanac, 1975, p. 80. Data based on estimates of costs for goods
and services, rather than actual expenditures, as projected for an ideal
“intermediate budget” household.

TABLE 2. Columbus public expenditures

Expenditures in Columbus per

Public good year
(in thousands)

Highways $ 9,784
Police 15,057
Fire 11,237
Sewerage 9,306
Sanitation (not including 5,198
sewerage)
Parks and Recreation 6,767
TOTAL $ 57,349

Source: United States Bureau of the Census, City Governmen t
Finances in 1971-72, series GF72-NO. 4, U.S. Government Printing
Office, Washington, D.C., 1973; p. 45.
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46 E. Casetti and G. Thrall

TABLE 3. Numerical values of:;: t, u, and u for the idealized Columbus, Ohio

Distance from the CBD - - -
I I | ot | u I i
(in miles)
0.0 1.97 9.83 —17.86 317.711 27.64
0.5 2.27 9.72 —17.45 320.25 25.10
1.0 2.61 9.60 —6.99 322.80 22.55
1.5 3.01 9.49 —6.49 325.37 19.98
2.0 3.47 9.38 —5.91 327.96 17.39
2.5 3.99 9.27 —5.28 330.56 14.79
3.0 4.59 9.16 —4.57 333.17 12.17
3.5 5.27 9.05 —3.77 335.81 9.59
4.0 6.06 8.94 —2.88 338.46 6.89
4.5 6.97 8.84 —1.87 341.22 4.22
5.0 8.01 8.73 —-.72 343.80 1.54
5.5 9.20 8.63 .57 346.50 —1.15
6.0 10.56 8.53 2.04 349.21 —3.87
6.5 12.13 8.42 3.70 351.94 —6.59
7.0 13.92 8.32 5.60 354.69 —9.34
7.5 15.97 8.23 7.75 357.45 —12.10
8.0 18.32 8.13 10.19 360.22 —14.88
8.5 21.01 8.03 12.98 363.02 —17.67

The numerical values of a, b, ¢, y, k, and those of CF and CV for a “typical
Columbus household” obtained using the procedures discussed above were entered
into the relevant equations in order to derive numerical values for equilibrium and
optimal #’s as well as equilibrium and optimum utility levels. The results obtained
which are shown in Table 3 indicate the following. The equilibrium schedule of
charges ¢ is smaller than the optimal schedule ¢ between the CBD and a band 5
miles distance from the CBD. ¢ and ¢ become equal between 5 and 5.5 miles from
the CBD. Beyond 5.5 miles the optimal charge is lower than the equilibrium one.
u lies above u whenever ¢ < t. Consequently the population within the inner annulus
with boundary somewhere between 5 and 5.5 miles from the CBD will prefer spatial
equilibrium schedules of charges, whereas households located in the outer annulus,
beyond this boundary, will prefer an optimal schedule of charges.

CONCLUSIONS

This paper incorporates a local government which levies taxes and provides
a public good into a mathematical land use model. Two distinct schedules of public
good charges were evaluated: one creates a condition of spatial equity by insuring
that all households attain the same level of optimum utility regardless of location,
while the other maximizes the aggregate welfare and may or may not produce ine-
qualities in the level of welfare of the households in the system. If the optimum uti-
lity levels attained by the household at spatial equilibrium are larger than the ones



—"H.":-’ g ‘% e, Btk '4."..4_ :

IR Lokl
¢ 99 A ol - R T --\J\ wen
< o . 1] N ' ) _—. _— L - 0
£ Sl Sl S vt Bl S o "m&\
rfp-fxl'..-..'-‘ » 4 . Y . 9 Py Y;

N o >
i L] . 4 -

e X '4‘ el LIV ) | AL .2 .‘!1:. i '.‘{
S b3 e A x 0w - < wig 4 =

S WY AT NS » - ’
. . l

; ’.‘.' by ) Forw- by s e '- ”“ ;

o -‘ ‘u.t

gx'xm,lf\
wby'a'.L s ‘\

- L om = = L TR -
AR R R o S

Bl 7 ittt s Y

http://rcin.org.pl




> ,'ﬁ" r’,. M0

Mﬁ m'. N'{\ oy

. V‘\'

$l‘.>‘_l - ~|A._.
)

oAk A aun&cmuh—nﬁ-bd

e um,-,m -
,.'. ,,, h A ,.i I ‘i i

4‘“-. X ‘- E .‘ i w <l X
";‘ IR Fo 2 t’n\"ﬁ'd" Q""'w~‘.‘. y
T AR TSR R P o '-n-a-‘u
:.r .;' ‘--’~_'I" . "1.\".' LY Wi ‘-.’ ““ ‘ . ~
shlee Bl s et A g

.u."-‘."w‘.‘w_ls.q' m* ~
7 4 -9 v

3 T p//rcmorgpl
B IR AR IN AR . oL A




W i ,r‘,rg.

‘* \‘u 1%, et B 4 ° " %

! -1v {,r)!, I %, v., -~

..ﬁ‘wcl"‘#‘&.“‘-’ "’“EW « ..-‘ ‘,

4f'i WSt 18 l’( - TP ‘
d‘ AV PR AP

fol -1' ey L ':,f.‘u F_ATSEY <

, z

s : £ > -

\wé*~w‘:-\‘r~:1\-vﬂm~' L IphPhe g Wy o
4 b 1 ""' ‘q R e .;-1-.‘1't ._ ar. g 'S Sk .;—'
. e A‘:.q‘. ,r"x(v%‘! Wr* ,34 .~x6 B -, ':::‘ - o % i
». \ut’ - u&-dp"ﬁ "M—'* s 7‘;\ Aj ¥ X

= - y r »
S «a N SR o R =T ST W 5 M N ]
{ ',,/P,’ . e =, g '."? \.A,“’ T .» Pt l,‘q e s o Y :
...‘10'4—..-4' AR T BT e g vi )
o . k) V‘ .
17 NS ST '~.‘.-_ MR N e Ve 5 v -
R & LA 1N H ¢ )
& N 4 - SN Jy e 4
LAl WD, A-{‘Ju—: $ -\ L. . ¢ Y P P 8 8
L B e Rat Zpv el N IE : - s ey

. !',

i “,"t'mrmru , 7..._:_‘. v aiery s

mﬁ \*‘WM S -A"‘”l‘M i ﬁ ; ;,‘.' . e A







http://rcin.org.pl



/4 -d. .;sa -
S 3:..,"-.?;*'

SRR
i | i p A== '
.- { -' “ -
—~ o T OSER. A, . -
L. ek Fﬁ ”‘['L“:Y' 4.
Vo A > hre g gl Ay ,l

"'"

,..f. ;-.a' | 'mt*rg&

f ‘ et ‘0 g ’ 'oo

AR - i 0
Mo laa il Mt AR - SOWE Wb
S Rt at "“'M...-sm 2
sl 4 -1-«.." 2 .,,.a., sl ¥ ,afquﬂ’u

BLiriaiig o> - a-- .. m
Y P_!{’. -M,l_ 320 R
MTE 3 i MRS .&'-mf»ma,.

3 " " ) e --"Cﬁ-go.— -

Ponties el S e L asune o5 L A0S




http://rcin.org.pl



s -""_JIJ

ey {0 SN b o—-
=8 d 1" N IR i
35 ’*'c._.’- 5.,_.-:’ $Tas > P SR u't’ a3 «c, ' =
s cd?ﬁ i .! -:f R < t:.., b
'.f Fle s B ,'y' Nl \ }Q.-,l-l .":,..’J'“XZ,..V e »

‘\v-.; =t T -- n.
.‘i:l.‘ ) v "77 P
S [1’.. S F e
2‘:'. L ‘_&of’__:'n‘y_\r._‘_ k’ ’.- #* a.._'n
Ty i L
'.. Ve iy fl‘. ) © ,-‘.\,""v:;“ L ..".n.'-' 4

r 8 Sl b ‘ . -_‘l )
e :'/.f;",' “;'i.....,...-ff. e .
.,""':;‘,'?5-!’,- ., s.;\q,. v } o : o .\ b 4 : ..‘

R 2 c P I."M'e‘ﬁ-.__" __,,.sé’..}-
‘*fmg:;j 2 Moaﬁ—z,-&-v,va'** ",

‘_'..-,...’ ‘z."v b o e L R ‘ U
3 http /Ircin. org. pI

.
"

§ LRRE L)

4-1' t > . 2 2l v

;. "R e T = 5o




http://rcin.org.pl



56 N. Alao

turns f; is defined as f; = fi(qiq;), i, 7 =1, 2, 1 # j, and is assumed to be twice
continuously differentiable. In addition we assume

Om/og; >0, i#yp, i=1,2,
0*mfoqt <0, i=1,2, (*)
0%m[dq,0q9; > 0, i,j=1,2,1i+#].
The two property owners face the following net returns functions in their conti-
guous neighbourhoods:
7, = f,(¢,9:)—C,(q,), t))
73 = £2(9192)—C2(q2)- 6))

We use equation (8) to indicate that owner 1 will assume that owner 2 will not
change the quality of his property. On the basis of this assumption owner 1 will
determine the appropriate quality level for his property which will enable him maxi-
mize his net returns. C;(q;) with Ci(q;) > 0 is the cost function. The same interpre-
tation (mutatis mutandis) goes for equation (9).

The first order conditions for the maximization of (8) and (9) are

Om,/0q, = afx/a‘h(‘h‘h)—acl/a% =0, (10)
0m,/0q, 0/2/092(9,92) — 0C2/0g, = 0. (11)

Examine equation (10) in conjunction with the assumptions embodied in (¥*).
These assumptions guarantee that the implicit function theorem holds in respect
of g, and g, of equations (10) and (11). So that if ¢¥ and g¥ are the optimal solutions
of (10) and (11), then there exist functions #, and h, continuous throughout an ap-
propriate domain, so that

g1 = hy(q,), (12)
and
q: = hy(q,). (13)
Differentiating equation (10) we obtain
("'";’t‘, (dr[, ')+ \f:.'r, a0 (14)
adqi \ dg, 0q, 09, !
Hence,
dgy s [3..7, r:’.'r‘, ' (15)
dg;  0q,0q: | 0Oqi
Thus
dq}
5. 0.
(1({:

We can similarly obtain the result

dq;

> 0.
dq,




— s _miE e cae—m (), (16)

on O B, ol DR LA

—-o-
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58 N. Alao

that the equilibrium values are those associated with coordinated or government
action. What is the relationship between 1, and 4. on the one hand, and H, and 4,
on the other? To obtain the critical relationship, observe equation (16). It shows that

aﬂl (771:2

e 18
04, 0q, (R
Equation (18) together with the assumption 4_.‘:5 > 0, i # j, implies
")
I (48.45) < 0. (19)
0q, y

Fig. 1. Housing quality decision curves

Thus given any g, the optimal coordinated solution g¢ occurs at a point where
the individual profit is declining. Recalling that ¢F is the optimal solution in the
individual case, we must have ¢¥ > g*. Hence for every g,, it must be true
that

,,l(‘/.‘) > hl(qZ)' (20)
By the same reasoning, we must have,
Hy(q,) > ha(qy)- (21D

However, many possibilities exist for the values of ¢¢ and ¢5 which satisfy the
equilibrium,

H,(q5) = H,(q7).

One such is that these equilibrium values lie inside the closed curve Z, M,Z, M,
in Fig. 1.
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70 D. S. Dendrinos

behavior to non-observable, or from one state (mode) to another. The formal steps
involved in using catastrophe theory as a tool of urban morphology are quite a de-
parture from the steps identified earlier in the case of a behavioral theory:

— first, the pertinent (small) number of independent parameters, and the
number of variables of urban morphology are identified, as well as the structural
singularity of the system is established;

— then, based on the number of parameters and variables, a catastrophe type
(morphology) is identified from the set of elementary catastrophes. The specific
unfolding of the catastrophe is matched against the observed urban morphology;

— the potential function of the catastrophe identified is then arrived at and
interpreted.

(a) (b)

Fig. 1. The urban morphology as a mushroom catastrophe. Some sections of the bifurcation set
(a): C, = 0; (b): AC, positive. M, is the region of non-observed behavior. M, is the region of one
local regime. M, is the conflict set.

Source: J. Amson

In the above scheme the existing urban configuration is the starting point in a search
for the fittest theory. There are questions involved with such an approach as well:
how can one be sure that all pertinent parameters were selected? what is the suitable
transformation of the original parameters and variables selected, since catastrophe
theory operates with topological transformations? how is the matching between the
observed urban morphology and the theoretical construct to occur? The data ne-
cessary to answer these questions are lacking and the techniques appropriate for
calibration have not yet been well developed.

In section 3 the critical control and behavior variables of a capitalist urban
morphology were identified, four control variables and two behavior ones. Accor-
ding to Thom (1975) a system defined by four control variables and two behavior
ones and exhibiting discontinuities in the behavior space can only behave as described
by the mushroom (parabolic umbilic) catastrophe, shown in Figure 1. The parts (a)
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72 D. S. Dendrinos

indicate that under the same control conditions two areal units at this part of the
urban morphology may exhibit different behavior (mode). In section (@) the set
M, is shown in the space of the control variables: income (c,), internal rate of return
(c;) and the social rate of discount (c;). The set M, occurs at positive values of ¢,
(i.e., in areal units with relatively high internal rate of return) and negative ¢, (low
level of income). In section (b) the set M, is shown in the space of the control variab-
les: rate of return c,, social rate of discount c; and the population to capital density
cq. The set M, appears when c,4 is positive (i.e., in areal units with high density)
and the rate of return of private capital investment is high. The area M, defines
points on the bifurcation set that correspond to minima (two) of the potential func-
tion.

Fig. 2. Various sections of the bifurcation set of the parabolic umbilic catastrophe
Source: A.E.R. Woodcock and T. Poston

Another area relevant to the analysis is the part of the bifurcation set where one
minimum and one maximum, or the area in which only one maximum may occur
of the potential function. Points that maximize the value of the potential function
are not stable points. It is suggested here that contrary to physical systems in the
capitalist urban morphology such unstable points are attainable, and that unstable
behavior is aninherent pattern of such morphology. The set M, corresponds to stable
slum mode, whereas areas of maximum of the potential function corresponds to
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80 B. von Rabenau

3. SOLUTION WITH CONSTANT RETURNS TO SCALE

The capital labor ratio k = K/L chagnes over time according to

[K(t) L)
S\ S 8
|K(t) L} ) (5)

Expressing K/K and L/L as functions of k, using (6) and (7), yields

k(1) = {sA[k()] 7 +o (2 A k()] —ry) }h(1) — {n+q(BALKOF —wy) } k(1)  (9)
As a function of k, (K/K)(k) is strictly decreasing with (K/K)_(O) = o0 and (K/K)
() = —ovry < 0 while (L/L)(k) is strictly increasing with (L/L)(0) = n—qwy <
< 0 and (L/L)(oo) > 0. Hence, a unique k, say k*, exists such that k = 0. k* is
stable since k > 0 for k < k* but k < 0 for k > k*. This is illustrated in Figure 1.

k() =

Fig. 1. Phase diagram; growth rates of X, L

At k*, urban capital and labor grow at a constant rate, say g*. This growth rate
may be positive, zero, or negative and the urban area may grow or decay. Also,
at k* the urban and national rates of return or wage rates are not identical. Hence,
along the stable growth or decay path there may be continued in-or outmigration
of factors. These results are now summarized.

Proposition 1. Consider an urban area producing a single output Q according to
(1). Labor L and capital X grow according to (6) and (7). Then there exists a unique
stable equilibrium capital/labor ratio k* > 0 such that for any initial (Ko, Lo)
with ko = Ky/Lo:

lim(k(r) = k*, (10)
limw(t) = w* = f(k*), (11)

t—00
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82 B. von Rabmau

(0Q/0A4) A'(L) which can be positive or negative depending on the sign of A (L),
and a direct effect 0Q/dL > 0. It seems reasonable to assume that this total marginal
product is positive and diminishing. In the following A(L) is assumed to be of the
form
A(L) = LY (15)
and, therefore, ¥ must satisfy
0<f+y <1 (16)

Fig. 2. Phase diagram: agglomeration economics

To study urban growth, a phase diagram in the K-L plane is constructed as
shown in Figures 2 and 3 for the cases of agglomeration economies (y > 0) and
diseconomies (y <0), respectively. Consider in this plane the curve along which
K =0, given by K(L) and the curve for which L = 0, given by K(L),

. [ osann )P
K(L) = pLY*Ple, § = RS s an
\ Yry )
g qw n \ /e
K L) . 'vaAa).Y. e . ( NT X (18)
( M M aB
where i and i 4 are collections of constants. The curves glven by (17) and (18) divide
the K-L plane into four regions. It is easily verified that K(O) K(O) 0. More-

over, for y >0 (y <0) K(L) is a convex (concave) function with K '(0) =0 (K'(O)

= o) and K(L) is a convave (convex) function with K’(O) o0 (K’(O) = 0). Hence,
a unique equilibrium point (K*, L*) exists with K* > 0, L* > 0. Examination of
the characteristic equation of (6) and (7) at (K*, L*) shows that the equilibium point
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is a saddle-point if ¥ > 0 and a stable point if ¥ < 0.3 Finally, since dK/dK <
< 0 (dL/dL > 0) it follows that K decreases (L increases) above and increases
(decreases) below curve K = 0 (L = 0).

This completes the analysis of the phase diagram. Arrows in each of the regions
indicate the direction a path can take. In particular, if there are agglomeration eco-
nomies then the saddle-point (K*, L*) can be reached only along its stable branches.

Fig. 3. Phase diagram: agglomeration diseconomies

Observe that these branches serve as a locus of minimum thresholds: from any initial
(Ko, £,) below this curve the urban area decays and the economy’s path leads
ultimately to (X, L) = (0, 0). In order to grow the urban economy must start from
an initial point (Ko, Lo) above the stable branches which serve as a takeoff stage into

3 This result holds independently of the particular form of A(L) assumed in (15). At (K*, L*)
it holds that

N Wn—
T awke-1p, TN C qwykeLs-r.
d+va qp
Using these expressions we obtain
9K oL

- —— = —fory+qfA’ (L) KeLE—a(gwy—n),
oK oL

oK oL oK oL
The characteristic equation
8 1ak+ ai,}'1 0K 0L 9K oL
Ao — —_— —_——————————— ) =
lek = oL {aK oL 0K oL

!1as therefore two real roots which are of unequal sign if 4°(L) > 0 and of equal and positive sign
if A(L) < 0 proving the assertion.
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86 B. von Rabenau

First, if /2 > 1, then L, < L < L,. Hence, (K;, L,) lies in the area for which
y = 71 and, therefore, Ko(L) = Ki(L) and Ko(L) = Ky(L) here. Also, (L;, K)
lies in the area for which y = y, and hence Ko(L) = K;(L) and-Ko(L) = K,(L).
So indeed there are two equilibrium points for curves Ko(L) and Ky(L), (K*,L*) =
= (K, L,) being a saddle-point and (K*, L*) = (K,, L,) being a stable nodal point.

LT p——
-
x1 S
: o r
=~
N

-

\
Y-

= :
(ETRTE T}

~ - |
Yz 30 )I( ¥e Y;(O

Fig. 6. Phase diagram: % = ji. Agglomeration economies and diseconomies
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’l:his is illustrated in Figure 5. There are five regions, three of which are enclosed by
Ko(L) and Ko(L) and two below or above both these curves. Noting that K<0
(L > 0) above and K > 0 (L < 0) below curve Kq(L) (Ko(L)) it is possible to con-
struct paths in the K-L plane.

_ Consider now the second case, that u < L and, therefore, L, > L > L,. Then
Ko(L) and K,(L) have no intersection point other than the origin, for (Ky, L,) lies
in the area for which ¥ = 9, and (K, L,) lies in the area for which y = y;. In this
case, from any initial (K, Lo) the city will ultimately decay to (K, L) = (0, 0). This
is illustrated in Figure 7.

|
L, 1L L L
=¥ >0 >:( ¥=¥2<0

Fig. 7. Phase Diagram: u < u. Agglomeration economies and diseconomies

Finally, there is the rather special case that z = / and, therefore, L; = L=L,,
so Ko(L) and K,(L) have a unique intersection point, which for L > L has the
characteristics of'a nodal point and for L < L has those of a saddle-point. This case
is illustrated in Figure 6. The following proposition restates these results and su-
mmarizes the properties of growth and decay paths for each ofithe cases.

Proposition 3. Consider an urban economy which produces according to (1) and
(25), and grows according to (6) and (7). Agglomeration economies prevail ifi the
town’s labor force L is small, say below L, but diseconomies exist for L > L. In-
dividual urban firms produce with constant returns to scale and factor payments
exhaust total urban product. Then there exists a neighbhorhood around (X, L) =
= (0, 0) such that for any initial (Ko, L,) falling into this neighborhood the urban
economy decays approaching (K, L) = (0,0) in infinite time. Also, the urban
economy may not grow without upper bound and indeed will decay for (Ko, Lo)
large enough.
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94 A Anas

Competitive land speculators must solve the following problem:

MaxV (x, t*, Q). 3
15,0
It follows from (2a)-(2c) and from Figure 1 that for each speculator the preferred
development date is t* = 0.

Fig. 1

Property 1: Under A1-A3, each land speculator irrespective of location will want
to release land into housing at the earliest possible date when assumption A4 is
valid, i.e., no vacancy can result in the future.

Property 2: Because of the monotonic relationship between V(x,t*, Q) and
R(x, Q) given t*, it follows that each speculator need only be concerned about
choosing that lot size which maximizes rent R(x, Q) irrespective of the time of de-
velopment. This is precisely what occurs in the standard static model where the time
dimension is suppressed.

Thus, assumptions Al-A4 enable us to strike an equivalence between the
standard static model and the spatio temporal model (s) that must be equivalent
to it.

II. HOUSEHOLD EQUILIBRIUM

On the demand side, households are myopic renters and are concerned about
their instantaneous welfare. Each household can achieve the same welfare level
within or outside the city. Households welfare, U, is a concave function of lot size,
0, and consumption expenditures, Z.

U= UZQ). , @)
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The household’s budget constraint is,
Y—-Z—R(x,0)0—T(x) = 0, )

where Y is instantaneous income, T(x) is commuting cost to and from work as a mo-
notonically increasing function of distance, x. Equation (4) can be transformed to
express the indifference curve for utility level U as

Z=2Z(U,Q), 6
where,
0Z[oU > 0 and 0Z/dQ < 0. (6")

Substituting (6) into (5) and solving for R(x, Q) we obtain the household’s bid rent
function,

R(x,Q) = [Y-Z(U, Q) - T(x)}/Q. M

From property 2, this is the expression each land speculator must maximize through
appropriate choice of lot size Q.

V'Y:l‘)

Y=-Ti(x,)

Fig. 2

We now inquire about the conditions that must hold on the demand side so that
R(x, Q) is invariant over time. The following is a sufficient set of conditions:

Assumption A5: All households are identical in income Y and in tastes and Y, U
and 7(x) remain invariant over time.

It then follows that R(x, Q) remains invariant over time as per Assumption A3!

I More precisely A5 is sufficient but not necessary for R(x, Q) to be time invariant. The ne-
cessary and sufficient condition is that Y—7(x), and U remain time invariant.
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Now applying property 2, lot sizes will be determined by maximizing R(x, Q)

at each x,
ManR(x, Q) = [Y-Z(U,Q) - T(x)]/Q (®)

which yields

0*(x) = Q[Y-T(x), U]. (8)
This is equivalent to maximizing the slope ofi the household’s budget constraint
AB in Figure 2 which implies the tangency at point M. From the household’s vie-
wpoint, R(x, Q*) being fixed, point M corresponds to the maximization of utility
which yields the familiar marginal condition

0Z(U, Q)
30 o

Since T(x,) > T(x,) for any x, > Xy, it follows that R[x,, O*(x,)] < R[x;, Q*(x,))-
This well known result states that rents decline with distance from the center and is
readily observed in Figure 2. The result that lot size must increase with location,
0*(x;) > 0*(x,),isalso observed.
The city will reach a long run household population N(T') at some ultimate time 7.
At any intermediate time ¢,
N@O) <N@) <N(T), 0<t<T,

where N(0) represents the small initial population,2 and N(¢) the population accu-
mulated up to time z. We note that for A4 to be fulfilled, population must never
decline. We state this as assumption A6.

Assumption A6: City population never declines, i.e. N(t) > 0,0<t< T. There
is no growth for ¢t > T3

The ultimate equilibrium allocation of N(T) households can be derived using the
well known static model. This amounts to solving two equations simultaneously
for x, the ultimate city radius, and for N(T), the ultimate population holding ca-
pacity ofi the city. These equations are given below. Note that since N(T') is found
and the growth schedule is given, T is also endogenous.

V(%1% 0*®) = Ro § eds = Ro/a, ©)

0

= R(x, 2%). 8"

and

N(T) = 2 { QIY—T(w), UI " ud. (10)
0
Equation (9) states that at the boundary land must yield the same long run value
in housing or agriculture. Simplifying the left hand side of (9) we find that an equi-
valent condition can be stated in terms of instantaneous rents. This is

R(x, Q[Y—T(x), U])—aC = R,. (11)

2 Without any loss of generality N(0) = 0.
3 If population did decline for some time interval, it would be impossible to satisfy A4, the
assumption of no vacancies without demolishing buildings.



“hh‘sﬁgw f bt TNy -
‘ ﬂw-sih'l*fb"'“". e
e oo Row et o 20 petpety, - VD

- Preaety £ Ovwse S ety in i wipilibviion o
o MAS-:““‘LW

y Agall, = s d e
,ummuqm‘mmw“
'mmwamuﬁ B .

Ws\. -mﬁtv\\maﬂ pee
g o 'v--:f“*-u-;"'-
‘cnm e e v‘«-fw

v ’uvﬁwﬁ\%

‘*‘2# ) "m‘r. e S iz 2
\\ .£ |‘..! "q’.tL A ,- ‘aﬂ . '..r e ;‘f v

"l'

“’.Mi
.




m 'a wwmup.g G

.' 4 *“ﬁ(:i;ﬂ

o0

n

AR -\J“_‘?-Y:Au L.P‘\s'"‘
.g‘ 3:‘«‘}‘._.3!-0
§>"3’ e IV Ry »

v “'hbb E“-._l l:'& *‘

"3 v &

nU " I




Mg

> om, 4,

ny 2

420,

http://rcin.org.pl



M
..Mh

(A f =1

http://rcin.org.pl

L r
OViunt, = Zprm > apn,.
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which implies G.(x.) = 0 and

My(t) = 0, (27a)
M(t) =0, (27b)
M. (t) = 0. (27¢)

Property 5: At each time ¢ the profile of M;(t) across the districts / = 1, ..., L
could either decrease monotonically until M, (¢) = 0, or it could first increase up
to some district / = k at distance x; and then decrease until M,(t) = 0.

W) M, (1), M(17)
M, (1)
W (1)
)
'
T I
Mt \ !
ML(I) \\‘1

(a)

CASE AM (t) > MZ(() S e Mk(t) > ..> M (t).

M (1) M (1) M, (")
M, ()
M, (1), M, (1)
IN
i
]
1 H
! i M (1'):\
y e (S |
"2 : R |
]
M, (0 RTIE ! 1N
\\ : 1 H
M (1) - ! '
- i L l A
0 ! t T 1 o] LS X X ‘L
(b)

CASE B: M1 (t) < M2 4 3 BRI Mk(t) 5605 ML(”.

Fig. 3
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slackness condition (17). The speculators in district / can just afford to develop at
time ¢;* as shown in Figure 4, and will incur losses if they develop at other times.
Formally,

B +2*(@¥) = My(t¥), 1=1,.., L. 32)
From property 7 we can also state that

[0y = MOl 1= 1..... L, 133)
If (33) did not hold it would be possible to find a ¢’ such that

B¥+ 2*(t") < My(t").

This would violate (22).

Property 8: The land tax u¥ adjusts from district to district in such a mamner
that the tax schedule Bj+ A*(¢) touches the corresponding M,(t) schedule at the
relevant development date t*.

M (|

L

M; (0)

M (O)

Fig. 4

This is also seen in Figure 4, and follows from (32). .

Property 9: The development tax, A*(¢), must decline with time, i.e. 2*(1)< 0,
0sts T

Also seen in Figure 4, this follows from (33). Since the right hand side is known
to be negative from (25a), the left hand side must also be negative for all values of #§.
Since there is some development at every time ¢, it follows that ¢¥ eventually assumes
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118 M. Fujita

Next, given a rent subsidy function ¢,(v) (0 S 7 < ®), bid rent function
vu(q:(r), ¥) (0 € T < ) is obtained from (3.1). For simplicity, we often represent

9’-‘1(‘].’(7)- T) by lPu(T). That iS,
wa(v) = 'Pu(‘h(f), T) = pu(7)+4q:(7). (3.3)
Then, given a bid rent function y,(t) (0 § T < ) and a utilization plan &(7)

(t€ T <o), we set

. § yu(D8i(x)dr—bi(t)
pi(tl wu(2), 8i(v) = - B ] (34)

and call function p} the bid land price function for constructors of buildings of type
i in district /. Function pj(#| yu(z), 6i(r)) shows how much net revenue will
result from a unit of land after time ¢ if buildings of type i are constructed in district
! and the utilization of each building is 6{(7) (f € T < ), and if the supposed level
of bid rent is yu(7) (f £ 7 < ©).

Fig. 1. Building utilization plan 4;(7).

The relation between bid land prices and actual land prices can be summarized
as follows.

Property A.5. Suppose that p(t) (I=1,2,...,2,0<t < ©) and ¢;(t) (i =
=1,2,...,m,0 < t < o) are functions in OCA corresponding to the solution for
problem OPA. Then, in each district /(I = 1,2, ...,g) and ateach time t (0 § ¢ <
< o0), we have

20 2 piftl va(ai(@), 7), 8(2)) (3.5)

for any building type i and for any utilization plan di(7) (t € T < 00). And, if
buildings ofi type i are being constructed in district / at tiem ¢ on the solution path
for OPA, and if 8{(7) (t $ T < o) represents the utilization of one ofithese buildings
on that solution, then we have

) = piftl yu(a(@), 7), (), (3.6)

where 8i(7) = 1 when that building is occupied at time 7 and 8i(7) = O ifi not
occupied.



' http //rcm org p % -L_ ;

Cf'.
jr

"



120 M. Fujita

Property A.7. Land price p,(t) never increases with time.

Property A.8. Land price p,(t) does not decrease while there remains vacant
land in that district.

Property A.9. Land price p,(t) is zero at the terminal time, that is, p,(c0) = 0
for every I
And, from Properties A.6 to A.7, we get

Property A.10. Suppose buildings of type / are being constructed in a district
at time ¢. Then, the bid rent curve pf(tl vu(gi(7), 7), 6{(1)) of building type i tou-
ches both the initial land price curve p;(0) and land price curve p,(¢) from below in
that district; and curve p;(¢) lies between the two curves, p,(0) and pit| vu(g9:(7), ©),
6;(1)). Here ¢,(7) (0 € T < ) and 8}(7) (¢ € 7) are, respectively, the rent subsidy
function for demand type i (corresponding to the solution of OPA) and the optimal
utilization plan for one of these buildings.

Fig. 2. Relation between initial land price curve p,(0), land price curve p,(¢) and bid land price curve
pi(t] *) corresponding to the optimal path

From the above property, the relation between the three curves, pi(0), pi(t)
and pi(tl vu(q(2), 7), 6:(1:)) can be depicted as in Figure 2. And, from Properties
A. 8 and A.9, we see that

Property A.11. When a district has vacant land throughout the plan period
(i-e., for all £ Z 0), the land price in that district is zero from the beginning,
Therefore, combining A.6 to A.11, we obtain
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Zx.m =N() if Zu..(r) >0, (4.4)
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Property A.23. Suppose we have (b) of Assumption OPA-3 and Assumption
OPA-4. Then, slope (4;/k;) 5;(8i(z)) of bid land price line p’,’(tl vu(q:(?), ©), 6}('{))
is nonincreasing at any time, and it is decreasing (with respect to time) whenever
N¥*(t) > 0. Here, 6i(z) is the optimal utilization plan specified by (4.11).

Note that slope (4,/k;)o;(8;(z)) does not necessarily always change continuously.
That is, from (3.11) and (4.11), we have

Property A.24. Suppose we have (b) of Assumption OPA-3 and Assumption
OPA-4. Then, slope (A4:/k;)o;(8i(z)) of bid rent curve for buildings type i changes
continuously at time ¢ if and only if set T} (see (4.9)) changes continuously at that
time.® Here, d;(7) is given by (4.11).

An example of time at which set T} changes discontinuously can be found in Figure 3.

t

Fig. 3. Demand functions N;(f), N¥(t) and occupancy set T

Next, suppose that initial land prices p; (0), p;,(0) and p, (0) were located on
a straight line (on p;—d, coordinates space), where /; </, < /5 and p,(0) > O for
! = i,.i,.and /5. Then, from (4.10) and Property A.23, when buildings of type i are
being constructed in some district, the bid land price line of that building type could
not touch point p; (0) from the below more than for an instant; which implies
from Properties A.7 and A.8 that vacant land in district /, would never be filled up
with buildings of any types. This is a contradiction of Property A.11.

Therefore, recalling Property A.15, we get

Property A.25. Suppose we have (b) of Assumption OPA-3 and Assumption
OPA-4. Then, initial land price curve p,(0) is strictly convex on the interval between
I = 1and ! = I, where [/ is the nearest district to the city center among all the districts
in which p,(0) = 0.°

Combining Properties A.10, A.24 and A.25, we get

® Thatis,lim (4, /k;)5,(6} .e(7)) = lim (A,/k,)o‘,(é, ¢«(r)) ifand only if lim 7¢ . = lim T} _..
£>0,e—-0 §>0,e— e>0,e-0 e>0,e—-0
9 For the definition of strict convexlty, see footnote 4. Reader may notice that Property
A. 25 is true under a weaker assumption that every district has some vacent land at the initial time.
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Property A.26. Suppose we have (b) of Assumption OPA-3 and Assumption
OPA-4. Then, if occupancy set 77 changes continuously during a time interval. say
(t, 1), and if N¥(t) > O for that time interval, construction site /(z) of building type
i moves continuously outwards during that time interval.!®

Next, suppose buildings of types i’ and i"" are being constructed, respectively,
in districts /..(¢) and /;..(¢) at time ¢. Then, from Properties A.10 and A.25, the re-
lation between bid land price curves pitri yu(qi(7), 7), 6,‘(1)), i=i"and i”, and
initial land price curve p;(0) can be depicted as in Figure 4. Thus, as a relation bet-
ween slopes of bid land price curves and locations of construction districts among
different building types, we have

|
\
\
\
A
\\

\

\

\
\
\
\_“‘\".(h)
\\
\ \
N\
\\ N\
\ N
~
o \ ~
; i (¢ y \ r\\
\\
" ™~
et e
&~ _,_,__,,____'" S e PRIOREEE SRS TR
0 d, “— Il ~ 4
L )
x.l( (t) i
A . A

Fig. 4. Relation between locations of construction sites and slopes of bid land price curves

Property A.27. Suppose we have (b) of Assumption OPA-3 and Assumption
OPA-4. Then, at each time ¢, building construction sites /;(z) (i = 1, 2, ..., m, if
they exist) locate outward from the city center in order of the absolute values of the
slopes of bid rent curves (4,/k;)o;(8i(r)) (i = 1,2, ..., n, if they exist). That is,

g
if Zu,,(t) > Ofori = i’and i”, then
1i=1

10 That is, if /,(#;) < I’ < I,(t2) and #,,1, €(#,1), then there exists a time interval (¢+',¢”)
such that 1, < ¥ <t < t, and Li(t) = I for te (¢',t").
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ift2n d(r)=1forall r21,
Oforist<t, (419)
1 for r2 ¢,

where t, is defined by (4.17). Therefore, under (b) of Assumption OPA-3,

i1 <, 8(e) = {

A, !
ap‘_(f' l!llgi(r)v ')-03(1’)) = -—k—l—a‘(‘) Kinb

: (4.20)
o ~ Ao it 1 <,
i
where
ai(r) = era(v)ar. (421)
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district /,(0)—1. After that district, it gradually moves outward occuping all the
vacant land remaining in each district after construction of buildings of type 2.
(3) Construction of buildings of type 2 ends in the fringe district 7 at time ¢, and
construction of buildings of type 1 ends at the same time in some district /;(¢) which
is inside of the urban fringe.

L Py(t) = p,(0), 2 & 2, (¢)

(i1)

0

d, ( d 4 - dy=d -
0 0) ' ) 2 R L (t
1( ) (0) 1 t) ~,(z) Il.t) L ,(t)

Fig. 5. (i) Relation among curves p;(0), p,(t) and pi(?| -) arld (ii) spatial pattern of urban growth
in case 1-1 (0 <t < 1)

Figure 5 (ii) depicts this process of urban spatial growth. The left (right) vertical

axis represents land use ratio 6}(67) in each distruct /, where
O =—". i=12.
St

And, the horizontal axis shows the distance of each district from the city center.
One of the outstanding characteristics of this growth process is that the construction
of buildings of type 2 moves toward the suburbs while leaving a large area vacant in
each district. Hence, this growth process of urban space has the property of urban
sprawl, and results in a mixture of different buildings in many districts.

o
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Figure 5 (i) depicts the relationship between initial land price curve p,(0), land
price curve py(t) at time ¢ and bid land price curves p}(u vu(q(2), 1)), 6Z(t)), =2
where 0 < ¢t < ¢t, and 0j(r) = 1 for all r 2 ¢. Initial land price curve p,(0) is strictly
convex between districts 1 to /; its slope changes smoothly from district 1 to district /;
curve p,(0) is kinked at district /. Bid land price curves p}(t] va(q:i(?), 7), 6:(-:)),
i =1, 2, touch land price curves p,(t) (and p,(0)) in their construction districts,

4(2), i = 1, 2, respectively. The part of the land price curve p,(t) which is further than
construction district /,(#) of buildings of type 1 coincides with that part of curve

.'1‘(::—5; (¢) I

Ca)

Fig. 6. Variation of building rent curve R,,(#) during the construction period (0 < #;,. < #; < t3 <
<t)

p1(0). But, the part of the land price curve p(t) between districts 1 and /,(#), where
no vacant land remains, is essentially indeterminate;'® any curve lying between cur-
ves p;(0) and p} (tl vu(q(2), 1), 6,‘(1)) can serve as that part of land price curve
at time ¢ (see Figure 5 (i)). Similarly, after time tha (i.e., after construction district
I,(¢) of buildings of type 2 goes beyond district /,()), the part of land price curve
pi(2) between districts /,(¢) and /,(t) is essentially indeterminate; any curve lyiing
between curves p;(0) and p} (tl va(q2(2), 7), 6,2(1)) can serve as that part of land
price curve p,(t) at that time.

Next, from definition (3.1) and from Properties A.l and A.18 (i) (and recalling «(b)

16 More precisely, this means: though there exists a unique land price p,(?) is each of distrricts
I=1,2, ..., 1,()~1 at time ¢, its value depends on the past values of pi(z) (0 = v < r) which are
arbitrary (except for the restrictions, p;(¥) S 0, and p(f) = pi(t] ), 1 = 1, 2).
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of Assumption OPA-3), the equation of rent curve ry(?) (in case 1-1) during the
construction period, [0, t], is given by

ra(t) = —=b(t)+e " Ay (t) (d—dy)  for i=1,2,0t <17 (5.15)
Or, in terms of current prices, we have
R"(t) = (yBi(t)—Bi(t))+A,oz,(t)(d,‘(,)—d,) for 1 = 1, 2, 0 § t < ;. (5.16)

| { - d A
: i | - d dy
l“) L. (c) i(?) .:.(*u ,?((J [

Fig. 7. (i) Relation among curves p;(0), pi(¢) and pi(t) and (ii) spatial patterm of urban growth
incase 12 0 <t <1t)

Figure 6 depicts rent curves R;;(¢) for building type i (i = 1 or 2) at times, ¢ = ¢,,
!y and 73, where 0§ 1, <1, <t <t It is assumed in this figure, for simplicity,
that A,2,(¢) and yB;(t)— Bi(t) are constant, respectively.

17 More precisely, we have

ru(t) = max{—b,(t)+e"“A,a,(r)(d,‘(.)—dl), 0} for1=1,2,/=1,2,.,[,05¢t< 1.
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tion of each pattern are summarized on Table 1 (recall that function o,(t) is defined
by (4.21) for i = 1, 2). Each diagram in Figure 8 represents the pattern of urban
land use at the end of the growth of the city (i.e., at the time, max {t;, #,}). As in
Figure 5 (ii), the vertical axis of each diagram shows land use ratio 6} (i = 1 er 2)
of buildings of each type ; and the horizontal axis represents distance d; of each district
from the city center. In each pattern, construction of buildings of type i (i = 1, 2)

£, () '.\fl-a‘l:] L (E,)

l-l ‘-‘

Fig. 8. Spatial patterns of urban land use at time max {t,,7,} in case 2

begins in district /;(2;) at time f;, moves gradually outward, and ends in district
Li(;) at time ¢;. Since occupancy set T} continuously changes during construction
period [t.. t;] for each i, we see from Property A.26 that the area occupied by buil-
dings of each type i is spatially connected in any pattern. Except for Patterns (a)
and (g), mixture of buildings of different types happens in some districts.

Note that Patterns (a) and (b) include, respectively, cases 1-1 and 1-2 as their
special cases.
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TABLE 1. Relations between spatial patterns and conditions on parameters in case 2

Pattern Conditions on parameters
A iz 2o
—@ >0
(a) P () 2 P 2U2
A A A s A o
(b) —1—‘71(’1) - a(ty) > "_'1—0'1(’1) > —zaz(fz)
Ky T ki b Ky K2
Ao ) 22 gt > Do) w22 o)
— — o0 S—— =g
©) e > P B .,
©) A b= sl s 72 oy s 2ol
—@ = 226 — >—o0
C P 1y X5 1t X 1y PR 2\/2
@ i LIPS 1 K O SRR BP0
e O] 0] E = S —
k‘ 1 _~l kz 2_2 kz 22 kl PACH
4, A, A, = A, '
d) 1 — 03(t3) > — 0,(t)) > —- 0,(8;)) > — 0:(t2)
K2 = kl e kl k2
© A o= 22 i) > 2oy > 2L ou)
(3 —0 == S —— >—o¢
kl l_l kz 2_2 kz 272 kl 1\
r AZ Al Ax - Az —
(") — 03(t2) > — 03(8y) > — 0,4(t)) = — 02(¢2)
K2 = 1 . K, k2
A A A & A =
) —io'z('z) > fl- a,(t;) > '.'-2‘0'1(’2) > "'lal(’l)
K2 L K ¥Y R2 ky
@® " o) > 2L 0itr)
—a >—0
g " 2(f2 3 1y

5.4. SPATIAL PATTERNS OF URBAN GROWTH AND CONTRACTION: CASE 3

In this subsection, we obtain spatial patterns of urban growth and contraction
assuming that the demand for buildings of each type changes as follows:

>0 fortel0,?),
=0 fortelt, +w),
<0 for te [f+w,1),
=0 for te[;, ),

Ni(?) i=1,2, (5.20)

where w > 0. That is, the demand for buildings of each type increases during period
[0, 1), stays constant for [t, t+w), decreases in period [¢+w, t), and stay constant
in the rest of the plan period. Assumption (5.10) is retained also in this subsection.
Let us first examine the next special case:
case 3-1. Ny(t) = aN,(t) for te [0,;], and

Ny(f) = Ny(1) = 0, where a« > 0. (5.21)

That is, in addition to (5.10) and (5.20) we assume that demands for buildings of
two types are proportional to each other at each time, and that the city becomes
completely vacant at time ¢. An example of demand functions under (5.20) and (5.21)
is depicted in Figure 9.
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Under assumption (5.21), we have from definition (4.9) that

T, =T (=T, for all tz0.'° (5.22)
Thus, from (4.11), optimal utilization plans /() ( € T < 0, i = 1, 2) are given by
(1 if reT,,

59
if T¢T,. (5.23)

Hence, under assumption (5.10), from (3.10) and (3.11), slopes (4;/k,)o;(6,(7))
of bid land price lines of the two building types have the following relation

15,'("[) = 45,:(1')(7 45,(1)\) = 'lo

%01(6,(1)) > .‘Ai‘i 0, (8(r) for 0< 1 <+,
| 2

i . { (5.24)
—k—‘- 0,(8(v)) = Z—z 02(0(7)) =0 for 1 2 1+ow.
1 2
Thus, from (4.13), we have
L) S L) for te0, 1+w).2° (5.25)

l ‘3 ; r(

0 t t t4u ¢
Fig. 9. Building demand functions N;(t), i — 1, 2, assumed in case 3-1 (Ny (1) = aN.(7))

We have, as in section 5.2, two different spatial patterns depending on:
case 3-1 (a):

A1 5, (8() <22 02(86(D), (5.26)
1 2
case 3-1 (f):

2 0(3(0) 3 52 02 (3a(0). (5.27)

where

4o

a1 (3(D) = § emu(Ddr,  0,(8e(1)) =

r

e " a,(v)dr. (5.28)

OCy oy

19 Recall from definition (4.9) that, for ¢+ = 0, we have
Té =[0,1].
20 Again, note _that if the size of each district is sufficiently small, we have strict inequality
in (5.25) for t€ [0, 1+ w).
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It is clear from (5.10) and (5.28) that case 3-1 () can happen only when ¢ is very small
and o is very large; otherwise, we always have case 3-1 (o).
Let us first examine case 3-1 («). The spatial pattern of growth process (during
0 < ¢ < 1) under condition (5.26) is essentially the same as that of case 1-1. And,
at time ¢, the spatial pattern of land use takes a form of type (b) in Figure 8; as the
length, w, of the stationary state period approaches zero, the land use pattern at
time ¢ comes to a form of type (c) in Figure 8. Next, define functions pi(i = 1, 2) by
0
S riu()dv —by(1)
i) = '-—--T——, = 15 22 ot % (5.29)

0 t tt+w t

Fig. 10. Variation of building rent r;,(¢) in a district / (! < I) within a neighborhood of time period
[t, t+] in case 3

Curve pi(t) represents the upper envelope of all the possible bid land prices for
building type i at time ¢. It is easy to see that, under assumption (5.20),

pi®) > pi(tl wa(qu(@), 7), Si(x)  for I < I(s),
P = pi((t] wu(gu(2)), i(2)  for 1= L(0).

where 6;(7) is given by (5.23).2! Hence, any curve which is lying between two cur-
ves p,(0) and p{ () can serve as a land price curve on the interval / = 1 to /,(¢). The

(5.30)

21 Note that, in cases 1 and 2, we have p}(t) = pi(¢] viu(q:(9), ), 6,‘(1')) for all / £ 1,(¢¥).
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part of the land price curve beyond district /,(¢) is equal to that part of p,(0) curve.
Building rent r;(z) curves during the growth period are given by equation (5.15)
as before.

During stationary period [, +w), there is, of course, no change in land use
pattern nor in building use pattern. But, though its process cannot be determined
uniquely, there is a big change in building rent curve r;(¢) within period [t, 1+ w).
That is, suppose fi(z), i = 1,2, are functions of time such that

But) = by(r), Bu(t) S b(r) and Bi(1) SO

1 L (5.31)
for all te[t,t+w), and Bi(t+w) =0.

Then, the following equations

ru() = —Bi(t)+e "4, a,(t) (d AR -
u(®) ﬁl( ) 101 () ( 1, () @ ' for te [, [+w), (5.32)

LN ;‘l /aN . —t Ve yam 4
raf) = Pad)+e ,42 1;|1\na,»~ u',\;. ]

“-("’/"-
"“.(:)"'l

Fig. 11. (i) Building use pattern and (ii) land price curve p,(¢) at a time ¢ of urban contraction in
case 3-1 (o) (¢ > r+w)
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represent a pair of rent curves (at each time 7€ [¢, 7+®)) corresponding to the
solution for problem OPA.22 An example of time-variation of rent r;(¢) in district
I(i=1o0r2,1<1 <) is depicted in Figure 10. Since function §;(t) must satisfy
condition (5.31), rent ry(t) at each time in period (z, £ +w) becomes explosively high
as the period of stationary state, w, approaches to zero. In Figure 10, if / = I, then
ri(t+w) = 0; and if i = 2, then (7)) = I.

The building use pattern at a time ¢ in the period of urban contraction (i.e.,
t > t+w) is depicted in Figure 11. Let us denote by /(1) (i = 1, 2, t > 1+ w) the
closest district to the city center among all the districts where there is vacancy in
buildings of type i. District /;(¢) is determined as such district / that satisfies the fol-
lowing relation:

Ni(t%_ ) S Ni(t) < N(t%) where t > t+o. (5.33)
Here #;;_, and t} are determined by (5.5) and (5.6). Using /:(¢), building rent curve
ruy(t) is given by
(e A,0;(0) (i, —d), for I=1,2,.., 1)1,
ra(t) = {0 for 12 I(0),
for i=1, 2 and t > t+¢. Land price curve py(t) at time ¢ (t > t+w) is depicted
in (i) of Figure 11, where curves pj(t) (i =1,2) are defined by (5.29).

(5.34)

N,(t)

0 t t L + {

Fig. 12. Building demand functions Ny(¢),i — 1, 2, assumed in case 3-2 (Ny(?) —
= aN,(t)

Spatial pattern of urban growth and contraction process in case 3-1 (B) is quite
similar to that of case 3-1 («) except for the point that the land use pattern at time
is given by (a) in Figure 8. Hence, details are omitted.

Next, let us examine the following special case:

case 3-2:

Ni(t) = aNy(t) for te[0,7], and N,(f) = Ny(f) > O,

5.35
where a > 0. ( )

22 In (5.32), 1,(2) is afictitious construction district of building type 1. At time # = 4w, we have
1,(¢) = 1. For this, refer to footnote 18.
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That is, in case 3-2, we assume (5.35) in addition to (5.10) and (5.20). Hence, the
only difference between cases 3-1 and 3-2 is that, in case 3-2, the decrease of de-
mand for buildings of each type stops before all the buildings of that type become
vacant. An example of demand curves N;(t) (i = 1,2) under (5.20) and (5.35)
is depicted in Figure 12. Let us define time * by

Ny(t*) = Ny(2)  (ice., Na(t*) = Ny(1))  where 1* < 1. (5.36)

This ¢* is depicted in Figure 12. Then, from definition (4.9) (and from Figure 12),
we have

Tie = {7]| v 2 1*)
- J .
i . d =, 22 (5.37)
=TI I*sStst},
...... 1
o 7777777 A
PP Is A
4 S/ 1// -~ 2
(2) ;1',‘/4,{,“//7; /bl
/7 .,"/, : : ’ A .
1 ) R - —— — =0
‘1‘“) ,;(0) "X(t—) ! £, () i](t) £,(c)

» - .l-
f:(t_) - Ll(t.)

(b)
(c)
(@)
(e)
-1<:f>’- a;(':’p,. £,(c%) =8, 2,()

ll(l) - fz(O)

buildings of type 1 which are not vacant at any tise,

buildings of type 2 which are not vacant at any tise,

puildings of type 2 vhich become vacant in the future.

m buildings of type 1 which become vacant in the future,

Fig. 13. Spatial patterns of urban land use at time ¢ in case 3-2
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TABLE 2. Relations between spatial patterns and conditions on parameters in case 3-2

Pattern Conditions on parameters

2 A, A, _ Ay A,
o3(0) > A'Gn("'i" P a(1*) 2 P ay(9ie(7)) > P 02(de(7)) >

kz 1 2 ' 2
(a) A
A,l nl(d,(r))
A Ay A Ay A,
a3(0) > a,(1*) > ay(1*) 2 ay(die(7)) > a,(é,(r)) P
ki ky ki ky 4 ky
(®) A
k a:(die (7))
' _ Az A; _ A A
o,(1*) = 03(0) > — o,(1*) = a5 (0ie(7)) > 03(d,e(7)) >
1 ka ki ky x; ka b
(c) A,
> kl "I(’sl(t))
A A A A A
—a,(1%) - = 7:(0) > 2 a3(1%) 2 ay(die(7)) > - a;(di(n) =
1 ks 2 ky g ky
(d) i
= %, n‘.(é,?(l'))
A,y A;
() k, o,(i(v)) 2 ks a3(0)

Thus, from (3.11) and (4.11),

A 7 TR
k: a(8s(7)) = ko),

i=1,2. (5.38)
A
k

e "a,(1)dr,

ey >

A .
T ai(3:() =

That is, slopes of bid land price lines of both building types change discontinuously
at time ¢*. Therefore, construction district /,(#) of each building type i jumps outward
at time t* (except for case (e) specified in Table 2 and depicted in Figure 13).

The spatial growth process of the city during time period [0, t*) is essentially the
same as that of case 1; and, during time period [t*, ?), it is essentially the same as
that of case 3-1. Consequently, possible land use patterns at time ¢ (i.e., at the end
of the construction of the city) are those which are obtained by combining possible
patterns in case 1 and case 3-1. Hence, as depicted in Figure 13, we have five diffe-
rent land use patterns at time 7. The necessary and sufficient conditions for realiza-
tion of each pattern are summarized on Table 2. In this table, each §,(7) is defined by

1 if reT..
0 iftél.

for te [0,¢]. Recall (4.21) and (3.11) for the definitions of functions o;(¢) and
61(6,(7)).

81(7) = 63(v) = 6,(v) = { (5.39)
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T n(O,0) = 7 a(9,(0),

Z kN (ta)

AL 0 (810 = 22 x(82(0) = A2 0,(82,(),
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146 H. Fujita

6.2. SOME SPECIAL CASES
Let us first examine spatial patterns of urban growth under the following set
of assumptions:

case 5: :
N@) >0 for0st<tg,
£ 3 i=1,2,..,m, (6.6)
Ni(t) =0 for t =1,
and
A‘Z‘(’) > A’ZZ(’) ST N M PSS 6.7)
1 2 ~Mm

Under assumption (6.6), 7 = {7| = = t} for each ¢ € [0, o) and for each i (i =1,
2, ..., m). Hence, under assumption (6.7), we have from (4.20) and (4.21) that

i‘—crl(t) > ﬁa,,(t) = hapote ﬁc,,,(t) for all t = 0, (6.8)
Ky 2 Km
and thus, from (4.13),

LS L@ S ... () forall rz 0.2 (6.9)
7 : ‘ , ,
t.(0) ¢ (F])- »(0) £,)=1_(0) ’lil)

—— I
e

— —i : ‘ (b)
e PR

0 i (t,) t.(t,) t (t.)
L (0) 1 (8 5,0k, v.(x

i=1 L
o r-'/r/-;'
; jéc]
11((1» ‘(L:)

Fig. 14. Examples of spatial patterns of urban land use at the end of the growth of the city in case 5.

Figure 14 depicts two (extreme) examples of spatial patterns of urban land use
at the end of the growth of the city in case 5. In pattern (a), there is no mixture of
different building types in any district; this pattern can be realized only when the
entire city is constructed in a very short time period. In pattern (b), many districts
have a mixture of buildings of all the types; this pattern will be realized when the
city grows slowly over a long time period.

Next, let us examine the following special case:

case 6:

Ni(t) >0 for te[t,t)

: i=12,..,m, (6.10)
Ni(®) =0 for t¢[t,1)

24 If each district is sufficiently small, then we have
LD < () < ... < In(r) for all 0 < ¢+ < max1,.



A (1)

% for all 72 0. (6.11)
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150 R. Domar ski

vestment and production goods, organization of a new production apparatus, inflow
innovations in many fields of socio-economic activity, reorganization of local and
regional administration, clashing of value systems and culture patterns of immigra-
ted population and local population, signs of social disorganization.

2. Adaptation movements. They depend mainly on adjustment of the third and
fourth sector of economy to the needs of the developing first and second sectors
as well as on further migration movements, further innovation inflow, gradual for-
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Fig. 1. Economic landscape dominated by central places. After W. Isard (1956, p. 272)
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Fig. 2. Daily contact space and personal communication fields.
A person is usually counted for census purposes at his place of residence. But people are not always at home. Part 4 of
the diagram represents a typical collection of other places visited at varying frequencies and distances from home. The
ellipse shows the average distance to these other locations appropriately weighted by frequency of contact. It is only within
this space that a person has contact with other people and with communication devices. Part B shows an idealized personal
communication field which indicates the range and intensity of potential contact. This idealized cone would vary by cul-
ture and by individual. After J. F. Kolars and J. D. Nystuen (1974, p. 126)

A

g e

Fig. 3. Functioning of the growth point O — above, and some possible deviations of P4, PB, and I_’C z
lines below — (the fourth case, bzlow to the right, is the least possible form). After R. P. Misra
1971)
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154 R. Domarski

age together with increase of affluence, society’s movements aimed at recreation,
medical tratment and social life become stronger.

6. Principle of gravitation. Spatial movements show a tendency of arranging
themselves in a way which can be presented by means of gravitation model. They
are directly proportional to volume of cities (regions) and inversely proportional
to the distance between them. Volume can be characterized in various ways, e.g.
by means of the number of population, output, incomes, etc. Distance can be for-
mulated in geographical categories and expressed in kilometres. In characterizing
socio-economic contacts, however, more appropriate is the idea of relative distance
comprising the cost, time and effort necessary to cover the geographical distance.

7. Intervening opportunities. Places (regions) which occupy intermediate po-
sition exert an influence on movements between more distant places (regions). In-
termediate position means position closer than place of destination not necessarily,
however, limited to definite and particularly not to the shortest transport line. Mig-
rants looking for new opportunities outside their previous place of living, may not
reach centres of very high opportunities, if there are satisfactory opportunities
nearer. For example, when a person from Grodzisk Wlkp., who possesses secondary
education, considers taking up studies in Poznant or Warsaw academic centres, will
most probably choose Poznan centre. The same concerns a person, who has finished
secondary vocational school and is looking for a job. Intervening opportunities
organize also movements of loads and movements of information.

8. Dependence of organization of spatial movements on institutional structure.
Most of all the degree of centralization or decentralization of political, administra-
tive, economic, social and cultural systems exerts an influence on the formation of
spatial movements. Size and shape of territorial units making up the system, are
the next determinant.

Fig. 4. Information flow in hierarchic system of nodal points a, b, c — levels of gradually decreasing
spatial range. T. Hagerstrand after R. P. Misra (1971)
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9. Spatial coincidence. It concerns not only the co-existence of movements in
the same centres, but also the way of their spreading from the centres as well as re-
location of objects and activities between centres. If, for example, in the construction
of a big industrial plant three industrial centres (apart from many others) partici-
pate to the largest extent, from these centres come investment and production equi-

!.
?
' E Y
\ = /
: = 4
L =_ /
— Railways ! = ,
; i 7
winmn Hiet ! transpor- Ralld///
UL fcxl-;lg;/ggr”_egﬁsp E o2 /////{//

Fig. 5. Deformation of a spatial organization of a system. Historical transportation barrier in mid-
western Poland



156 R. Domalski

N
-
,'\.-/"
b
4
‘/ Prita
(
/ ~
!
\
/
(
! N
\n
g CF
$ PPN
4 e
S N
' Podnan e/
i e 2
. Q7
la
\
[--\) -
) -
P :
1 Leszno EAN
L
N, ‘
" AL R {
\'Av). o4 (\ s
's /
-
) X
{ J
Direct connections (.
L -

Fig. 6. Complete connectivity of the spatial system. The mid-western part of Poland

pment, engineering and administrative staff, employees’ families, models of industrial
organization, higher school graduates, the way of building flats, the way of land
utilization, systems of values and culture patterns. If the city gains a higher admi-
nistrative status, it causes reorientation and intensification of movements: commu-
ting, migration, business travels, commodity flows, spreading of building sites,
spreading of city transport network, growth of service centres. It is characteristic
that some of the movements have the same or similar direction. Coincidence is the
sign of interdependence occurring in the process of spatial development between
different kinds of socio-economic activity. The term coincidence does not mean here
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A — 1886, B — 1972 (part of Nord and Pas de Calais Departments, France), H — Hazebrouck, L — Lillers, O — St.
Omer, P — St. Pol, R — Fruges, After P. Toyne (1974, p. 242)
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frequency of contacts as well as the time and stock of information received by a de-
cision-maker depend on his location. Location of the decision-maker influences
in this way the quality of his decision.

11. Spatial barriers. These barriers cause deformation of spatial movement
organization from regular patterns which are optimal and most probable. They may
be of different character. The main types of barriers are: natural barriers, inertion
of production and social infrastructure, imperfect mobility of population, institu-
tional barriers, historical barriers. Their influence on the organization of spacial
movements is also different. For example, natural barriers cause the development and
supremacy of prolonged movement patterns and policentric movement concen-
trations, inertion of infrastructure — concentration of movement, similarly imper-
fect mobility of population. Institutional barriers, in the case of centralized economic
system may induce the prolongation of movement distances while historical barriers —
deviation of directions and decrease of movement intensity (Fig. 5).

12. Growth of connectivity. In comparison with the former spatial systems,
modern systems show the growth of connectivity. It is shown in the density of co-
nnections, in the growth of their intensity as well as in the growth of the number and
intensity of direct relations between places (Fig. 6). The growth of direct relations,
excluding intermediate stages, is being favoured by the development of automobile
transport. The growth of connectivity (Fig. 7) caused disturbances in former hie-
rarchic structure and made it less readable. It gave rise to the wording of statements
that hierarchic rules lost in meaning in spatial relations. These, however, are missta-
tements.

13. Limits of complexity (simplification of organization). The growth of connec-
tivity is not the only trend taking place in the contemporaneous spatial systems.

W":S = [
. o

Fig. 9. Development stages of spatial structure of city networks characteristic for different parts of
the central economic region of the USSR in the period 1926-1970
I —first stage, 2 — second stage, 3 — third stage, 4 — fourth stage, 5 — fifth stage, 6 — towns, 7 — main transport
routes. After F. M. Listengurt and N. I. Naimark (1973, p. 54)
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Fig. 10. Development levels of spatial structure of city network of the central economic region in the USSR
1 — very scarce, even network, U < 0.2; 2 — scarce, uneven (focal) network, U = 0.2-0.5; 3 — group forms of settlements, U = 0.5-1.5; 4 — well-developed group forms of settlements on the
basis of large cities, U = 0.5-1.5; 5 — forming agglomerations, U = 1.5-2.5; 6 — formed agglomerations, U > 2.5; S — density of city population. For levels 1-3 — S is below 350-400 thousands
of inhabitants{10 thousands sq. kms; for levels 4-6 — S is above 350-400 thc ds of inhabi /10 th ds sq. kms, After F. M. Listengurt and N. I. Naimark (1973, p. 56)
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Fig. 12. Chicago area growth patterns. After B. J. L. Berry and F. E. Horton (1970, p. 445)

is being occupied by recreation facilities such as parks, entertainment facilities,
playing fields, swimming pools, motels, bungalows.

15. Unitization. The process of unitization® takes place in systems of a high level
of complexity. It depends on separation, from the whole system, of a subsystem of
particularly strong relations. It manifests itself in traffic concentrations on big
trunk-lines, expressways, rivers, canals, ocean and airlines. Big urban-industrial
agglomerations are the main junctions of these traffic arteries. The conception of
node-tract system of development of Poland is the concretization of the rule of uni-

3 Cf. H. H. Pattee (1973).

N
)
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Fig. 13. Poland 2000. Node-tract system. Introductory conception

1 — agglomeration range in 1966, 2 — agglomeration range in 2000, 3 — new agglomerations, 4 — city centres of 50-100

thousands of inhabitants, 5 — city centres above 100 thousands of inhabitants, 6 — sets of settlements units, 7 — industrial

centres of high dynamics, 8 — centres of new resource districts, 9 — most important transportation lines, 10 — important

transportation lines, 11 — directions of spatial integration between agglomerations, 12 — main frontier crossings. S. Lesz-
czycki, P. Eberhardt, S. Hefman after B. Malisz (1974, p. 102)

tization. Beside the conception of moderate policentric concentration it constitutes
the fundamental structural element of the perspective plan of spatial development
of Poland (Fig. 13).

16. Incomplete decomposition. In the analysis of hierarchic systems and con-
struction of their organizational models it is assumed that distinct hierarchic levels
exist among which relations occur. Such assumption means that first we perform
a full decomposition and next the isolated levels in the mental conception of systems
are joined. This is an acceptable and most frequently a useful approach. However,
it does not fit too well in the problem situation considered by us. The modern spatial
systems show a property which we call incomplete decomposition. This property
shows the integrity of the system, inseparability of the particular elements, even

11*
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components establish contacts with the upper organizational level, i.e., with the re-
gional level. Expansion of this process can cause liquidation of the local level and
reduction of the number of organizational levels of the spatial system. Then the level
of organizational crystallization shifts up to the regional stage. I presume that this
consideration may be included in the set of arguments justifying the reform of te-
rritorial administration in Poland in 1975 and the liquidation of the poviat level.
In the transitional period a partial disintegration is to be considered in which the
local organization still exists but its components already enter into wider and wider
contacts with the regional level.
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Fig. 14. Incomplete decomposition of a spatial system. Extended accessibility in relation to a regala’
hierarchical organization
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Fig. 15. Anisotropy of socio-economic space. Deviations of settlement and transportation systzm

e 3
©

¢

Fig. 16. Anisotropic model of transportation network
1 — nodes of I class, 2 — nodes of II class, 3 — nodes of III class, 4 — nodes of IV class, 5 — rivers, 6 — railroads, 7 —
roads
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A change of territorial connections also occurs at the regional level but the chan-
ged structure does not undergo a general shrinkage, on the contrary, it expands. Simil-
arly as at the local level, territorial connections between production and consumption
decrease, while connections in other fields and forms such as journeys to work in
regional centre, shopping in regional business centre, utilization of social infrastruc-
ture and services of the regional centre, shaping the regional environment, develop.
Some regional centres, though having their administrative status of a regional city,
may be too weak to fulfill all these functions within their own capacity satisfacto-
rily. In these cases a part of these functions are taken over by multiregional centres.

Keometyrs

D Arohle with ol je frees D Arcble wrurrgarted
P -

Fosture ond prociuchve
vaste

Fig. 17. Land use pattern around Canicatti, Sicily. After J. F. Kolars and J. D. Nystuen (1974,
p. 205)

A further development of the scale of spatial connections takes place at the
national level. Agglomeration and unitization processes lead to a relative growth
of importance of the regional and multiregional centres as well as connections among
those centres and among them and the country’s central city. Yet, more and more
often direct connections of the local and country level occur, by-passing intermediate
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! Fig. 18. Development process of Siberia and the Far East of the USSR
Zones of development intensity: 1 — scarce, insular development, 2 — partial, selective. 3 — intensive, continuous. After
M. 1. Pomus (1975, p. 55)

levels that, however, does not decrease the importance of the intermediate level,
the role of which is shaped under the influence of the dominating and constant trend
of the system to simplify its organizational structure (Fig. 14).

Now we can add two additional rules to the above-mentioned ones.

17. Reintegration of the given level of spatial organization in the context with
higher levels.

18. Indispensability of the intermediate level, i.e. regional and multiregional
level.

19. Anisotropic deviations. Typical deviations of transport and settlement system
from the regular system are connected with the unitization processes. We call those
deviations anisotropy of socio-economic space.® They depend on the elongation
and relatively more intensive development of transport and settlement system along
the main transport arteries (Figs. 15 and 16).

¢ Cf. R. Domanski (1963).
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Fig. 19. Classification of Polish towns by rank and size, 1950 and 1960. Curves on the left represent
data ordered by administrative units, those on the right data summed together for each metro-
politan area or conurbation disregarding their administrative division. After K. Dziewoniski (1964,

p. 43)

20. Equifinalism. Spatial systems, with different initial conditions and different
ways of development, may achieve in the process of development the same final
state. For example, the same level of affluence may be achieved by two regions, one
of which has an underdeveloped agrarian economy and is being developed due to
construction of a new industrial plant while the second region has valuable environ-
mental qualities and develops tourism and health resorts. This property of systems
is called equifinalism. It allows also for achieving of the assumed objectives by the
same system, despite disturbances in the course of development and despite the chan-
ge in means of action.

The above-mentioned tendencies in arrangement of movements find their spatial
expression in changes of the two synthetic features of the systems: spatial gradients
of land use (Figs. 17 and 18) and spatial hierarchy of regions (Fig. 19). Hence, chan-
ges in a city’s daily cycle, caused by construction of a new trade-service centre on the
edge of the city, find their expression in changes of land use depending on the growth
of land taken up by trade and services, roads and streets, car-parks. Probably, the
share of arable land will decrease and the share and location of residential areas
will be changed. The inflow of development factors into attraction niches, which
will result in the creation of a new growth pole, will raise the position of a given
region in the regional hierarchy, etc.

Therefore, the dynamic organization of space may be regarded as a reaction of
the spatial parameters of socio-economic system to impulses induced by decisions
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The vector function 4(z,, z,) reflects the impact on individual i located at (z,, z,)
of a set of individuals j # i at different locations (x,, x,) € Z with a given demand
function g(x,, x,).

We define the impact of j’s demand on i’s demand of good / as 4i(zy, z,; X, X3);
then it follows that

i1
Az, 2) =V A2y, 205 %0, o)y, (2.8)
00

In specifying the function 4,(z,, z, ; x,, X,), we find two kinds of problems. First,
there is the information transmission problem. Individual i may have, without
cost, from complete to nill information about any component of g(;j). This information
flow can be a function of the spatial or social distance between i and j, or a function
of the spatial or social location of i, or both. The elucidation of this social structural
problem is not our direct concern here, but our approach should support broadly
its inclusion in our analysis. We define j’s demand of good /, as perceived by indi-
vidual i, as q(i,j) with 0 < q(i,j) < q(j).

Second, there is the information processing problem. The result of this proce-
ssing can have a positive impact on i’s demand — social emulation — or a negative
one — social differentiation. Furthermore, j's whole demand vector may have an
impact on i’s demand of good /, i.e., if there is some degree of complementarity or
substitution between any pair of goods. In general, the perturbation function will be

X1 +dXx2+¢2
N(zy, 225 %1, %) = S S Al(zy, 225 q1(21, 225 X1, X3) .. 5820, 225 Xy, X2)
X —d X;—¢
v @u(Z15 225 X1, X2)]dxpdx, . (2.9

The processing content of the function (2.9) can be summarized as follows:

i’s behavior in relation to 04,(zy, 225 X1, X2) 04,(zy, 225 X1, X2)
j’s demand 091(21,5 225 X1, X2) Oqmlzy, 223 X1, X2)
Social emulation >0 < 0 Gross Substitution
> 0 Complementarity
Social differentiation <0 > Gross Substitution

< 0 Complementarity

We can see in the above table that the adoption of an innovation is not the
only possible result. Not only can we emulate through the demand of some good
(positive impact), but we can also choose to differentiate ourselves from the ‘crowd’
through the demand of another good (negative impact). Or, in processing the infor-
mation of simultaneous demand for one single good, we could emulate one segment
of the society and at the same time try to differentiate from another segment of the
society with an end impact that can be either way in our demand of that good.
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Stability of Demand 177

If the following condition holds,

n?ldlk < 1 (3.6)
we can state the following.

Theorem I: There exists an integrable solution of the spatial demand function
q(zy, z,) for all locations in he geographical map and it is unique and bounded.
The heteronomous component of the solution is a spatially weighted integral of
the autonomous component of the demand function for the whole space.

i St S SEINP CIND GEIE AP SmED SmmD SEUS S SIS GID

o et et e e s s St S S—— S— — iy S

Fig. 1. a — information function, b — emulation — differentiation function, ¢ — spatial net emu-
lation differentiation function

Proof: The system of n linear integral equations implicitly given in (3.5) can
be reduced to one linear integral equation.
Equation (3.5) is really a linear system, i.e.,

11
Q215 22) = fi(zy, 22) + }‘SSZ Nim(zy, 255 X4, X2) qm(xy, X2)dx,dx,,
00

m=1

[l = 5l 25 oaop i

where ¢q,(z,, z,), ..., g.(z;, z;) are the unknown functions in the region Z.

This system can be reduced to one equation by considering regions Z,, Zj, ..., Z,
obtained by parallel displacement of the region Z, = Z with non-overlapping
points. Let F(z,, z,) denote a function in the domain Z, UZ,U...UZ,, defined by
the relations

12 Geographia Polonica
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Demand in the Spatial Economy 187

3. PREFERENCE STRUCTURES

INDIFFERENCE CONTOURS

Let an individual set out the combination of amounts x, y, z, ... of goods X, Y, Z,
he will consume in a given time. In a metaphorical experiment, he must alter the
amounts x, y, of X, Y, in all possible ways without changing the quantities of other
commodities. Any one change in combination can be regarded as a shift in coordi-

Fig. 1

G : T ——
S - |
ANRINENGEN : 3

dity X

Fig. 2

nates as in Fig. 1 (Allen, 1932) from P to Q. The direction of PQ, which is all that is
necessary for analysing static situations, is obtained from Ay/Ax or tan 6. The in-
dividual will prefer some ratios to others, being willing to give up some of X in ex-
change for Y or vice versa. However, there will be a small range of values where he
will be indifferent to the direction of the hypothetical exchange. Assuming conti-
nuity and, passing to the limit, the range of indifferent ratios assumes a unique
value —dx/dy = ¢, and here dx+@,dy = 0. For values > 0, trade-offs are prefe-
rred and for < 0 values, trade-offs are not wanted. The magnitude of PQ is also
defined, i.e. (4x2+ Ay?)°-5 but we leave this for now.
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190 L. Cirry

If TS had had a negative slope, this change in the amout demanded would 1ave
been greater for the same change in price and elasticity of demand would have >een
greater than one. With TS having a positive slope, elasticity of demand would 1ave
been less than one.

Clearly a whole demand curve can be obtained if RS is made to trace put a whole
series of points defining a price-consumption curve. The amounts of X consumed
are graphed against their corresponding prices on the vertical axis to give the fa-
miliar curve. If an existing price is marked off parallel to the horizontal axis ag:inst

all amounts consumed it cuts the demand curve which is downward sloping to the
right. The area between the two lines and above the price line is called the consumers
surplus as it represents this difference between the maximum amount a consumer is
willing to pay and the amount he actually pays. One must be extremely wary of
carrying through notions like consumer surplus when distance is the ‘price’ argument.
Thus in outdoor recreation demand, it is asserted that consumer surplus occurs
when those able to enjoy a recreational facility do not incur the full expense of the
most distant visitors. But demand schedules will differ for various distance grou-
pings and many people may not even use the facility (Denman and Prodano, 1972).

UTILITY MAXIMISATION %

The contour method does not allow several independent variables to be handled
at once. We shall use here the method of Lagrangian multipliers (Henn, 19€1) but
the use of linear programming should not be forgotten and in particular the use this
makes of potential notions (Kantorovich, 1965). To express the preferences cf con-
sumption policy we have to be able to say that of any feasible combinations, x =
= (X1, ..., x,)and x’ = (xi, ..., x;), the target indices being x, and x,, at least one
of the two statements x = x’ or x’ = x be correct, where > means ‘is preferred or
is equivalent to’ and is transitive. With n competing aims represented by a system
of (n—1)-dimensional indifference hypersurfaces, let the objective function o assign
a real number to each combination such that o(x) > ¢(x") when x > x’. Combi-
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nations belonging to the same indifference curve have equal objective function
values.

Starting from x’, the set of situations which can be reached forms a transfor-
mation hypersurface f(x,, ..., X,) = 0. An optimal policy is one which maximises
o subject to the transfomation surface. The necessary conditions are

(0o/ox,) = Aof]ox,) =0,v=1,2,...,n,
where A is a Lagrange multiplier and —f(x,, ..., x,) = 0 or, equivalently,
0p/0x,: 000X, ...: 0p/0x, = 0f]Oxy: Of[0x,: ... :0f]0x,

and f(x;, ..., X,) = 0

In the optimim situation the marginal utilities of any two policy aims are related
to each as the rate of substitution is related to unity. In geometric terms, the optimal
combination is at the point of contact between an indifference hypersurface and
a transformation hypersurface.

Take a simple numerical example with objective function

o = 100—9x, —x3
giving
00/dx; = —9 and 0p/dx, = —2x,.

A transformation curve is given externally as (x; +6)x,—48 = 0.
We have df/dx, = x, and 0f/dx, = x; +6.
The optimum conditions are —9/—2x, = x,/(x; +6) giving x, = 6, x; = 2.

Maximising a utility function is a standard tool of economic analysis and there
is little point in mentioning papers which repeat it. It is only rarely that the distance
relationships which result from the models provide insights. Evidently it is the con-
tent of analytic models rather than the formal grammar they employ which is de-
cisive: of course this does not deny their value in numerical applications.

DEMAND FUNCTIONS

The table relating standard spatial demand curves, aggregate demands assuming
a uniform distribution of consumers and elasticity of aggregate demand is provided
from Moran (1966).

' Demand in i from residents
Demand functions

in j: Sy, e.g.
1. Linear —a+b(w;—04y)
2. Positive Exponential S = (S)?/S aexp(b(w;—0,)))
3. More convex than (2) $” > (S)?*/S aexp((w;—0,y)*)
4. Less convex than (2) $” < (5)3/S aexp(log(w;—0;))
5. Logarithmic —a+ blog(w;—0;y)

w; — utilities offered from a point i
0,; — costs incurred in projecting demand from j to i



192 L. Curry

Global demand at /i from all points in space Elasticity of demand,
n
S b5 Su e(S,@)
j=1
”
1. —ma+nbor,~bY" 0, nbw,S,
.

J=1
”

2. aexp(bw,) - T exp (—bdyy)
J=1

bw,

#(sbw,) = elasticity of a simple link

n
3. a \‘ exple, U,})’ Hw, U”)b“ lw,
—
J=1
--
4. a Sﬂ exp(log(w,~0y)) w/(w—0,,)
j=1
n
5. na+b \‘ log(w,—U,,) b((u,‘,'(m, 0iy)  (a+ blog(w, ’IU)) ~1)

J=1

5. PREFERENCES AND DISTANCE
ASPATIAL AND SPATIAL POTENTIAL

So far we have kept our potential theory formulation aspatial or rather the space
is not explicit. Potential is simply a functional manner of representing a vector
field, i.e., a collection of vectors, and has nothing inherently geographical about it.
How far preference fields have an inherently geographical component is something
which is argued somewhat obliquely by contrasting models and of which we shall
have more to say. In short term analysis, it is reasonable to regard an individual as
having a daily round among endogenously given locations and consumption pre-
ferences are formed relative to that round. Any distance factors involved are impli-
citly discounting the goods being evaluated. It is in this sense that a theory of in-
dividual demand divorced from its locational context is viable and potential. It is
a strange quirk of intellectual history that a number of the early mathematical
economists, Edgeworth (1881), Fisher (1892), Allen (1932) referred to potential
theory in this context but then the idea died out, save for Hum (1972).

However, such an approach is inadequate for looking at an individual in relation
to his environment, particularly to its spatial arrangement. We need theory which
explicitly incorporates the two dimensional array of people and things with which the
individual interacts and in which his preferences are formed and are expressed.
Without concerning ourselves about the ‘mental’ mapping by which the physical
landscape is recorded and evaluated in the brain, there must be some function re-
lating the aspatial indifference surface to the real world. One’s ideas of the world
and the world itself must exhibit some degree of identity, however bizarre the transfor-
mations involved, simply in order for life to proceed. It is the virtue of the potential
surface that it can be used both to depict locational structures and their concomitant
preference structures. That potential methods also nicely straddle such complemen-
tary but difficult to handle pairs as configurations and flows or opportunities and
interaction is a further advantage which will be brought out later.
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Demand in the Spatial Economy 201

with the bliss point on the B axis. It can be seen that the income line for a poor per-
son is near the A axis as he can only afford inferior goods, but as income gets larger
for richer and richer people more and more of the superior good is bought. It may
be seen that the slope of 4B determined by relative prices, is such that it can remain
tangential to the indifference curves of the poorer persons and the cheaper good thus
stays on the market. A slope of unity, and the inferior good would almost go out
of use. Fisher makes the interesting point that if rich and poor are geographically
separated so that two distinct markets exist, the price lines will follow the general
trend of the contours, flatter in poor districts and steeper in rich. In a rich market
a slight difference in qualities of goods will cause a large difference in their prices
and many qualities will be distinguished. In poorer areas different grades may not
exist and will sell for nearly the same price.

Fig. 5

The use of ordinal rather than cardinal definitions of utility, while preferable in
many ways, did produce contradictions because these definitions were not invariant
to a monotonic increasing transformation of the utility function. The Hicksian de-
finition is biased in favour of substitutability and gives contradictory results. This
stimulated development of the ideas of separable utility.

LEXICOGRAPHIC ORDERING

An individual is assumed to order his preferences into orthogonal dimensions
and then rank these dimensions in order of importance (Taylor, 1973). Of say two
alternative goods, he prefers the one which is closer on the most important dimen-
sion to his optimum point — and so on through less salient dimensions if earlier
ones are tied. He can be thought of as having a utility function for each dimension
but he does not, and cannot, combine these utilities. There are no indifference cur-
ves associated with an individual’s preferences because, although there is a complete
quasi-ordering based on indifferences, they cannot be represented by a single real
valued function. The name arises because of the resemblance to a dictionary: the
most important (or initial) letter is used first, then the second and so on, each letter

14 Geographia Polonice



202 L. Curry

representing an independent dimension. The ‘distance’ of an alternative from an
individual’s optimum point within a dimension is not represented by this term.

The concept arose because of a criticism of the von Neumann-Morgenstern ‘con-
tinuity’ postulate that “if fis preferred to g and g to /& then there is a probability p
such that g is indifferent to a gamble with outcome pf and (1-p)h”. If fis two pins,
g is one pin and 4 is death, then p would not normally exist. The lexicographic prin-
ciple would handle this nicely by placing a subjective value on life and death which
is not comparable with that arising from ownership of pins.

SEPARABLE UTILITY

Partition the consumption set into subsets which comprise goods that are closer
substitutes or complements to each other than to members of other sets. Let n

commodities be partitioned into m groups with n.(r = 1, ..., m) commodities in
m

each group(n = Y. n,)
r—1

u =f(x11’ TP ST PRIRTEUI O PR xrnE’ cees Xmlsy oens xmn,,,)
= F(fl(x1)9f2(x2)’ ""fr(xr)"-"fm(xm))' (81)

Note that additivity of the subsets is not necessary, only that the left hand side and
right hand side of the expression are equal. Evidently the notion of subsets of con-
sumption goods is similar to the notion of factors in production theory or indeed,
to regions in trade theory. For a utility function to be separable, the marginal rate
of substitution between any two goods within the same group must be independent
of the utility of any good in any other group (Phlips, 1974)

(0/0xg)(0f0x,1)[(0f0x.;) = 0.
Here good i and j belong to the same group r while good k belongs to a different
group ¢. This condition is known as ‘weak separability’, and allows a household
to first allocate its income among the m broad consumption groups, y,(Z, Y = y),
and then purchases can be made within each branch with no further reference to
purchases in other branches.

From (8.1),
ouldx; = (dujéf,)(ef,]0x;),
Pu *u  af,df, ( *u u ou\ ou ou
(“.\"(-‘.X‘A e (\:/;(._f., f,\',l-,\', = (‘_f,(-fi li’, (fq 1..\’, t_‘.\".

At equilibrium,
Oufox; = Ap;,
ul(0x;0x3) TrsPiPss (8.2)
where
T,

o = A2C%u/(af, of)/(0uldfy)

T,, is the interaction coefficient between groups r and q: the sign of the difference
between two of these coefficients is invariant to any monotonic increasing transfor-
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208 L. Curry

and costs. An externality exists when the utility of a person 4 depends not only on
his own activities X,, X;, ..., X,, but also on the activity of another person B, Y,

ut = uA(Xl’XZ’ e Yl)

The marginal externality du4/3Y,, assumes that the variation in Y, is evaluated re-
lative to ‘equilibrium’ values for the X’s adjusted to the externally given value of Y, .
Fig. 6(a) shows the indifference contours: it is assumed that B’s utility increases with
difficulty of interaction up to a reasonably high level, while A’s first increases to
ensure privacy then decreases reflecting a desire to communicate and finally levels

a
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Fig. 6

off, since changes in the very small interactions are irrelevant to him. Fig. 6(b)
shows the marginal evaluations of the extent of the barrier to interaction which it
is B’s task to pay for and control. The marginal cost of this, i.e. the disutility of goods
foregone, is added to B’s marginal utility (the negatives of the slopes of successive
money-activity indifference curves for increased barriers). It is assumed that marginal
costs are constant, shown by the curve MC. B’s position of private utility maximi-
sing equilibrium is at Hy where MCy = MEy. This is shown as within the range
of marginal external diseconomies for 4 so that B’s behaviour is Pareto relevant
in that 4 could compensate B for reducing his barrier. Pareto equilibrium is at Hy
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GEOGRAPHIA POLONICA

Vol. 1. 11 papers devoted to the present status of geography in Poland and 3 papers giving the
results of rescarch. List of Polish geographers, geographical institutions and geographical periodi-
cals, 262 pp., 20 Figures, 1964 (out-of-print).

Vol. 2. 34 papers prepared by Polish geographers for the XXth International Geographical Con-
gress in London, July 1964, 259 pp., 91 Figures, 1964,

Vol. 3. Problems of Applied Geography I1. Proceedings of the Second Anglo-Polish Seminar at
Keele — Great Britain, September 9-20 1962, Co-edited by the Institute of British Geographers,
24 papers by British and Polish geographers, 274 pp., 69 Figures, 1964,

Vol. 4. Methods of Economic Regionalization. Materials of the Second General Meeting of the
Commission on Methods of Economic Regionalization, International Geographical Union, Jab-
lonna — Poland, September 9-10, 1963. Reports, communications and discussion, 200 pp., 6 Fi-
gures, 1964,

Vol. 5. Land Utilization in East-Central Europe. |7 case studies on land use in Bulgaria, Hungary,
Poland and Yugoslavia, 498 pp., 104 Figures, 16 colour maps, 1965,

Vol. 6. 14 papers prepared by Polish geographers for the Seventh World Conference of INQUA
in US.A., September 1965, 150 pp., 86 Figures, 1965.

Vol. 7. 10 papers on the geography of Poland, mostly dealing with the economic-geographical
problems of Poland, 132 pp., 46 Figures, 1965.

Vol. 8. Aims of Economic Regionalization. Materials of the Third General Mecting of the Commission
on Methods of Economic Regionalization IGU, London, July 23, 1964, Report and 5 papers, 68 pp.,
7 Figures, 1965.

Vol. 9. Collogue de Geomorphologie des Carpathes. Materials of the gecomorphological symposium
held in Cracow and Bratislava, September 17-26, 1963, Report, 7 papers, 2 summaries, 118 pp.,
22 Figures, 1965.

Vol. 10. Geomorphological Problems of Carpathians I1. Introduction and 6 papers by Rumanian,
Soviet, Polish, Hungarian and Czech geographers, 172 pp., 68 Figures, 1966,

VYol. 11. 11 papers prepared by Polish geographers dealing with the history of Polish geography,
Polish studies on foreign countries and different economic-geographical questions concerning
Poland, 154 pp., 36 Figures, 1967.

Yol 12. Formation et "Amenagement da Reseau Urbadn, Proceedings of the French-Polish Seminar
in urban geography. Teresin, Poland, September 2030, 1965. Papers by French and Polish geograph-
ers, discussion, 298 pp., 51 Figures, 1967.

Vol. 13. 9 papers embracing different fields of both physical and economic geography, all of which
have been devoted to methodological problems and research techniques, 130 pp., 4 Figures, 1968,
Vol. 14. Special issue for the 21st International Geographical Congress in New Delhi, 1968, 43
papers pepared by Polish geographers: 24 dealing with physical and 19 with economic and human
geography, 406 pp., 80 Figures, 1968,

Vol. 15. Economic Regionalization and Numerical Methods. The volume contains the final report
on the activities of the IGU Commission on Methods of Economic Regionalization, as well as a col-
lection of 8 papers by American, Canadian, Soviet and Polish authors, 240 pp., 54 Figures, 1968.
Vol. 16. |1 papers dulhg with research problems and techniques in both economic and physical
geography, 136 pp., 27 Figures, 1969.

Vol. 17. Special issuc prepared for the 8th Congress of the International Union for Quaternary
Research, Paris, 1969, 28 papers by Polish authors, including studies in stratigraphy and ncotecto-
nics (6), geomorphology and paleohydrology (10), paleobotany (3), sedimentology (5), archeology
(4), 428 pp., 122 Figures, 1969.

Vol. 18. Studies In Geographical Methods, Proceedings of the 3rd Anglo-Polish Geographical Se-
minar, Barandw Sandomierski, September 1-10, 1967, 260 pp., 54 Figures, 1970.

Vol. 19. Essays on Agricultural Typology and Land Utllization. 20 papers presented at the meeting
of the Commission on World Agricultural Typology of the IGU, held 1968 in New Delhi, 290 pp.,
97 Figures, 1970.

Vol. 20. 9 papers on various aspects of both physical and economic geography, including urbaniza-~
tion, international trade, changes in rural economy, industrial development, urban physiography
and hydrographic mapping, 183 pp., 69 Figures, 1972,

Vol. 21. 10 papers dealing with selected problems of economic growth, transportation, cartographic
methods and theory, climatology and geomorphology, 147 py., 82 Figures, 1972,

Vol. 22, 15 papers prepared for the 22nd International Geographical Congress in Montreal, August
1972, 205 pp., 43 Figures, 1972.

Vol. 23, Present-day Geomorphological Processes. Issuc prepared for the 22nd International Geo-
graphical Congress by the IGU Commission on Present-day Geomorphological Processes, 180 pp.,
82 Figures, 1972,

Vol. 24. Geographical aspects of urban-rural Interaction. Procecdings of the 4th Anglo-Polish
Geographical Seminar, Nottingham, September 6-12, 1970, 256 pp., 76 Figures, 1972.
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Vol. 25. Perspectives on spatial analysis. 7 papers presented at the meeting of the Commission on

Quantitative Mcthods of the IGU, held 1970 in Poznad, Poland, 140 pp., 51 Figures, 1973,

Vol. 26. Scientific results of the Polish geographical expedition to Vatnajdkull (Ieeland), 311 pp.,

253 Figures, 1973.

Vol. 27. 20 papers presented by the Soviet and Polish Geographers at the First Polish-Soviet Geogra-

phical S;t;;mmu in Warsaw, Szymbark and Cracow, 22nd May to 1st Junc 1971, 189 pp., 25 Fi-

gurcs, 1973,

Vol. 28. 9 papers embracing different fields of geography. 144 pp., 36 Figures, 1974,

Vol. 29. Modernisation des Campagnes, Actes du IV Colloque Franco-Polonais de Geographie.

Augustow, Pologne, Septembre, 1973, 444 pp., 145 Figures, 1974,

;"OI-F”- Pl'oceedlwsinﬂ of the second Polish-GDR Semminar, Szymbark (Poland), April, 1972, 151 pp.,
igures. b

Vol. 31. 11 papers embracing different fields of geography, 235 pp., 61 Figures, 1975,

Vol. 32. 12 papers dealing with physical development of Poland, 143 pp., 22 Figures, 1975. Index

to »Geographia Polonica®™, vols 1-32,

Vol. 33. 26 papers prepared for the 23rd International Geographical Congress in Moscow, July,

28-August, 3, 1976, part 1: Physical geography, 141 pp., 63 Figures, part 2: Economic geography,

197 pp., 49 Figures, 1976, ;

Yol. 34. Approaches to the study of man-eavironment interactions. Proceedings of the 5th Anglo-Po-

lish Geographical Seminar, Toruf, September 1974, 290 pp., 99 Figures, 1976.

Vol. 35. Proceedings of the Polish-Soviet Seminar on contemporary problems of developing coun-

tries, Warsaw, November 1973, 148 pp., 11 Figures, 1977,

Vol. 36. The collection of studies presented to Professor S. Leszezycki in commemoration of the

50th anniversary of his scientific activity, 237 pp., 27 Figures, 1977.

Vol. 37. Urbanization and settlement. Proceedings of the Second Soviet-Polish Geographical Se-

minar, Moscow and Leningrad, June 1974, 224 fp., 22 Figures, 1977,

Vol. 38. Rural Landscape and Settlement Evolution in Ewrope. Proccedings of the Conference,

Warsaw, September 1975, 304 pp., 72 Figures, 1978.

Vol. 39. Urbanization and Settlement Systems, 240 pp., 51 Figures, 1978,

Vol. 40. Agricultural Typology. Proceedings of the 8th Meeting of the Commission on Agricultural

Typology, International Geographical Union, Odessa, 20-26 July 1976, 260 pp., 78 Figwes, 1979,

Vol. 41. Human Impact on the Physico-geographical Processes. Proceedings of the Second Hunga-

rian-Polish Geographical Seminar, Budapest, September 1975, 87 pp., 34 Figures, 1978,
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