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Hamilton’s principle in thermodynamics
R. KOTOWSKI (WARSZAWA)

A SURVEY OF ATTEMPTS to describe dissipative processes by means of the Hamilton’s variational
principle is given. The most general and promising gpproach is that proposed by Anthony, where
the full power of the Lagrange formalism is applied. Anthony’s theory can be classified as the
doubling of fields variational principle. Alternative sound interpretation of the additional variable
©(t, =) introduced by Anthony on the example of the diffusion equation is given and discussed.

1. Introduction

ONE OF THE MOST striking features of the modern physics is its tendency towards the
unification, i.e. to describe as many facts as possible by the smallest number of theories.
This is a natural consequence of the historical development of the science stemming
from our realization that if one attempts to describe theoretically a certain part of the
real world then one is confronted by a very large number of objects and with a very
complicated network of interrelations. To be able to grasp a problem, it is thus necessary
to construct dramatically simplified models of reality which then can be usually divided
into classes. Each class of models describes one set of phenomena while simultaneously
neglecting another set. For example, in physics one has models for dissipative and non-
dissipative processes. However, in nature most processes are dissipative. It is usually only
the first step leading to understanding of such processes that one models them as non-
dissipative; this is done when the dissipation can be regarded as negligible. Nevertheless,
there remain two worlds in science, two kinds of physical theories: those which describe
dissipative processes and those which describe non-dissipative ones, each with its own
methodology and history.

It can be very fruitful, both from the practical and the methodological point of view, to
apply in one’s own area of interest the methods proved to be productive in other branches
of science. From this approach new perspectives and new directions of studies can emerge.
One example is the application of rather abstract mathematical constructions in nearly all
branches of science. Another example is the new trend of applying ideas from physics to
the social sciences. But, so far, the application of the unified field-theoretic method for
treating both the dissipative and non-dissipative processes has not been encountered in
the’literature.

A very powerful and elegant tool used both in the dissipative and non-dissipative
physics is the variational calculus. There exist many variational principles applied to the
particular problems but one of them, the Hamilton’s principle, is distinguished by its
very physical significance because it needs the minimum number of fields to describe the
physical system. Hamilton’s variational principle is just the first part of the Lagrange
formalism, ie. it allows to obtain the Euler-Lagrange equations (equations of motion
or field equations) and the boundary conditions on the basis of a given Lagrangian. The
second part relies on obtaining the constitutive relations and conservation laws by applying
the Noether theorem and on studying the stability conditions of the system by making use
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of the accessory variational problem. The application of the Lagrange formalism to the
dissipative phenomena is not well established as yet but the research is in progress.

2. Classification of variational principles and the Lagrange formalism

The classification of variational principles in thermodynamics was made by MUSCHIK
and TROSTEL [8], where the references to literature were also given. They were in.erested
in global principles which were characterized by a Lagrangian. The local principles like
the minimum entropy production were not classified. The global variational principles
were divided into strict and non-strict principles, and the strict ones were characterized as
parameter Lagrangian or variational self-adjointness or doubling of fields.

Let us consider a candidate to be a Lagrangian to describe the heat conduction process

(2.1) L =L(T,a7),

which depends on the one field only (temperature) and its first derivatives. It is seen [1]
that the energy flux
oL

2.2 i) = 5= 0:T

( ) J(w) B(VT) t
vanishes in the stationary case, what contradicts the experiment. The situation can be
improved by adding to the Lagrangian one extra field changing in time, e.g. (%, z), while
T = T(z), because in this case

) ac
(2.3) Jw) = m@: + m&t

We conclude that the method of doubling of fields can be suitable to describe phenomena
of this type. In what follows we restrict ourselves to this type of the variational principle
only.

The above equations were obtained using the Noether theorem. Let us recollect
shortly the fundamentals of the Lagrange formalism. If Lagrangian £ depends on the N
functions ;(, z) and their first time and space derivatives, i.e. £ = L(¥;, 8%, 0:1;),
then equations of motion (Euler-Lagrange equations) are as follows:

oc ac acC
(2.4) O+ Ve ee———-—=0.
a(aﬂb:) a(v¢s) ad’:
By applying the Noether theorem one obtains the conservation laws and the constitutive
relations for the following quantities (® means tensor product, a = 0,...,3; ¢, =
1,..., N; and the summation convention is assumed):
1) energy (invariance with respect to time translations £ — t + At)
(a) energy density
ac

(2.5) u= 0(a¢¢.)6‘¢'

(b) energy flux density
ac

a(vw')aﬂbﬂ

(2.6) jw =
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(c) conservation law
(2.7) Ogu + divjeyy = 0.

2) momentum (invariance with respect to space translations r — = + Azx)

(a) density of linear momentum

aLc

(2.8) P = 5507 P

(b) linear momentum flux density

ac

(Vi)

(c) conservation of linear momentum
(2.10) Op + diva = 0.

3) mass-like quantity (invariance with respect to gauge transformation ¥ —

1 exp(2A¢€))
(a) mass-like density function

(2.9) &= @V —1-L,

[ o aL .
@11 w= ”‘(a(aup)‘[’ " 3o’ )
(b) mass-like flux density
Ve ac
. i = 4 (55557 = g )

(c) mass-like balance equation
(213) Btw + diVj(w) = 0.

The stability of the system can be studied with the help of the accessory extremal problem
[2, 5]. Let us consider the one-parameter group of process transformations

(2.14) ¥, z,€) = Tehi(t, x),

within the one-parameter class of real processes satisfying the Euler-Lagrange equations.
@19) miha) = L2

defines real variations of the process ;(z, t) with respect to the parameter ¢

(2.16) 61p; = n;be.

It is known from the ordinary theory of maxima and minima that the necessary condition
for the functional 7 to have an extremum is vanishing of its first variation (what is ensured
by the Euler-Lagrange equations), and that its second variation for the solutions of the
Euler-Lagrange equations should satisfy the conditions

24 _ [ >0 for the minimum,
(19} T = { < 0 for the maximum.
If we assume that the action functional is twice differentiable, we can write

(2.18) 6T = 6T + 6*T + B(5v)%,
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where
and
(2:20) Jim 8 =0,
=] = (v g o)
@21 87 =650 = J 550 pgy O
2 42«7
(222) 6°J = d62 o

1 0*L 0L
3] (g 803 gy PHO0
a*L

+ 3(3a¢:)6(aﬁ¢3) 6(aa¢t)6(aﬂ¢1)) .

It is known from the calculus of variations [9] that to every differential equation its varia-
tional equation can be attached. The variational equations of the Euler-Lagrange equa-
tions

aL oL
223 Limdopome = 27 =0,
(2 0(0api) O;
are the Jacobi equations

afn an
2.24 Qi=da—_——=
24 B@at) W
The kernel §2 has the form

(225) 20,09,

0L L
,80) = iy + 2 ;B
9L
=+ 50, ,‘3 7)),
0500 ")

and variations 7;(,z) are the solutions of the Jacobi equations. Making use of the
Euler formula for the homogeneous function of the second degree (here the quadratic
form 2(%, dv,n, 0n)) and of the Jacobi equations (2.24) one can obtain the following

expression
(a) non-homogeneous conservation law (balance equation)
(2.26) O¢s + divjs) = 0y,
(b) density function
on
(2.27) = mﬂn
(c) flux density vector
as?

(2.28) Jo) = ="

(Vi)
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(d) density of the production rate
(2.29) os) = 202.

The set of equations (2.25)—(2.29) associated with the group of process transformations
(2.14) defines observables of the second kind.

3. Morse and Feshbach approach

In their famous book [7] MORSE and FESHBACH gave some examples how to obtain,
by means of the Hamilton’s principle and by applying the Bateman’s embedding process,
the equations describing the dissipative systems, i.e. such in which the energy losses are
not negligible. To be able to treat the dissipative physical system as the conservative one,
they propose to consider simultaneously with the starting equation its mirror-image. Let
the one-dimensional oscillator with friction be described by the equation

(3.1) mi+ R+ Kz =0.
They propose the purely formal Lagrangian

(3.2) L =m(&t™) — %R(x":i: —2z3") — Kzz™,

where z* represents the mirror-image oscillator with negative friction. It can be obtained
from the Hamilton’s principle that the equations of motion (they call them Lagrange
equations) have the following proper form

(3.3) mi* — Ri*+ Kz*=0, mi+ Ri+ Kz =0.

The equation for the variation of 2* is just the equation (3.1) and the equation for the
variation of = involves a negative frictional term. According to the terminology from the
classical particle mechanics, the quaptity

_ ac(qu qu” atqr)
(3-4) Pr= 3(04qr)

is called the canonical momentum for the r-th coordinate [7]. In this case one obtains
two momenta

1 1
(3.5) p=mi*— ER:E*’ p*=mi+ ER:B,

which have little to do with the actual momentum of the oscillator.

Diffusion equation and heat conduction equation, very similar in form, are the next
examples of equations describing the dissipative systems. In this case Morse and Feshbach
have proposed the following Lagrangian

(.6 = —(grad ) - grad ¥°) — 52("00 — YO")

where 1 is the density of the diffusing matter or the temperature, ¥* refers to the mirror-
image system, and a? is the diffusion constant. Here and above superscript * does not mean
the complex conjugate. The field equations (called Euler equations) for this Lagrange
density are again the proper ones

(3.7 AP = a’0yp, AY* = —a’0,*.
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The equation for ¥ is the starting equation, and the equation for * is for the mirror-
image system, which gains as much energy as the first loses. The calculated canonical
momentum densities

1 1
3-8 - —— 2,/ o 2
(38) S0, P = sa,
also in this case have not much to do with the physical reality.

4. Djukic and Vujanovic approach

DIUKIC and VUJANOVIC [4, 12] proposed another method to obtain the requested
equations of the irreversible thermodynamics by means of Hamilton’s principle. They
assume that the Lagrangian depends not only on the field variables (e.g. the absolute
temperature 7" = 7'(, z)) and their first derivatives but also on a certain set of arbitrary
functions ¥i(t,z,A), £k = 1,2, ..., N with the following properties:

4.1) _ )l\unu Ur(t,z,A) =0
and -
(4.2) /{El‘l"azwk =1, )l\i_.moatspk =

Let us show how their method works for the heat conduction equations. In [4] they
propose the following Lagrangian

kZ(T) !If(t A)

(4.3) L =——(0:T) - ——p(T) «(T) k(T) (3T)".

Here p(T") is the mass densnty, k(T) is the thermal conductivity and ¢(T') is the heat
capacity. The function ¥(t,) is not a subject of variation and the Euler-Lagrange
equation takes the form

(4.4)  O:[K(T)0:T) - 0¥ p(T)c(T) 0, T
W(t, A 1

= S 0@ k0D - S0y Dy @),
Using equations (4.1) and (4.2) with A — 0 one obtains the one-dimensional heat con-
duction equation with coefficients depending on the temperature
(4.5) p(T)e(T) T = By(k(T) 3, T).
If we now try to apply the Noether theorem to the Lagrangian (4.3), we obtain the results

(a) internal energy density -

2
(4.6) --Lwry,
(b) internal energy flux
4.7) j = kXT)8.To,T,
(c) pressure
(4.8) p=0,
(d) stress
(4.9 o = kY(VT)?,
)

and all these results contradict the known theories and experiments.
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In [12] the authors have obtained equation (4.5) and the equation taking into account
the finite velocity of heat propagation from another Lagrangian,

(4.10) L= [kz(T)(a Ty = S(T)k(T)(BtT)Z er.

As a small parameter function they have introduced here the relaxation time 7. The
Euler-Lagrange equation takes the form

@.11) 9, [k(T),T] - S(T)atT =

2075 (S @KTI AT) = Zor[STI KDY @1
Here S(T) is the volumetric heat capacity (product of density and heat capacity at a
constant pressure). They have obtained equation (4.5) (in three dimensions) as a limit
case of equation (4.11) with 7 — 0. The Noether constitutive relations are the same as
before.

5. Anthony’s approach

Anthony’s approach, according to the classification given by MUSCHIK and TROSTEL
[8], can be called as doubling of fields, but it differs significantly from all other approaches
we have already mentioned. Morse and Feshbach, and Djukic and Vujanovic stopped their
analysis on obtaining the Euler-Lagrange equations. They did not go further, they did
not study the symmetries of the Langrangian. It means, they did not apply the Noether
theorem to the proposed Lagrangians. Anthony’s approach is more general. He attempts
to use the full power of the Lagrange formalism: all information about the system is
contained in the Lagrangian, the Euler-Lagrange equation of motion (field equations)
one obtains from the Hamilton’s variational principle, constitutive relations and conser-
vation laws one obtains from the Noether theorem, and the stability of the system can
be studied with the help of the variational accessory problem [9]. Anthony published his
theory in the series of papers, and a relatively full bibliography can be found e.g. in [3].
We present here the main points of his theory only, in order to distinguish the differ-
ences between his approach and the former ones, on the basis of the heat conductivity
problem.

The main and the new notion of Anthony’s theory is the complex-valued field of thermal
excitation 1(t, x) defined as follows:

(CRY) P(t, x)p(t, z)" = T(t,z) = 0.

Let us notice that, from the very beginning, the absolute temperature T'(¢, z) is positive
defined, what does not follow from the heat conduction equation and must be additionally
assumed. This representation of a positive defined quantity is known in physics as the
Born representation. It is seen that

(5-2) P(t,z) = V (@, m)eiw(t'x)a

where phase (t,z) is a certain unknown function. The proposed Lagrangian in the
(v, ¥*) representation is much longer than in the (7', ¢) representation, and we show
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here its shorter form only,

T
In —

. 107 15 T )

(5.3) £~—cT—; T6t<p+§ z 0T +;)\.. VT®V<,0+2T2VT® vT),
Ty

where w is a constant with the dimension of frequency, ¢ is the specific heat, A = (A8
is the heat conductivity tensor and T, is the reference temperature.
Application of the Lagrange formalism machinery yields the field equations

(5.4) T - AV VT =0,
(5.5) Do — AV Ve =—cw— \. (%v ® VT — %VT ® VT),
(here .. denotes summation over two indices) and the boundary conditions

1 = 1 =~
(5.6) ;n(z\ -VT) =0, ;n(A - V) =0.
If the solution of equation (5.4) is known, then the particular solution

Ty

5.7 t,z) = —wt +
(5.7) Plts ) = —wt + s,

fulfils equation (5.5), and the thermal excitation field takes the form

) . T
(5.8) Y(t,x) = /T(t,z)exp ( —wit + lZT(to,:v))'

In our case the energy density and the energy flux density are as follows

(5.9) u=cT - li..(VT ® Vo + D oorg VT),
w 272
(5.10) Jewy = (%S.. [(w + %VT) BT % VT(‘?t(p].

Putting into the above equations the particular solution (5.7) one obtains expressions for
(a) thermal (internal) energy

(5.11) u = cT,
(b) heat flux
(5.12) jo = —X-VT.

We do not show the expressions for the linear momentum because they cannot be
compared with the experiment as yet. Let us remind that the present considerations are
carried on for a rigid conductor and the mechanical degrees of freedom are not taken into
account. Moreover, the identity established in this case is fulfilled for every temperature
distribution and gives no new information about the system.

The mass-like quantities in our case have the forms

(5.13) w=AcT, ju) = —AX-VT.

It should be mentioned that they are propoftiona] to the energy quantities. For further
details see [1].
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Anthony calls entropy the observable of the second kind associated with the gauge
transformation

(5.14) P(t, z) = P(t, x)e.

In fact, he reproduces from his Lagrangian the fundamental equations of Onsager’s theory,
and namely:
(a) entropy density

T
3.5 $=—cln—
(5-15) T,
(b) entropy flux density
X-VT
5.16 iy = ————,
(5-16) J(s) T
(c) density of entropy production rate
VT .-A.VT
5.17) Oy = g
The second part of the second law of thermodynamics
(5.18) o) > 0,

is reproduced too. It is related to Lyapunov’s stability theory which is also a part of the
Lagrange formalism [2].

6. Othér proposal

It was shown in [6], that another sound interpretation can be given to ¢(z,t), the
additional field variable from the Anthony’s theory. As the starting point, the classical
diffusion theory was assumed.

The fundamental expression to describe the diffusion process is the mass balance
equation

(6.1) O¢p + div(pv) = 0.
The peculiar diffusion velocity v is a sum of the velocity of the chaotic motion u
Vp

(6.2) u=-D-F
P

and the drift velocity b caused by external sources
(6.3) v=h+u.

Here D is the diffusion coefficient. In the classical diffusion theory it is assumed that
the velocity b is proportional to the force acting on a particle (it is the so-called Stokes
relation) [11]

_ o

(6.4) z

F(z,1),

where 1/( is the mobility of a particle.
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On the basis of the above formulae, the non-homogeneous diffusion equation is easily
obtained,

1

(6.5) Op—DAp = “z div(pF).
The Stokes relation is valid for very short relaxation times only,
(6.6) T AT,
where

m
(6.7) T=—

¢

is the kinematical relaxation time, m is the mass of a particle, and
(6.8) Th=dt=t—-1 >0,

is the length of a physically infinitesimally small interval of time, defining the scale of the
observation time of the diffusion process. The generalization of the classical diffusion
theory is based on such a new formulation of the constitutive relation R (7) which allows
for the Lagrangian description of the diffusion process and which reduces to the Stokes
relation for the very short relaxation times, i.e. for 7 — 0. Let us observe that the elastic
force F. acting on a diffusing particle

(69) Fel == _Vilvo'ela
is proportional to the gradient of the elastic dilatation 7 because
(6.10) O = 3K,

where V, is the volume transported by the diffusing particle. It is assumed that the force
Fp, responsible for the inertial effects, depends on a certain internal variable ¢ in a similar
way as the elastic force does, namely

(6.11) Fp = =V (p)Vay,
where

Po m y
(6.12) Vi(p) = ?Vu, Po= 3o 0ot = K.

The internal variable ¢ is interpreted as the velocity of plastic dilatation. In this case we
obtain the non-homogeneous diffusion equation (6.5) in the form

(6.13) 0p — DAp = kT Ad.
The following Lagrangian is proposed

1 K
(6.14) L= ~(pdex - *Z*(VX)Z — DVp . Vy).
This Lagrangian yields the expected Euler-Lagrange equations
(6.15) Op—-DAp=rkAx and 0O;x+ DAx =0.
Here x = T¢. It was found by comparison of (6.4) and (6.5) with (6.13) that
(6.16) b=-Tyy= YOy

P i

where B = [2V¢ and Iy = m/k7 is the characteristic length of a diffusion process.



HAMILTON’S PRINCIPLE IN THERMODYNAMICS 213

Applying the Noether theorem to the Lagrangian £ (6.14) the following constitutive
relations were obtained:

Energy
(6.17) €= Z_L_VX - (kVx + 2DVp),
1
(6.18) Je = —~[DVx0p + (xVx + DV p)dix]-

It is easy to express the above formulae by u and v making use of equations (6.2), (6.3),
(6.15) and (6.16), namely

(6.19) = ==V - ),
(6.20) j. = pﬁD[(v — w)dip + VV(p(v — w))] = pﬁD[u div(pv) — vdiv(pu)).
(V] 0

We put here wk = Apy, and since w is arbitrary, we can assume A = 1.
Momentum

p
21 =-=V
(6.21) P=--VX
1
(6.22) i = ~(pdx — 5(VX)? — DVp- VX)bi;

1
+5[53exajx + D(0;p0;x + 0;x0;p))-

It was established that in the u, v representation linear momentum and stress have the
following form:

(6.23) p= p—z(v —u),

(6.24) oij = ZZ{ [D le(p(V —u)) - —(v2 -v?) ]6,_., + v;v; — u,-uj}.

Mass

To derive the mass conservation equation we have to write the Lagrangian £ in the
1) representation, i.e. we have to introduce a new complex-valued variable (¢, ) which,
by analogy with the Anthony’s thermal excitation field, we call the diffusion excitation field

(6.25) U(t, ) = /p(t, z)eXt=),
so that
(6.26) p = popy*,
(6-27) = ——ln(ﬁk)
and
T lp“ _ d; 2 * *
628 T=2p(L vy - LvwR) + o - vow)|
B l 2 4+ 2
to [5owr+ Zovuve+ Loy,
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We obtain from Noether’s theorem that

(6.29) - 20 Lyyr,

630 du= 5[5 (5ve- ,,w»*) — DBV + $V)].

P
These constitutive relations have the following forms in the original p, x representation
A
(6.31) w= —p,
w
. A
(6.32) Juw = -—;(DVp + kVx).

It is seen that they fulfil the mass-like balance equation (2.13), because inserting (6.31)
and (6.32) into it we obtain the diffusion equation (6.13) which, as it was shown at the
beginning of this section, is equivalent to the mass balance equation (6.1).

7. Conclusions

In the paper various attempts to describe the dissipative phenomena by means of the
Hamilton principle are discussed. The basic differences between them are to be noticed:
while the methods proposed by Morse and Feshbach or by Djukic and Vujanovic are of
a purely mathematical nature and allow quite formally to formulate, in the language of
variations, the equations describing dissipative phenomena, then the approach of Anthony
has a deep physical meaning because it describes the physical system in its full extent,
starting from equations of motion through constitutive laws and balance and conservation
laws, to the dynamical stability conditions [2]. The fundamental significance for the further
development of the theory has the complex-valued function (¢, z), called by Anthony
in the heat transport theory the thermal excitation field. This function is an example to
follow showing how to introduce new fields to the theories, in which the cross-effects are
to be described. A formal similarity to the quantum mechanical wave function may be
observed, but the thermal excitation function describes classical phenomena.
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