
VIII. — § 1. 83

VIII. — q’fN.

§ 1. s, π.

u , v ε qfN . m , η ε Ν . ο :
r=n1 . (2 U)n = Ui —Η U2 —F .·. —F Utl = 2 Uy . Dβf.r=l

r=n
2. (Π u)n = ul u2 ... uιl = Π ur . Def.

r=l
3. 2 u,^ = (2 u)n. Π u,l =≈ (∏ w)rt. Def.
3'. (l + w)n = 1 + utl . (μ -f v)n = un -f vn . (u υy)lt = un vn . Def.

4. 2 ul = m1.2 un+l = un+l -un. [1 > 3]

5. Π u. ≈ u. .∏ u , = u ,∣u,t. >3]i 1 η 4-l /*4-1' '*
6. 22 ui=ui. 22 w2=2zq-Fw2 . [1,3]
6'. Σ2 urt = nui -F (η — 1) u2 -F (η — 2) u3 -F ... -F un .∙r7 ^'n-. ∕w÷n-2∖ ∕m-t-n-3\ ∕m-1 ∖ l .17∙2 )"1 + ( )¾+∙∙∙ Η-(„_,)«„· 11,3]∕,n4-n—2λ ∕m-hn-3\ Λη—1\
8. ∏"ttn=√ wι^1 4/ w"1 <..w∕m-,< [2,3]

9.2% = u — (?V t-÷(7⅛ -...+(m'}u. [4]
∣n+n ∣n+n V I ∕ ∣n-Ht-1 '2/ ∣n-f-n—2 —\»ι / tl L J_/m\ Ληλ , j »/«\

10. Π”1 u =u u 1 «· 0...w ,Λ/. [5]
m-hn m-t->ι .n-(-n-1 m+n—2 η L J

11. u =u -+- η 2 u .-∖-(nc,∖∑~ u o+...+ ∑nM . [4]
m-hn ∣n m-)-l ∖ 2 ∕ »>4-2 wi4->ι ∣∙ J

_ (n) _ (?) _ (,e∖
12. =u„ (Π 7 (∏2 .√ ... (II» » ,+,,)F ]5]iq v,t÷zn [m-+-l∖ lm —F 1\ — lm -+- 1] —
13. -t Ur — 1 ,∙Wrt-F^ 2 ,-Mn+ι-F^ 3 j Un.2

,ηι -F 1∖ ≈-
-F...-F Σ"lW,,+m. [11]∖m + V l j∕,∙λ÷1∖ ∕m4-lλ ∕∕n÷l∖

14. π]+mur = ⅛ 1 7(∏‰+,y 2 [12]

15. Σ (μ -f v)n = Σ ua FF Σ υ„, . Π [uv),l = (Π w,J (Π v,t) . [1,2,3]

16. Σ (μ -f υ)n = Σω„+Σ»)( .∏ (wυ)n = (Π u,l) (Π y ,). [3,4,5]
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84 VIII. § 1.

§ 1. 23. Pringsheim, Math. Ann., t. 33, a. 1889, pag. 142.25. Cesàro. Analisi algébrica, a. 1894, pag. 106.26, 27. Euler, Novi comm. Acad. Petropolitanae, t. V, pag. 76. 28’. Nicole. fifôm. de l’Acad. des Sciences de Paris, 1727, pag. 257.

17. r ε N . Or · ur = j : o. ∑'n ur+,n — 1 ∙ 19]18. a , b ε q : r ε N . Or ∙∑w ur+m = α . ∑n vr+» = b : o . ∑m +"l (Mi>)f∙+m+n≈
{ n )ab'[Hp. P4 . O . Σ (Mυ)r+∕n+rt==Wr+tn+∙n ∑ V r+w+n+Vr+m+n-1 ∑ U,∙+m+n ï P16 . O . ∑"l÷,i (iW)r+m+-n = ∑'n÷'l~1 (tt,∙+m+n ∑ ^r+m÷n) -P 2m+n-l(Vr+w+n_i v Wr+m+n) . Pi . 0 . Ths.]19. Π (1 -l— w)n Π (1 — ù)n = Π (1 w'),∣. -20. v ε QfN. □.(1 -4- vl) (1 -4- r2)... (1 ÷ vιn) > 1 -H vl -+- υ2 -H ... -+- vιri. .20'. v ε θ f N .ο. (1 — vl) (1 —r2)...(l — f,n) >1 — (vl + v2 +... -4- vl.l').21* Π(l-HM)n = π (1 “ 1-H Jn ’ ∏(l-u‰ ~ Π (1 ^+~ l _ Jn ·

22. u ε θ f Zn . ο : Π (1 -+- u}n < ∙ ∏(1-w)"<π (1-+-m)λ ' tlθIΣ Um (Σ ‰)2 (∑ um)m23. uεQfZ,n.oJI(l+<<l+-p+-^ + ∙∙∙+⅛Γ ./ 1 ∖ ∑ u,n (Σ w,n)2 (Σ w,w)r24. uεθfN.rεN.o.Π -------  > 1 -4- -+- k-f⅛...-√---- .\1 — u∣,n 1 2! r!25. usb f ZM .m(2 + N).0. (1—w1)... (1 — um) <C 1 — (Mi-ρ...-+-‰)-4-
(U^ U% —H ?όβ I ... I 'U'm—i ^,nι) ·26. (1 -+-w1) (1 -4-w8)... (1 -4- w,„) = 1 -4-u1 -+- (1-Pw1)w2-P (1-Pwi) (l-pn2) wi-+-... -+- (1 -t- ul) (1 -+- u2)... (1 -+- w,rt-ι) uιn .

i u9∖ ! ‰ \ L uιn \27. m.-i-w2-i-...-+-ww=m1 (l4— lH------ -— ).·. lH----- —--- ------------- - I -

U. Ui un2 g ■£ __ ____ * | ___________________  . | .. β - .∣- ----------------------l-HW1 (1 + M1)(1+M2) (l-4-M1)...(l-+-Mn)1(1-+-M1) ... (1 -+- wn)28'. a , b ε q . (a -+- w1) (a -+- w2)... (a -+- ‰+ι) (« — &) - = 0 . o .11 & —i— ui i (6 -4- w∣)... (5 -4— wn)
a — b a-+-ui (a + M1)(a+w2) ” (a + w1)...(a + ⅜+ι)

(& —H Wj) ... (b —(— un) {b —(— M»+l)

^+^ (a -4- ul) ... (a -+- Mrt+i) (a — 6) ’
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VIII. - §§ 1-2. 85

§ 2. 3, 4, 4’, 8, 14. Cauchy. Analyse algébrique, a. 1821, pag. 125, 144, 147.

29. (M÷v)e(÷Q) fZrt . ο*, - = —---------t28]V 7 r=2∏(M-HV)r Ui-hVl ∏(tt÷v)nwι+n-30. ∑ U = U,rt+1 ^⅛n÷2 ~2 (^,∣n+2 ^zn+3) ~,∙* ^^^^~ 1) (^zrt+∕ι-l
zrt+1^,zn+n) -1~ ⅛+n ·m+n31. Π U ==■ Utn+ι∣M,∣n-t-g (.^'m-i-t∣'^'m-+3') ”' (^'>n-^n-il^'ιn+ιtJ m+n·m+1

32. Vn U,l-+-(vn+i—Vn) Mn+1-t-...-∣-(Vn+m—^a+m-i)u>ι+m~vΛun wιι-+i)^+"
... -+- l’n+m- 1 (U/i-hm—1 t∣ιn+m∣ ~l- ^n+-m ^,n+m ·Wz» , Wn+1 , .^n+nt ‰ ,M,rt+l33. Vn (vn+l∣Vn) ... (v,ι+,n∣Vn+rn-↑) == Vll

Un+m-1 — U∕ι+m Un+in 
V , V ι .n+-m—1 n-t-zn

§ 2. Σ mλ . pim =u,∙υeqfN.τnεN.□i1. Σ* u = lim Σ un . 1'. ∑" u = lim ∑n u . Def.2. ui-hu2-+ ... = (∑ tt)c0 = ∑ w00 = ∑1 u . Def.3. Σ w00 £ q . o . lim u,ι = 0 . lim Σ*+m w ==0 . [§2 P2]4. ∑°°wε q . = . Σ°° u ε q . [§2 P2J4'. » =00 .=. » = 00 . [ * ]4". Σ™ μ ε q : = : φ ε N f N . oα. lim Σ”+Τλ w = 0 . [ * ]
3. Σ wα0 £ q . Ζι ε Q . 0 .·. n £ N : r £ N . Or . mod ∑*+r u < Zi : - = n λ .

[§2 P2]
B. Zi £ Q . oλ .·. η ε N : r £ N . Or . mod Σ”+? μ<Ζι:-==„λ: :o . ∑ uaa εq.

[§2 P2]
7. α ε q . m1-h m2-+-... £ q . 0 . αw1-ι-αWj-H...=α (w∙1-+-W2-l-...) . [ » ]8. Σ u30, Σ va0 εq.o.(M1-÷r1)H-(tt2-Hr2)-l-...=(w1-÷ιi2H-..∙)÷'('υι~,-v2~÷∙∙∙) ·

[§2 P2]9. Σ (w — v)ooε q . φ ε N f N.o.lim Σ”+?η m = lim Σ”+?” v . [ » ]
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86 VIII. — § 2,

17. Riemann,s. JΓerke, a. 1892, ρag. 235.

10. lim μ n = 0 . ο . ω1 ≈= (w1 — w2) -+- (w2 — u.i) -ι- ...11. lim u,i =? οο . ο . (m2 — w1) -+- (m3 — w2) -+-... = αο .12. Σ mx εq.rεNfN.o.Σ*'* w-+-Σn+^2μη-Σn+r2+⅛-+-... = ∑w -13. Σμ = X1. » » =οο.»14. u ε (QfN) decr . lim w,l = 0 . ο . m1 — w2-+-w3 — ui ^+^ ∙∙∙ε Q r (zzι—Q)»15. a ε q : η ε N . on. un h ε med {un , a) : ο . lim ‰ ε q. Σ“ (u,l — unΗ) =
ul — lim u,l.16. u ε Q f Ν. Σ mod μλ ε Q . φ ε (Ν f Ν) sim . ο . Σ’* 21° ≈=2^m. [§2P4J17. Σ m00 é q . Σ mod u* = ∞ . a ε q . ο : φ ε (Ν fN) sim . 2*Z]° Uφn ==α. - =ρ λ .18. u, ν ε Q f N . a , b ε Q . a . φ , ψ ε N f Ν . o.,.o=lim (Σ u,~ —∑vn),.Φ5=lim'∑wj, —ΣυΛ): = :α=1ΐιη(Σζε.. —∑urt).5—α=lim∑ ” u.Ψη ■ v ‰ φn-+ 119. u , ν ε Ο f Ν . a, b ε q . —>> 1. φ, ψ ε Ν f Ν . ο .∙. α = lim Π (1 + w)φΠ (1 — v)w . b = lim Π (1 η- m)j, Π (1—v)n :=: a = lim Π (1÷m)~jn ' τηΠ (1 — v)n . — = lim ∏^n (1 + «).

; a φn÷l20. uεQfN.o.∑f --------- ⅛ --------  £ά. [§1 Ρ28](1 -Η ∙M1) (1 -Η Μ2) ... (1 -h Μ(ί)21. » . Σ um = οο. □. » = 1 . [ * I11 μ. u. u922. η ε q . ο . — =---------- 1------------ 1---------- 1--------------—1—------------ -
a a+ul (α-hw1) (α÷-w2) (α-t-w1) (α+w2) (α-Η u3)∙

Uι Un ∙∙∙ Uft- 1 Ut Un ∙∙∙ UnΗ- ... Η-------------—---------------------- 1---------------- -— ------------------(α+w1) (α+u2) ... (α-∣-wn) (α+w1)(α+M2)...(α + w,t)α23. «iQ.MiQfN.o. ’------ η -------£-------+-------- - 't∖7---------
a -+- ul (α+M1)(α÷u2) (α-t→i1)(α-+-w2) (α-∣→i3)Λ-+-...£ — . [§1 Ρ291

art. ∕-∖x∙-∖τ -)i=eβ Un Π Va—] / 6 ∖ τ>r>m24. u , ν ε Q f Ν . □ . ---- — -+- Σ —------ - ε 1 — ν. . [§1 Ρ29]w1-÷∙υi ,m~2 Π(M÷v)n ∖ -(u∣v)x∕25. wεQfN.□i∑"=∞ (urt+ι∏(l-Fu)n) = οο. = . Σm30 =α> . [§1 Ρ26]26. u ε θ f Ν . ο : lim ∏(l + u)n = ∞ .=. lim Π (1 — u)n = 0 . [§1 Ρ22]
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VIII. — § 2. 87

27. P. du Bois-Reymond. Crelle’s Journal, t. 76, a. 1873, pag. 70.28. Pringsheim. Mcith. Ann., t. 35, a. 1889, pag. 329, 335.30. Abel. Œuvres, a. MDCCCLXXXI, I, pag. 401.32. Lejeune-Dirichlet. Lezioni sullci teoria dei numeri, tradotto da Faifofer, Venezia 1881, pag. 300; Zahlentheorie, a. 1894, pag. 301.33-35. Pringsheim. Math. Ann., t. 37. a. 1890, pag. 47.

-vr wr+l Vr-t-l ,λ . U, +l27. r £ Ν. or :------------ ε ϋ . λr = vr — ν,+ι------- : ο .
u,∙ vr u,∙1 ∑"Ιo√ι-.y ∑~iog 11"÷l v"+'

—— ∑,w λn un = 1 — e vn == 1 — e .w1r1 ι28. a ε (Q f N) cres . lim αn = αο . » ε Q : o . Σ, ——1---- — ε Q .v ’ n r 1 θpαw+1

a+m-hl 1 1 1 cn-zn29. a ε Q . o . log-------— < ——- F------ —-F ...F--------- < log —— .
CL F— 1 Cl —H 1 Cl —F 2 Cl H— ΏΧ Cl11 ∞ 130. a ε q - (— N). o . ——- -t-------- -  -t- ... = Σ -------= ∞ .

a -+-1 ci -+- 2 1 a -F n31. a £ Q . ® £ Q . 0 .  -------—------ F 7------—r----- F ... ε Q <·d —------ <·1 * (α + l)l+J, (ct-÷-2)1+P ∖paPip(α+l)f,+ ^82. o,i.j,eQ.i,.±<j,(± + _L_ + ^21a∙1+-p + ...)<-1- . 
ab0 bl+p33. a ε Q f N.lim cιll=> ∞ . lim an+iιalt =l.o.lim v∑ fln~—— = 1 .

p=÷θr 1 aa+1ctnP
t c — 1

34. » » » =c>∙l. » —---- .clogc35. » » » — oo. » = 0.36. æ f q - (— N). o . —— = -------- - ----------- f --------- 1----------- f ...
x -F 1 (x -F l)(a? -F 2) (x -F 2)(æ -F 3)37. x £ q - (— N). p f N . o . 2n=M 7--------------------- -----------------------=

n ·' (x -F II) (æ -F n -F l)...(iC + H -F7>)1
p (x -f 1) (x -F 2)... (æ + p) ’
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88 VIII. — § 2.

39. (m = l). Johannis Bernoulli. Opéra omnia, a. MDCCXLII, t. 4, pag. 7.41, 42, 46-50. Giudice. Giornale di Battaglini, t. 28, a. 1890, pag. 290-292 ; t. 27, a. 1889, pag. 342-351.

1 1 138. ρε N. ο. —-------— -+- —-------— -ι- ... -I-------------- - -+- ... —1 (/> -+-1) 2(j>-+-2) n(p-∖-ri)1/1 1∖7ι1+τ+∙" + 7) ∙
39. b , η ε q . a - s (—No⅛).o. ∖ jj (α+(m+1)6)... (<w-(ra-t->n)δ)1 ___1________________

mb α(α + δ) ...(α + (w — 1) b)α b 2↑bi40. b ε Q . a ε (δ÷Q). ο .---- - = 1 Η-------- -+- -—-r~——— -+-a—b a-∖-b (α-+-δ) (α-h 2 δ)3 ’ δ3---------------- -------------------- h ... [82 Ρ21](α -f- δ) (α -+- 2 δ) (α -η 3 δ)41. αεq.δεQ.∕>εN.φεNfN.o.lim ∑v=w+^. (_____________________-____________________
v=n ∖(a-hv b) log (α-+-v δ)...logP~1 (α-ι-ν δ)— logp (« -+· (y -1- 1) δ) -÷ logP (α -+- ν δ)j = 0 .42. σεq.δεQ.j>εN. logP (α -+- mb) ε Q .(-------------------------- --------------—-------- — — logP (α + (v+l)M÷'(α -+- ν δ) log (α -+- ν δ) ... logP—1 (a + ν b)

↑ogP (α -(- υ δ) j = Ερ . ο : r ε (m -+- Ν) . or . logP (α -+- τηδ) -+- Σ'

(a÷v⅜)log(a÷v⅞)...logP-i(aH-v⅛) - l0gp ÷ rt' > Ε' >l°β (α , mb) -+- "y=w (a υ £) log (α -η υ δ) ... logP~1 (α + νδ) logP (α -+- (?· -Η 1) δ) .43. lim ( 1 -+- — -+- -+-... -+- —-----logn)εQ. [§2 Ρ42]44. lim f -+:? --t-...-÷---------------log27i]εQ. [ » 1\2 log 2 3 log 3 η log ni l j
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VIII. - §§ 2-3. 89

§ 3. Q f N.
u ε QfN . m ε N . 0 :1. Σ w £ (QfN) cres . Σ ux = Γ Σ ■ [§2 P2]2. Σ ‰ £ Q î ∞ . [ » ]3. a £ Q : w £ N . o,i . Σ ua ·< a : o . Σ ua0 ε Q . Σ um ε Θ a . [§3 PI]4. a ε 0 '> - t 1 : η ε N . on . ; un < ci : o . Σ u<x ε Q ---- - — (jj . \5. ee Q : »sN . o*. mm∣ n,l+ι > 1 -+- a : o . Σ ux, ε Q ! ul h---- - — Q ' .\ Λ '6. Σ uM ε Q . ο . 0 ε lira n uιl. 0 = min lira n un ·7. p ε Q . oo - ε lira n+p un .3. ∑ttot £ Q.

§ 3. 4, 7, 14, 15, 40. Cauchy. Λnal. Alg., pag. 130, 132, 133, 134, 137.5, 6, 20, 35, 36, 48, 49. Abel. Oeuvres, I, pag. 400; II, pag. 197,198, 199, 201, 202.

45. lim (—---- ---- -—h ... h---------- —---- ------ log3 ∙n^ ε Q . [§2 P421\3 log 3 log- 3 n log n log- n * 5 6 / L46. a ε q f N . lim (α,t — αrt-ι) ε Q . o . lim («,» — «»—î) = lim (log”1 an —log”1 αz,-ι) an log a„ ... logw~1 an .47. p ε (m -t- N) . o . lim ( — ------ 1--------—- — J — log — .
\mn -t— 1 mn -+- 2 pn1 m∖ rim log rin (n”1-t-1) log (n”‘-H 1) ^+^ ” "+~—)=log^. 

nP log nP I m49. α , w ε q . w - ε (— N a). k ε N . o . ∑m~^"1------------- ∑n k---------
v ' n=l u+na n=iu÷na9m 1 2ft 1 1 m+ Σ------------ ∑------------ (-...=— log—.’w+iîô-i- na h+iu + na a k

m 1 k 1 2m 1 2⅛ ■£ 3m |50. k ε N . ο . Σ ______ __Σ______I- Σ ______ __ Σ ___ -t- Σ _______’ "t 2n—1 “i 2» m+i2»—1 i+ι2n 2m«2n—13ft 1 1 m— Σ = log 2h-----log—.2fc+ι 2n 2 k
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90 VIII. — § 3,

9, 10, 12, 13, 45, 46, 46'. Bonnet. Journal de Lioibville, VIII, a. 1843, pag. 73, 74, 95, 100.16, 17, 19, 26, 27, 33, 34, 53, 53'. Dini. Annali delle Università 
Toscane, IX, a. 1867, pag. 43, 45, 46, 47, 61.18, 22, 23. Pringsheim. Mathematische Annalen, XXXV, a. 1889, pag. 230, 330, 334.21, 50, 51. Giüdice. Giornale di Battaglini, XXVIII, a. 1890, pag. 301 ; Rendiconti Circolo Matematico di Palermo, IV, a. 1890, pag. 284.

8. (v — u) ε Q f N . Σ uo0 = ∞ . ο . Σ υα0 = ∞ . [§3 PI]9. a ε Q . i— — aj ε Q f N . Σ ux = oo . ο . Σ ς. = x .
10. Σ u.. — ∞ . v ε Q f N : η ε N . o,l. **4^1- > ——. û . Σ υ = « .

vll u„11. v î Qf'N . Σ vλ £ Q : η ε N . o,l . ull < y.,i : □ . Σ wj0 f Q . [§3 PI]12. » » . zc- £ lim u,t∣v,l. o . »13. » » ιnεN.on.ut4.Jul<vl^l∣vll.o.>.14. max lim u l'i <" 1 . ο . Σ u.r f Q .n x v15. min lim un l,n > 1. o . ∑ιt00 = oo .*ï =15'. «ε (w + N). îi„. « > 1 : o . Σ u = ∞ .n16. υ ε Q f N . min lim —---- 'υ,t+1 >0 . ο . Σ «t„ ε Q .‰+l17. » . lim t>,t — ∞ . min lim Z6<t-∣-ι υ,t+ι∕(rn+ι—⅜)>0.o.Σmx = x,.
oo V/i-l-l ----- Vn ^^ U,∣-j-I—V „18. v ε (Q f N) cres.lim vn= α>.nεQ.o.Σ,--------------= oo.∑. ------------εQ.
1 vn+1 1 Va+iVnP19. g ε (Q f N) decr. lim </,» = 0 . ∕> ε Q . o . Σ —1f '+1 ε Q . ∑15,∕i1 p

g a — g,ι+ι = oo . β3 pι8j

∙2O.Σιi^cc.^Q.o.∑1't^εQ.∑-f^=≈. [ · ]
21. i>,Σwa0εQ.o.Σ ∙a, t εQ.∑∕√-≈oo. [§3P19]1 (∑4m)i-p 1 Σλ«22·^1ΐΜ^·°·ί(^τ<^·23. nεθfN.jpεQ.□.∑1 u„ (∏1n^1 (1 — îô))p ε Q .
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24. Cesaro. Analisi algebrica, 1894, pag. 133.28, 29, 47. Bertrand. Journal de Liouville, VII, a. 1842, p. 38, 43. 30-31. De Morgan. Differential calculas, a. 1839, pag. 323.

VIII. - § 3. 91

24. Σ ⅛ = ∞ . ο . ∏mi3g⅛ (1 ÷ ¾ + - + ∑¾r) = ∏>∏ W
∑ un

! Un ∖ Un(1 + ∑-) ∙ [§1P27,§3P4J
1 —H —H —{—25. lu== ∞ . lira U-n = 0 . □ . lim  ----- ——-----------—— = 1 .

∑ Un-i log Σ Un» αεQ. » =a. » a∣ (l-+-α)log(l-÷-α).» » =oo. » = 0.[§3 P24]26. ∑uoo=∞.o.∑~ √⅛-≈oo .∑"---------=00....1 Σ ull log Σ ull 1 Λu,llogΛuιllog~Λult27. » N.o.Σf M,t+,1 [∑ u,i.log∑ wii.log2 Σ w,i. ...log? ∑zt,t] = ∞ .[§3 P25J-Λ 128. r £ N . logr m & Q . ο . Σ-----------------------------= oo . [83 P27]
,n n log n log2 n ... log,^ n b_ι ∞ 129. » » .βiQ.o.2-----------------------------------------f Q.
"l n log n ... (logr~1 π) (logr n),-+∕,[§3 P20, 25}30. » . Σ uM £ Q . o . 0 î lira n log n log2 n ... log1' η . [§3 P9, 28]31. » . £ Q . oo - £ lim u,ln log n log2>ι...logr-'n(log,' n)l+p.o.ΣwaoiQ[§3 P12, 29]32. Σ uTj = oo . ο : φ ε N f N . lira Σ^+?Λ?ίη ∣ [Σ un log ∑ un... log"l∑ un]- ε 0.- =φ a. [§2 P4 - §3 P27)33. Σ ux = ∞ .p ε Q . ο : φ ε N f N . oφ . lira uJ[∑ un (log Σ wn)1÷*,]= 0 . lim ∑'*+⅛* U)i I [Σ Mn log Σ un (log2 Σ wn)1÷∙P] = 0 .34. Σ w00 = ∞ .τ*εQ.or φεNfN.o^,. lira ∑"+,,'i «,» ∕ [∑ u,l log ∑urt... log”1-1Σ Un ( lθg,'i Σ U.l )1+i,] = 0 .35. φεQfN. ο : υ ε Q f N . min lim φ,t vll~0.1 vx — ∞ . ~ =v λ .
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92 VIII. — § 3.

41, 41', 52, 52’. Kummer. Crelle’s Journal, XIII, a. 1835, pag. 172, 173, 177.42. Raabe-Dühamel. Journal de Liouville, IV, a. 1839, pag. 215; VI, a. 1840, pag. 85.

36. φ ε Q f N . lim φ„ = ∞ . ο : ν ε Q f N . max lira φ„ vn = ∞ . Σ vx ε Q .— =ν Λ .
37. uε(QfN)cresc.liπwn=∞ . ρ ε Q.max lira—------ — ull ε Q. ο . Σ ux ε Q.[§3 Ρ12,18]

. ,. V,t lθg Vn - lθgm Vn „38. » » mm lira------ -------- ------ wn.o.∑woo=∞.t,Λ + l [§3 P9, 27]
vn↑og ν,ι ...logm lrrt(logmrrt)1+P

39. » » υε Q.max lira----- - -----------------------------------
Va- Vn-iwrt ε Q . ο . ∑ w00 ε Q . [§3 pι2> 34]40. max lim (wn+Jwn) < 1 ∙ 3 ∙ 2 ux ε Q .41. min lim (nun∣un+i — n — l)>0.o. Σm30 εQ.max lim ( » ) < 0 . o . » = ∞ .41'. wε (w + N). oil . (nwn∕‰+ι — n — 1) < 0 : o . Σ ‰ = ∞ .42. v ε qfN : n f N . on . ‰+i∕ttn = 1 — vn∖ιι : l'v.< 1 : o . Σ un = ∞ .: max lim < 1 : o . »: l1v< >1 :ο.Σμλ îQ.: min lim vtl > 1 : o . » 1 -|-p43. a ε Q .p ε Q.r ε qfN . ∞ - ε vλ :n ε N.oa .ua+i∣u,i = 1 +fl(w -t- vjn.·. o : lim uιl = ∞ . lim ua∣na ε Q . Σ uj0 = ∞ .= ( 1 ^+" ~ "h ∕ ~t~ ~) · o . ∏ c00 ε Q . un^un = cn

(n -+- l)",'wαJ 144. aεQ.pε Q. r £ qfN.∞-ε rx: η ε N . oa. ua4,l∣ul==l- a∣n-i-vl,∣n.·. o:lim wα=0.1im na ull ε QwZl,o.∑ u,_ = ∞ > 1.□. ∑ uλ ε Q .45. v ε qfN:?i ε N.3,l.w,l+1∕wn=l-1/n—rj(wlogn) : 1' v» ½ 1:ο.Σ ‰=∞ .: max lim y,t∙≤lm. »: 11 vs > l:o. ∑ ujaε Q.: min lim r,,>lm.ΣwjufQ.46. v ε qfN . ε N : η ε N . □n . w, ,+Jw,t = 1 — 1 /n — 1/ (w log n) — ... —1/ (n log n log2 n ... logP~1 n) — vlJ (n log n log2 n ... log? ri) :Γr^lιo.∑ιεzι=∞.___________ l1⅝>l!0.∑wzl f Q.
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VIII. — § 3. 93

56. Gauss. Wβ7'ke, III, a. 1866, pag. 139.

ί -ϊ46'. ν ε q fN.jp ε Ν:ηε N.on.w \1—unn ∕=log w-t-...-∣-logP-in-t-vn logP η.Γ ν» < 1 . ο . Σ w00 = οο . ]1 v.s > 1. ο : » ε Q .47. ν ε qfN .jp £ Ν : η £ Ν . o,t. ull∣ull+l = 1 -+- l∣n -+- l∕(n log n)-+-... -+-l∕(n log η log2 η ... k>gP~1 η) π- vn∣(n log η log2 η ... logp η) :
1'¾Z 1 :ο . ∑wα, = οο. 
l1r., > 1:ο . ∑tq5 ί Q .

log ( —---------------------------
. ∖n u,l∖og η ... logm~l η „ ^48. mm lira.-------------- τi----- ---------> 1 . □ . Σ u ε Q .log,'l+1 η *,. 1°g Lwz,logn ... log”w J49. max lira------------------—-------------  < 1 . ο . Σ ‰ = οο .logw÷1n50. ν ε Q f N . min lira Vn+i- = 0 . Σ υ = οο : - =v λ .51. » max lim v,h-i∕vλ == ∞ . Σ v00 ε Q : - =y λ .52. υ £ Q fN . min lira (w,l vnlυn+ι — un+i) > 0 . ο . Σ v00 £ Q .52'. » . min lira vnun=0. rain lira vniirtun+ι∕(wΛ—‰+ι¼t+ι)>0 .ο . Σ ux = ∞ .∞ 153. » . Σ — = ∞ . max lim (‰ ∙υj'υ,t4-i-un+1) < 0 . ο . Σ υ00 == αο .

IC53'. » . » : η ε (m-÷N) . on . (wn vj'υrt+ι-‰+ι)<0.o.Σ ‰=∞ .Mm-L1 -- Vu ∞54. r ε Q f Ν : η ε Ν . on . —÷ ≤  ---- - ---- . ο . Σ4 wεQ. [§2 P24, §3 P13l
un 1 -+- vn+ι 1

∞ Un-i-↑ = Vn55. Σ, u ε Q . ο : ν ε Q f Ν . η ε Ν. o,4.----- <Ζ -- ------- — : - =„ λ .
1 ull 1 -t- υn+ι

ΕΡ τ, cr7 κτ ^ un nm + ainm~i-+- ...+am
, 1 w n un+i nm-v-biri'n~i^- ...-∖-b,nα1 — 51 > 1 . ∩ . ∑ ‰ ε Q .» ≤ 1 . . » — ∞ .
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94 VIII. — §§ 3-4.

§ 4. (Q fN) decr.1. u , v ε (Q f N) decr . Σ uaa ε Q . Σ va0 = ∞ . γ ε (N f N) cresc . h ε Q ?· ε N . or · UyJ Vyr>h .·. o . œ ε lim (φzl+ι — φn).
§ 4. 1. Giüdice. Giornale Battaglini, a. 1890, pag. 287.

57. uil∣u,l+ι == . n (un I un+ι — 1) = λ'’ ’. log η (λ*1) = λ^'. logl η(λ(2)_ 1). = λ(3).... lim χ(0) = lini χ(1)= ... = lira λ( "~n = ι . v η ' ζΐ η η ηmin lim λ'"υ > 1 . _ . ∑ w ε Q .
η ∩ 00 τοmaxlimλ'Jυ «< 1.. . » = αο. [§3 Ρ47]_ ∞ Wr-Ul = / 1 \ 0058. ν ε Q f Ν . Σ μ = ∞ : r ε Ν . or .----- - < 1 η-----, ∙υr+ι. ο. Σ ν

1 ur ∖ vr' 1= ∞ . lim Σ^ v∣ ∑" u==0 . [§2 Ρ25]59. rεQfNirεN.o,.α^=.≥±^i^.
1Lγ∙ Vrlim u,l I va ε Q. . ∑1" u ε Q .. ) Γ Wr+l ur η

» = ∞ . v~y . » — ∞ . --------------------= Ur . ILvr÷ι vr J
~n T√T - Ur-j-i Vr+i (vr -t- 1)60. r ε N . or . -----=------------------- : □ . ν ε Q f N . - = a .

ur vr
eι <λpxt AT Ur+i = Vr+i Vr -+- 1) .. Un ∞€1. rεQfNn∙ε N.or.-—- < ----------------- :maxhm — =∞ :o. Σ, u — ∞ .

ur vr v.i 1
= . un62« » * » » » lim — ε Q : o . » ε Q.

vλ63. υ ε Q f Z,,,+l. a , b , (b - a) s Q . ψ ε (α~ 5) f Z „ : r Z „ . or . —* =

Vr+i (⅜r Vr + 1) . θ J_ ∕ ‰÷1 _ «Λ < √>> w < £ ∕‰+l _ .Vr '' b ∖υm+l vJ a ⅛υw+1 vl∣ '64. a, b, (b—a) ε Q. r ε Q f N . ψ ε («“ ô) i’N . ∑"' w ε Q : 7∙ ε N. or . —1 =
Ur

,yr+l (ψr H- 1) . Un----------- - ------- : o . lira — ε Q .
υ, υ,ilim— _ _2 < v u < _ lim ------i .

b ∖ vn υl∣ 1 a ∖ v,t vll
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2, 3. Dini. Annali Università Toscane, a. 1867, pag. 78-80.4. Cauchy. Anal. Alg., pag. 135.

2. u s (Q f N) decr . λ ε (N f N) cresc . max lira <1 . Σ u ε Q . 3 . Σ*λn+-l tλn uχ* ε Q .3. u ε (Q f N) decr . λ ε (N f N) cresc . min lim r—— >· 0 . Σ ux = ∞ . o .λ z»-(-1
00∑j λ>t Η,λ '==r' ∞ ·4. zî ε (Q f N) decr . a ε N . 3 : Σ ux ε Q. = . Σ^ an uan ε Q .5. v ε (Q f N) decr . Σ zz00 ε Q . ul = vl — v2. u2 = 2 (zz2 — υ3). u3 = 3

(v3-Vi).......... □ · ∑ ‰ = -, 7 +∑9 -+∑3 - + ·.. = ∑1 U .
1 Z "Z* Λ γ 16. zz ε (Q f N) decr . max lira nu,i > 0.3 . Σ zza0 = oo . [§4 P4]

007. » . 3 : Σ zz00 ε Q . = . lim zzzzn = 0 . ∑1 n (un— zz.l+ι)εQ.[§1 P30 . §4 P6]S. » . Σ w00 ε Q . o . Σ m00 = Σ* zz(zzn-Mn+i). [ » ]9. zz ε Q f N . Σ zzai ε Q / y, α zz ε (Q f N) decr . lim λ,l = ∞ . max lim αn (λ,l — λn-1) e Q . 3 . lim λ,, αn un = 0 .Γ 00 '[IIp . 3 . ∑ι (λ,n λ/ι—i; <x∣ι zi/» ε Q . lim  ----- = 0 . (λm+ι—λ J() oc.zi+i
^∣n+ιιZZm+l-∣-∙∙∙-H^(λ.fln-n — ^∕n+>ι—IJ ⅛+zι U,n-^n ^m+n il — r——)' λ.n+n

&m+ii Um+n · §2 P3.3 . TllS.]10. u ε Q f N : η ε N . 3« . nu, Ο (zz h- 1) zz,,+ι : max lim nu,l log zz>0.3.∑tt00 ≈ ®. [§4 P9 . §2 P46]11. Zi ε Q f N : η ε N . o„ . nun log η > (η -h 1) zzrt+ι log (zz -h 1) : max lim
nu,l log n log2 zz > 0 . ο . Σ uM = oo . [ »12. u ε Q f N : η ε N . o,l. nu,l log n ∖ogin >> (zz -h 1) zz,i+ι log (zz ÷ 1) log2(zz -+-1) : max lim zzzzn log n log2 n log3 n > 0.3 . Σ uλ = oo .[ ’ ]13. zz ε Q f N . Σ zzx ε Q : zz ε N . ort. zzzzn log zz log2 n ... log”1 n > (zz -F 1)zin+i log (zz -f 1) ... log,it (zz-Fl). 3 . lim zzzzn log zz log2 zz... logm÷1 zz = 0. [ » ]
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96 VIII. - § 4.

14-21. Prixgsheim. Mathematische Annalen, XXXV, pag. 381-392. 22, 24, 25. Ermakof. Bulletin de Daz-boux, a. 1871, pag. 250, 255.

<x> 1 . ZZ∙,i-∣-l -----‰14. u ε (Q f N) cresc . d ε Q f N . ∑1 — = ∞. max lira -—γ∑∑~cΓ ε Q * 0 ,∞ 1
∑ — = ∞ .

1 u
x 1 '2Z∕t-‰>l z~x15. u ε (Q f N) cres . c ε Q f N . Σ. — ε Q . min lim--------------ε Q . o .
1 C C/i-f-l — C∏

x 1∑1 - ε Q .
1 Zi

îô/l-4-1 ^∕i ~ -i16. u ε (Q f N) cresc . max lim  ------ -—∑—■—?—— ε Q . o . Σ — = ∞ .v log n log2 n ... log1 n 1 u17. zι ε (Q f N) cresc .p ε Q . min lim  --------— --------——1—-—ι,t ,' 1 x, log n log2 n ... logi'i 1 n (log"‘ n)1÷J,∞ 1ε Q . ο . Σ — ε Q .1 zi
ZZ∕fi~ι~^ ZC/1 118. u ε (Q f N) cresc . max lim---------—------ -——----- ε Q . ο. Σ — =∞ .

k ' ↑og un∖ogiun ..Λogm un 1 u

U∣ι-^-i — Un19. u ε (Q f N) cresc . p ε Q . mm lim------- -—ξ------ i—ïïTï—7ï—m—ΫΓΣ7,k 7 r ∖ogUn∖Qgiun..ΛQg un{∖ogmuny-+p
^Λ 1ε Q . ο . Σ — ε Q .1 u20. φ, — , ε (Q f Q) decr . (^ — Λ) ε Q f Q . lim^=x lιx = ∞ . p ε Q . minlim«=„ ⅛+,l~g⅛∖φ⅛+^ > 1 · 0 · C f (») = ∞ ■

(hχ+p --  hχ ) ψ (Jl(fi)21. φ , — , — ε (Q f Q) decr . {g — li) ε Q fQ . limie=∞ hx =∞ .p ε Q . max
9 "

η. (<7^+p —5,^)cp(6r^) 1 v00,λ fm∖, nhmie=00 ---------- , ,,-----; < 1 . o. ~1 φ (n) & Q .∖hχ+p — hχ ) φ [hχ+p)22. φ, — ε (Q f Q) decr : x z Q . Ox . gx> x : liπ⅛=+o -—— = 9χ -r∞∙
φ (x) <1 U 1 ε Q.
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VIII. — §§ 4-5. 97

§ 5. n uM.

u ε Q f N . o :1. Πmw = Π“ îî = w1 u2 u3... = lim Π wn . [Def.]2. Π mx £ Q · = ■ 2“ log m £ q .
oo oo 1 ∙o3. ïî ε Q f N . o : Πz6x = ∞ . = . ∑1 log u = oo . = . ∏1 — = 0 . = . Σ (log — ==■ — ∞ .

6 u
4. ∏ no0 fQ. o . lira un = 1 .5. V £ QfN . s ‰ £ Q . o . ∏1zj (1 -+- v,l) £ Q .G. » » = oo . o . » =oo.7. ν ε 6 fN . ∑ vx £ Q . ο . Π“ (1 — vn) ε Q .8. » = οο . ο . » = Ο.9. ν £ (— 1 -+- Q) f Ν . Σ υo, Σ r√ ε q . ο . Π“ (1 -+- ν„) ε Q .10. » Σ r00 ε q . ∑ υ200 = οο . ο . » = Ο .1L· τη ε Ν . □ : Π w00 = Ο . = . ∏x w = Ο . [§5 Ρ1]Μ12. «ι ε Ν . ο : Π wy ε Q . — . IΓo w ε Q . ( » |m13. Π wx ε q . = . φ ε Ν f Ν . . lim Ιΐ”+’Λ « == 1 . [ » |

§ 5. 2-10. Cauchy. Analyse, algébrique, pag. 561, 5G2, 563.
7 — Fυrmul.

23. φ, ε (Q f Q) decr . limx=∞ ⅛ = ∞ : a? ε Q . ο®. æ> Âæ: lirap=+o
hχ+p — Ιΐχ ,---- - —---- = hx.

P
φ fa?) X> 1 . oo , . = ∞ .lιm*=00 ——. Μ Σ. φ (n)h x φ (hx ) < 1 U . 1 ε Q .24. φ ε (Q f Q) decr. lim > J ; Q ; ∑f φ (n) =Q“ '

25. φ ε (Q f Q) decr. lim φ⅛¾ < I i Q X ? « 7q” '
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98 VIII. — §§ 5-6.

§ 6. q’fN .1. (*)[§1.§2,P1-13] (%’)[§ 5 PI, 4,12,13]2. u ε q'f N . 2“ mod «fQ.o.Σ uλ ε q'.3. u ε q' f N . Γ mod ¾ ε Q .ι-εQfN.2rx ε Q .o. ∑' u,l r,i ε q'.[§2P4 .§6 PI]4. u ε q’ f N . Σ mod ux ε Q . ν ε q’fN . Γ mod ε Q . o . z*Mrt v,l ε q' .[ ’ ]5. » . Σ uM ε q'. ν ε (Q f N) dec . o . ∑]0 un vn ε q'.6. » . » » cres.ra0-=∞ .o. »
14, 15. Giudice. Giornale Battaglini, a. 1890, pag. 305, 306.20. Euler. Introductio in Analgsin inf., I, a. 1748, pag. 225.§ 6. 2, 4, 15, 18, 19. Cauchy. Analyse Algébrique, pag. 147, 274-277, 280, 281.4. O. Bonnet. Liouville Journal, a. 1843, pag. 73.5, 6, 8, 9. Abel. Œuvres, I, pag. 222. - Dirichlet. Teoria dti 

numeri, pag. 368. - Càpei-li-Gàrbieri. AnaZm algebrica, a. 1886, pag. 190.

14. φ , w ε (1 -t- Q) f N : η ε N . on . φ» i φn+i > ‰+ι : o . ∏ ‰ ε Q ·i15. » . limφrt=l. » » (φrt ∕ φrt+ι)^∙∙-1 ■< ⅜n+ι :o. » = ∞ .
7 vn \n *o16. v ε (Q f N) decr . ∏ va0 ε Q : n ε N . o,l■ uλ. = ----- : o . ∏ ■=■ Π (

• ' ∖vn-μi∣
1 1 1ce vl y·wr II, ur II, ttr ... =∏wao .17. u ε (Q f N) decr . max lira (1 -+- un )n > 1 . ο . Π (1 -+- w)00 ∞ .[§4P6.§5P2]18. α ε Q f N . Π (1 -h w)x ε Q . , (1 -+- w)a ε (Q f N) decr . lira λ,t = ∞ .max lira αn (λn — λn-1) ε Q . o . lira (l-t-u,t)^n*n- 1. [§4 P9 . §5 P2]∞ ∞ 119. α'<l.0.∏1 (H-o")=∏1 1 _ αa,ι., .20. ⅛ε(1-t-Q).0.<⅛=<(l-□-J.
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VIII. ^-∙ § 6. 99
7. » . 4mod(∑a)5- ∞ . r ε (QfNklec.iimt∖f= O.o.∑'j0√qtr,,f q',8. » » . vεq'fN . ∑jo. mod (r,t — urt+1)fQ.• limrn=O.O.Σjx wn-^1εq'.9. » . ∑ iΛσ2 fq'.viq,fN. ∑jo mod(rrt-υrt+1)fQ.3.Σ"wnvrtiq'ι.[§1 P32 . §2 P4 . §6 PI]10. ?« ε q' f N . Σ uy ε q’. o .·. φ ε (N f N) sim . 0o. Σ «>. = Σ ?rz : = : Σλk Ji=i rn ' 1mod w ε Q .11. u ε q’ f N . Γ mod Mχε Q . v ε (Q f N) decr.lim vll = 0 . o .∑'z mod (wM—‰+1)^εO.. [§1 P32]12. wεq,fK. lim wh ε q,. v ε q f N . a ε q : n ε N . on. r,,+ι ε med (r„, a) :

ο . Σ mod (u,t — urt+ι) vll ε Q„ . [§1 P32]13. u ε q' f N. mod μ ε Q f N . II ux ε q'. o .·. φ ε (N f N) sim . ora. Il wm =
ï H=i ÷10 iiIl ux :==: ∑z' mod («· — 1) ε Q .14. u ε q’ f N . Σ , II (1 -t- w)xι ε q'. o . mod Σ ux < ∑z mod u . mod Π(1 -h îî)x = Ilz mod (1 -+- îî) .

u , v ε q' f N : η ε N . o,t. ιv,i = ∑m f* um v„-m+i : o15. Σ mod uλ , Σ mod rd0 f Q . o . Σ wλ = (Σ um') (∑rw).16. ∑ιtao,∑rαj,∑woθfq'.θ.17. S mod ux , Σ vx ε q'. □ . »18. u , v ε q f N . o : Σ" (un -+- i vn ) ε q'. = . Σ wx , Σ rx ε q .19. » . Σ ux , Σ υx ε q . □ . ∑z (‰ -b i vrt ) = Σ îîx -+- i Σ vx .20. » . η ε X . Ο/j. Un w,∣4-ι j rz,-∣-∣ ε Q: ο: Π ∣ (1 —t— u,t, —t— i vn )ε <l' · ≈ ∙ ∑]0 mod (un -+- i vl ) ε Q .
10. Dirichlet. Matliem. Abhandl. der Kiinigl. Akademie der Hï«- 

scnschaften zu Berlin, a. 1837, pag. 48.13. Dini. Annali di Matematica, II, a. 1868-69, pag. 35.16. Abel. Œuvres, I, pag. 226. - Cesàro. Bulletin Darboux,sι. 1890, pag. 114.17. Mertens. Crelle’s Journal, t. 79, a. 1875, pag. 182.20. Pringsheim. Mathematisehe Annalen, XXXIII, a. 1889, p. 139,
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100 VIII. — § 6.

21, 22. Dirichlet. Teoria deι numeri, versione italiana Faifoferx 
pag. 225, 336.

αο » ∞ „ 1 2 a a3
21. a z q’. raod a < 1 . ο . (1 -+- 2 ∑1 ain ) ∑1 α(2"-1) = ^-2 — 1 _ α,∙

«·■_______ (£_
' 1—a10 1 — ali~i~ "

22. ψ ε q' f N . ∑1z' mod ψ (n)ε Q . ψ (1) = 1 : n , w' ε N. oft, «' · Ψ («) ψ OO

= Ψ ≈ ∙ ∏Γ i-4√⅛Γ) “ ψ (W) ·'

F. Giudice.
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