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In this work some problems associated with optical inhomogeneity testing in crystalli-
ne materials, including sources of optical inhomogeneity and its influence on materials' 
performance, advantages and disadvantages of different testing methods with particular 
attention payed to imaging polarimetry, are presented. A brief description is provided 
on principles of operation and working abilities of the computer-controlled imaging po-
larimeter developed in the ITME. It is capable of measuring plane-parallel samples with 
diameters up to 150 mm, and up to 10 mm thick, in the wavelength range of 0.4 -
1.15 um. The basic sensitivities/accuracies of the device are : birefringence < 5x10"^, prin-
cipal azimuth (one of the principal residual stress directions) < 1°, and transmission < 1 %. 
Several examples of measurements carried out on semiconducting and oxide crystals 
produced in the ITME, like GaAs and LiNbO^, respectively, have been shown. 

1 . I N T R O D U C T I O N 

Optical inhomogeneity is one of the most important parameters of crystalline 
materials widely used in optics and electronics. In this monograph after a brief 
introduction to the problem of optical inhomogeneity and its testing presented in 
chapter 2, the subsequent chapters are devoted to the construction and use of an 
automated, computer-controlled imaging polarimeter developed in the ITME. 

The polarimeter comprising only two large sheet linear polarizers as the modulat-
ing elements, is capable for real-time birefringence/stress and transmission mapping 
in large-area wafers or slabs (up to 6 inches in diameter and up to 0.4 inch thick, 
respectively) cut out from the investigated materials. By using a modified Carré 
method it is possible to acquire in a single measurement step all necessary data for 
calculating three maps: birefringence (natural or stress induced), the principal azi-
muth of the retarder (one of the principal residual stress directions) and transmission. 
By applying the piezo-elasto-optical coefficients of the material published elsewhere 
it is also possible to calculate and plot the residual stress map besides the usually 
acquired birefringence map. 

http://rcin.org.pl 
5 

http://rcin.org.pl


1. Introduction 

After a brief description of principles of the method given in chapter 3, only a 
short information on Polarimeters's construction (chapter 4) is provided, since it had 
been described in details in earlier works [1,2]. However, an emphasis is made upon 
mapping procedures presented in chapters 3.1 and 3.2, having a strict connection 
with optimization of sensitivity of the measurements (chapter 5). Although the 
Polarimeter can be used for investigation of all kinds of materials (e.g. polycrystals 
and glasses) transparent in the absorption range of a silicon CCD matrix (0.4 to 
1.15 |J.m) used in camera system, chapter 6 is merely devoted to birefringence or 
stress inhomogeneity testing in semiconducting and oxide crystals, being the two 
main fields of ITME's activity in materials production. The other important reason is 
that residual birefringence/stress testing in such crystals is a powerful tool for opti-
mization of their technologies, and especially of the most widely used Czochralski 
growth method. 

2 . S O M E P R O B L E M S A S S O C I A T E D W I T H O P T I C A L 
I N H O M O G E N E I T Y T E S T I N G I N T R A N S P A R E N T M A T E R I A L S 

2.1 DEFINITIONS 

Optical inhomogeneity (OI) is described as the refractive index or birefringence 
change per unit length L of the material, i.e. 

- I 

or 

5L 5L 

where B is optical inhomogeneity in units of cm ', n is refractive index, and n^ and 
are the extraordinary and ordinary refractive indices, respectively. 

Birefringence An, i.e. the difference of extraordinary and ordinary refractive 
indices is either positive or negative for the so called positive or negative uniaxial 
crystals, respectively. Birefringence can be calculated either from retardation data 
normally acquired in any of numerous Polarimetrie configurations using a well 
known formula 

X8 

27id 

where X is wavelength, 6 is (phase) retardation, and d is sample thickness, or by 
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2. Some problems associated with optical inhomogene i ty ... 

measuring separately the two refractive indices n^ and n^, usually by the prism 
minimum deviation method in a goniometer. 

A Polarimeter, also called a transmission ellipsometer, and sometimes (improper-
ly) - a polariscope, can be either a very simple or a sophisticated measuring equip-
ment. In its simplest configuration of a linear Polarimeter it comprises a light source, 
a condensor system for producing a parallel beam of light, a pair of linear polarizers, 
a detector of electromagnetic radiation placed after the second polarizer (the analyz-
er) and a sample's holder placed between the two polarizers. An analysis carried out 
by the author [1] has indicated that this simplest Polarimetrie configuration is capa-
ble for acquiring all necessary data for calculating all three above mentioned maps. 
Hence, no other commonly used Polarimetrie configurations comprising e.g. retarda-
tion (quarterwave) plates or photoelastic modulators has been further considered, 
since for obvious reasons any additional optical element in the light path is an 
unavoidable source of additional errors [3-5], Thus in further considerations a term 
Polarimeter means a' linear Polarimeter, and also the term Polarimetrie configura-
tion refers to its simplest version. 

The last thing that has to be defined here is an optical indicatrix or the (refrac-
tive) index ellipsoid. Its equation as defined in general case for biaxial crystal in e.g. 
[6,7] is given by 

x^ y^ z^ , 
+ + = 1 (4) 

ni "2 n^ 

where x,y, and z, are the principal axes of the ellipsoid, and n^, n^, and n^ are the 
respective principal refractive indices. The 1/n.̂  terms in eq. (4) (frequently denoted 
by B.) are the components of the so called dielectric impermeability tensor [B] very 
often used in optical calculations [6]. 

In an isotropic material n,=n2=n,=n^ and eq. (4) represents a sphere, i.e. the 
refractive index is independent on the direction of the light ray in the material. 

In an uniaxial crystal (or precisely speaking - uniaxial material) n,=n2=n^ and 
n^^n^, and the ellipsoid has only one cross section of constant index of refraction 
equal to n^. A direction (a principal axis) perpendicular to this cross section is called 
an optical axis of a uniaxial crystal, and it is the only direction for which no relative 
retardation occurs between the ordinary and extraordinary rays. A plane-polarized 
light beam travelling along this direction does not see any anisotropic properties on 
its way, and so the crystal behaves like an isotropic material for the direction of its 
optical axis. This is an important property since many crystals owe large natural 
birefringences and the only practical possibility for investigating the optical inhomo-
geneity involved by other (than inherent) effects, like e.g. residual stresses, is to cut 
out a sample perpendicularly to its optical axis. 
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2.2 sources of optical inhomogenei ty 

2.2 SOURCES OF OPTICAL INHOMOGENEITY 

There are several sources of optical inhomogeneity of a crystal (material) and 
these can be briefly described as follows: 

1/ Nonstoichiometry. It is a well known fact, for example, that the natural 
birefringence in LiNbO^ undoped crystals is highly dependent on [Li]/[Nb] ratio 
[8,9]. Since this birefringence is very large (8-9x10"^), even small variations of 
stoichiometry will involve relatively large birefringence changes in crystal's volume, 
larger than those expected from residual stresses (10 ®-10 '). Thus it is clearly evident 
that in LiNbOj crystals, and also in crystals owing much smaller birefringences like 
e.g. LiTaOj (5x10 ') it is practically impossible to distinguish for other directions 
than the optical axis itself whether the 0 1 changes are due to stoichiometric varia-
tions or to some other effects. 

2/ Doping. An obvious fact that doping a host material with alien ions should 
lead to a change in refractive index is one of the primary reasons and sources for the 
OI effect. The effect of doping can, however, influence the OI in two ways. 

Due to differences in size between the host ions and the dopants a certain 
birefringence will always occur through the piezooptical effect (deformation of the 
crystal's lattice). If the doping concentration is low, however, this birefringence can 
be of an insignificant value. Nevertheless, the influence of dopant on the refractive 
index still remains. If the dopant is uniformly distributed in crystal's (material's) 
volume than no 0 1 effect exists. If not, a certain 0 1 due to the refractive index 
change per unit length (eq. (1)) appears. 

There might be, however, one exception in this last case. Imagine for example a 
point diffusion source and the doping diffusion profiles to be spherical in shape. If a 
point light source emits radiation along the radii of the sphere then neither birefrin-
gence-like effects nor any curvature of the light rays occur. Thus we can talk about 
a quasihomogeneity of the crystal for the directions of the diffusion paths in spite of 
the refractive index changes along these directions. In general case, however, and 
also for every other direction differing from the diffusion paths, a general formula 
(1) describes the 0 1 effect induced by even small changes of the refractive index. 

The doping concentrations in nowadays crystalline materials may, however, be 
very large as e.g. in YjAI^Gij (YAG) crystals doped heavily with Er'"̂  ions for coherent 
light generation. The doping concentrations in this example can be as high as 30-50 % 
[10], i.e. approximately every second yttrium ion is replaced by the erbium ion. It is 
clear that such large erbium ions content should have a considerable influence on 
lattice deformation, and hence, on the OI through the piezooptical cffcct. So in the ease 
of doping we have to deal with two effects influencing the OI, i.e. the effects associ-
ated with lattice deformation and refractive index changes due to coloration. 

3/ Residual stresses. It is estimated that almost 1/3 of the maximum resolved 
shear stress generated by thermal gradients during Czochralski-growth remains un-
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2. Some problems associated with optical inhomogene i ty ... 

dissipated after the pulled crystal had been cooled down [11]. Residual stresses 
through the piezooptical effect involve birefringence changes in crystal's volume. 
Depending on the material under manufacture (isotropic (glass) or anisotropic (elemen-
tal or compound crystal)), the growth conditions and orientation of the crystal, the 
residual stresses in practical circumstances can be insignificantly low and through 10' -
10̂  Pa (moderate values) they can reach 10̂  - 10' Pa in highly stressed crystals. 

Providing that the so called piezooptical constant of the material is of the order of 
10 '̂  Pa ', the adequate birefringence changes involved by the largest residual stresses 
would be approximately equal to 10 ' - 10^. It will be said later that such birefringence 
changes in the material are nonadmissible in almost all of its optical applications. 

4/ Structural imperfections. Although a major fraction of thermal stresses gen-
erated by thermal gradients during material's manufacture is dissipated in the cooling 
process or frozen in the material as the frozen in (residual) stresses, it may happen 
that a portion of it is involved in creating defects like dislocations and even microc- 
racks. Generally speaking, any defect like a dislocation, a void or inclusion, is 
surrounded by a local deformation of the lattice, and hence, by a local stress field. It 
may happen that the local stress fields yield zero along a larger distance due to 
changes in sign of the, stresses, but locally they always generate birefringence chang-
es due to the piezooptical effect. Depending on the locality and diameter of the light 
beam passing through the material these changes can exclude it from most potential 
optical applications. 

5/ Optical anisotropy. The inherent anisotropic optical properties of the crystal 
in usual circumstances (a plane-parallel sample cut out from the crystal) should not 
play any significant role in these investigations. It may happen, however, that due to 
some peculiar effects (defected structure) the angle between e.g. the optical axis and 
the normal to the sample may vary in sample's plane. In such particular case the 
birefringence anisotropy can also influence the total 0 1 of the investigated sample. 

2.3. INFLUENCE OF OPTICAL INHOMOGENEITY O F CRYSTALS ON 
DEVICE PERFORMANCE 

This influence is only fairly well established in nonlinear optics. One of the well 
known conditions on 80 % theoretical efficiency in second-harmonic generation 
(SHG) gives 

5 ( A n ) < ^ (5) 

where D is thickness of the optical element. 
Providing that D is 4 cm and the wavelength used is I |im, from eq. (5) one 

calculates that the birefringence changes should be smaller than 6x10'^. From the 
previous chapter it can be concluded that this is a rather hard condition to be fulfilled 

http://rcin.org.pl ^^ 

http://rcin.org.pl


2.3. Inf luence of optical inhomogenei ty of crystals ... 

in real circumstances, since the birefringence content involved by residual stresses 
only may easily exceed this value. 

A few examples illustrating this problem are given below. In elderly works of 
F.R. Nash et al. [12] and H. Tsuya et al. [13] it is declared that these changes should 
be smaller than 10'' for SHG in LiNbOj and Ba^NaNb^Oj^, respectively. H. Tsuya 
[13] has also distinguished between SH power (5(An)<lxlO"*) and SHG temperature 
bandwidth (5(An)<3xlO-''), respectively. A more recent works are also "more severe" 
for this condition. For example, Yu. Bakhirin et al. [14] came to the conclusion that 
these changes should be smaller than 1.5x10 ' for a 45 mm slab of BaNbPj , whereas 
a hard condition of 6(An)<5xlO-^ was placed on LiNbO^ by Z.J. Ivanova et al. [15]. 
This last value seems to be hard to be fulfilled in larger volumes of LiNbO^ crystals, 
even those carefully manufactured for optical purposes. 

In the book by Y.R. Shen [16] a conclusion has been derived that for practically 
all nonlinear optical processes this magnitude should be smaller than 2.5x10 ^ The 
same conclusion can be derived from the work of D. Yu. Sugak et al. [17]. It seems 
then, that the above mentioned value can be regarded as a figure of merit for 
nonlinear crystals and nonlinear optical applications. 

Less fairly the OI effect is documented on the performance of lasing crystals. 
There are only a few experimental data published in this subject. In the work of 
D. Petrova et al. [18] it was observed that the slope efficiency of the output power in 
YAG:Nd laser rods is resonably smaller in the rods cut out from the parts of the 
crystals with large birefringence inhomogeneity. It should be noted that such influ-
ence was observed in spite of a generally relatively small B from c.a. 5x10 ^ cm ' up 
to 2x10"' cm '. Similar conclusions can be derived from the cooperative works of 
Institute of Electronic Materials Technology and the Military University of Technol-
ogy (Warsaw) [19,20] carried out on SrLaGa,0, and YAG:Cr,Tm,Ho laser rods, 
respectively. Thus a general, but rather trivial conclusion can be made that the best 
lasing properties are achieved in laser rods cut out from the most optically homoge-
neous parts of the crystals. 

There are no satisfactory experimental (published) data on what exactly is the 
influence of residual stresses in semiconducting isotropic crystals like Si and GaAs 
on device performance. A more pronounced are the problems of stresses generated 
during mounting of a device, like in e.g. Si pellets [21], or during device manufac-
ture, like e.g. during p-n junction formation by the diffusion or epitaxial process [22]. 
In the "ancient" times of semiconductors' industry cracking of the crystals and plates 
was a frequent problem and there had been several works published on residual 
stress formation and/or investigation around the year 1960 [e.g. 23,24]. Due to large 
improvements in crystal pulling processes and also in mechanical treatment of wa-
fers (cutting, grinding, polishing) this problem had been overcome or greatly reduced 
in further 10-15 years. 

In the last few years, however, an increased interest in residual stress investíga-
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2. Some problems associated with optical inhomogeneity ... 

tions and mapping carried out on large area semiconducting wafers and an increasing 
number of papers published in this subject indicates that "something" connected with 
residual stresses has to play an important role, either in technology or in utilities of 
the material. The author then believes that there should be a significant influence of 
residual stresses on the yield and device parameters in VLSI industry, since residual 
stresses greatly increase with crystals' dimensions, and, besides, that a lot of time 
(and money) have been spent by many investigators on constructing sophisticated 
Polarimetrie arrangements and for investigation of residual stresses, especially in 
large GaAs wafers. 

In conclusion to this chapter the author would like to summarize that optical 
inhomogeneity testing is of primary importance in (electro)optical and lasing crys-
tals, and an increasing role of such studies has been recently observed in large 
semiconductor wafers used in VLSI industry. 

2.4 EXPERIMENTAL PROBLEMS 

There are at least several methods for 0 1 testing in transparent materials, among 
which the prism (or rninimum deviation) method, the prism coupling method, the 
conoscopic method (measuring anomalous biaxiality), the spontaneous parametric light 
scattering method, the deviation of the coupling angle in SHG, and the Polarimetrie 
methods seem to be most frequently used. A good introduction to these and also to 
some other methods can be found in books by M. Pluta [25] and by F. Ratajczyk [26]. 
All these methods have certain advantages and disadvantages, some of them require a 
precise optical instrumentation and the other do not, they also offer different spectrum 
for measurement conditions (samples' dimensions and finish, wavelength, etc.), hence 
choosing a specific method for OI testing is a sophisticated problem in itself 

For example, the minimum deviation method [27] offers an opportunity for 
separate testing of the two refractive indices n̂  and n̂  instead of birefringence (i.e. 
n^-n^) that is usually measured by other methods. This might be an invaluable feature 
in certain cases, like in undoped LiNbO^ crystals (see preceding chapter), since it has 
been discovered that the ordinary refractive index n^ is practically independent on 
stoichiometry, while a strong dependence on this parameter of the extraordinary 
refractive index n̂  might be then used as a measure of [Li]/[Nb] ratio. Using this 
method, however, is troublesome: it requires a very precise optical goniometer, a 
high precision of prism orientation and finish, and besides, the laboriously cutted and 
polished prisms can not be later used for other practical applications (a destructive 
method). On the other hand, the Polarimetrie methods are capable for measuring 
commercial standard semiconducting (and other) wafers (nondestructive testing) that 
can be later packed and sold. 

Regardless of the method used in practice, it can be classified as a single point 
(step-by-step) measuring method, a scanning method or an integrational method. The 
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2.4 Experimental problems 

spread distribution map of a certain parameter (e.g. birefringence) can be acquired in 
every of the three above mentioned ways. It must be emphasized here, however, that 
clear differences between these methods require some attention of their user. 

The step-by-step measuring methods can be very sensitive, e.g. retardation error 
as low as 2x10-' radians is available in birefringence measurements [28], since 
carefully selected discrete photodetectors and high quality crystal polarizers can be 
used in such case. However, such methods are very slow when mapping procedure is 
applied, and hence, they also offer poor spatial resolution, since not very many 
sample's points can be investigated in reasonable time. The scanning techniques can 
be also very sensitive, since they can also utilize carefully selected high quality 
optical elements. But they are also relatively slow, from c.a. 15 minutes [29] to 12 
hours [30] in acquiring input data for calculating birefringence/stress maps in 
a relatively low number (c.a. 1000) of sample's points. 

In case of the so called image integrating (imaging) techniques sensitivity of 
measurements depends strongly on TV-camera and video frame grabber (VFG) used 
in polarimetric configurations. This sensitivity is usually low compared with the 
preceding two groups of methods, since in practical circumstances the cheapest 8-bit 
VFGs and commercial Si-CCD matrix TV-cameras are used instead of a more 
sophisticated (e.g. 16-bit VFG and cooled CCD matrix TV) and also much more 
expensive equipment. The sensitivity is further reduced by using large area sheet 
polarizers instead of high quality (but small aperture) crystal polarizers, the latter 
being inadequate for optical mapping of large area samples. The imaging techniques 
can offer, however, better perspectives regarding speed and spatial resolution. An 
image of a sample (or precisely speaking - an intensity of light in every point), for 
example consisting of 512x512 points (pixels) can be recorded by the VFG within 
a fraction of a second. Regardless of this high speed of acquiring input data, this can 
also have a positive influence on sensitivity/errors, since it can be fairly assumed that 
within such short period of time the basic conditions of experiment (temperature, 
thermal stability of the light source (power and wavelength), thermal stability of 
electronic circuitry, stability of the power supply, etc.) are much more suitable than 
in the case of long-lasting measurements. 

So, the imaging techniques seem to be unavoidable in commercial inspection of 
optical and semiconductor materials due to high speed and large reduction of experi-
mental costs, and they seem also very perspective in scientific research work due to 
high spatial resolution, invaluable in mapping of different parameters on wafer's area. 

The forthcoming text is entirely devoted to the imaging polarimeter, i.e. the 
polarimeter using TV/VFG image integrating technique. Such technique have been 
chosen for quick and nondestructive testing of wafers, especially of semiconducting 
and oxide crystals manufactured by the ITME. The nondestructive testing is of 
primary importance in complementary research works, when the same wafer is later 
(or earlier) studied by other methods (e.g. photoluminescence, optical spectroscopy. 
X-ray techniques, etc.). 
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3. Principles o f the method 

3. P R I N C I P L E S O F T H E M E T H O D 

In earlier work [1] it was shown, that intensity of a parallel light beam after 
passing through a linear polarizer, a biréfringent plate characterized by retardation Ô, 
and another linear polarizer (the analyzer) whose transmission axis is set at an angle 
of 45° versus the first polarizer, and detected by a linear photodetector is given by 

I = kIJ^[l + i - ( l - c o s ô ) s i n 4 ( a - e ) ] (6) 

where I is signal of the detector, k is constant comprising transmissions of both 
polarizers and sensitivity of the detector, Î  is intensity of light incident on the polarizer, 
T_. is transmission of the plate, a is the polarizer's angle versus the base of the 
arrangement (the analyzer's angle is a-45°), and 0 is the principal azimuth of the 
retarder (the plate). The angles are measured versus the base of the arrangement (the 
horizon) in the counterclockwise direction when looking from the detector towards 
the light source. At least three measurements are needed to determine the three 
unknowns from eq. (6), i.e. kl^T^, Ô and 0. 

From eq. (6) it follows, that the intensity I re.sembles, a .shifted sinusoidal 
function of the quartemary argument (a-0), the period of which is equal to 90°. To 
solve this equation for the three unknowns it is then necessary to record the first 
picture of the sample (record I at every investigated pixel), next to rotate simultane-
ously the two polarizers versus a fixed sample by an incremental angle of 30° (1/3 of 
a period) and record the second picture, and repeat this procedure for the third time. 
By analysing different measurement procedures in [1] it was concluded, however, 
that the above described the so called three-intensities (or three bucket) technique is 
more erroneous than other techniques using four or even five intensities' records. 
Therefore after a critical analysis of this problem the author has chosen the so called 
four-intensities or Carré method, i.e. the method using four intensities' records by 
applying an incremental angle unequal to the even division of the period (90°/ 
4=22.5°). Using the even division of the period (the Wyant's method) would be in 
this particular case of the polarimeter troublesome (although technically possible) 
from the point of view of the stepper motor's operation. 

The measurement procedure starts then with the polarizer's angle a equal to zero 
(the polarizer's transmission axis is parallel to the horizon) and next this angle is 
three times incremented by the constant angle vj; equal to 22°. This yields four 
equations for the intensity of the transmitted light 

I, = k l j ^ [ l - i ( l - c o s ô ) s i n 4 0 ] (7) 

I, = k l j i l + i ^ ( l - cos8 ) s in4 (v | ; -0 ) l (8) 

http://rcin.org.pl 13 

http://rcin.org.pl


3.1 Procedures used for transmission ... 

I3 = kIJ^[l + | ( l - c o s 8 ) s i n 4 ( 2 v | ; - e ) ] (9) 

I, = k I J , [ l + i ( l - c o s 6 ) s i n 4 ( 3 v ( / - e ) ] (10) 

From these equations it is possible to determine all the three unknown quantities, i.e. 

(I1I3 - IjlJsinSvi/ + (I3I4 - I,l2)sin4v|; 
kI„T.= 

( i j - I3)(sinl2\|; -sinSvj/ -s in4v| ;) (11) 

(k loT. - I , ) 
cos5 = 1 - 2ri-

1 + 
M 

(12) 

M 

where L=(kIJ^-I,)sinl2v|/, M=I^-kIJ^-(I,-kIJ^)cosl2\|/, and ri is sign of the quotient 
L/M, 

9 = v | ; - | y - | 7 t + m7i (13) 

where m is an integer chosen in such way as to yield 6 between 0 and 7i/2 radians, 
and y=arccos(( 1 -I^/kl J^)/0.5( 1 -cos8)). 

3.1 PROCEDURES USED FOR TRANSMISSION, BIREFRINGENCE 
AND THE PRINCIPAL AZIMUTH MAPPING 

Transmission, phase retardation and the principal azimuth can be calculated from 
eqs. (11), (12) and (13), respectively, since the same data are also acquired for the 
background, i.e. the background transmission and phase retardation is being meas-
ured without a sample. In the case of bacground kl̂ T^ in eq. (11) equals to kl^ as no 
sample is inserted, hence by a suitable division T^ is easily obtained in absolute (%) 
units. The background modulation pattern theoretically equal to zero, and in practice 
unequal to zero due to some parasitic phenomena (partial plane-polarization of the 
light source, imperfections of both polarizers, electronic noise in the TV-camera/ 
VFG system) is equivalent to a false (or background) retardation and as such it can 
be subtracted from retardation measured afterwards with a sample inserted in its 
compartment. 

Two additional comments have to be made here on the above formulas. Equation 
(11) being a precise formula from the arithmetic point of view can, however, yield 
erroneous results in practical VFG systems where some output noise can be expect-
ed. From this equation one can easily imagine that in the case of small retardations 
two minor quantities can be divided by each other or even a division by zero can be 
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3. Principles of the method 

expected. In such case the right-hand side of eq. (11) can be replaced by (I|-t-Ij-i-Ij+I^)/4 
- a formula being a good approximation of the original one for small retardations. 
Besides, eq. (12) derived directly from eqs. (7) to (10) can be further simplified to 
give 

cos 5 = 1 - 2 1 - 1 + 
M 

(14) 

and it can be also showed that this formula yields less erroneous results than eq. (12). 
It is a specific feature of systems like VFGs and also others not free from output 
noise that equivalent equations can issue different results, especially when the input 
data are close to zero (or to infinity). 

Transmission mapping presents no particular problems, since, as it has been 
noted above, a kl^Tykl^ division yields directly T^ in [%] units. 

There are, however some peculiarities in birefringence mapping that need to be 
remarked here. As is seen from eq. (3) the phase retardation (the cosine of it is 
directly measured by the polarimeter) equals 27td(n^-njA.. The larger is thickness of 
the wafer d, or the shorter is wavelength X, the larger is ô. It can be either equal to 
zero (zero-order retardation) when n^-n^=0, or it can be positive or negative. Since a 
cosine of retardation is being measured one can not simply distinguish whether Ô is 
positive or negative, i.e. the automated mapping method is not capable to recognize 
between positive and negative biréfringent crystals, or between compressive and 
tensile residual stresses in the case of isotropic materials. In the latter case it may 
happen that two (or more) stressed regions differing in sign can occur in the same 
crystal (a frequent case in YAGs grown with a core where residual stresses have 
opposite sign in the core versus the remaining part of the crystal [e.g. 31]). In such 
case no any indication of areas differing in retardation (birefringence) sign can be 
found on adequate maps. 

The second problem associated with retardation/birefringence mapping comes out 
from the order (orders) of retardation met in practice. The zero-order retardation can 
be experienced in two practical cases: on a sharp border between two regions 
differing in stress signs, and in a relatively broad region of the crystal (wafer) where 
difference of the two principal residual stresses equals zero as a consequence of the 
absence of stress. The latter case can be found in practice in wafers cut out perpen-
dicularly to the growth direction of Czochralski-grown crystals. From theory of 
residual stress generation in such crystals [e.g. 32] it follows that the difference of 
radial and tangential principal residual stresses increases from zero at the center to a 
maximum at the perimeter of the crystal. In practical circumstances, however, this 
zero is not a single point value (as it should be) and due to limited sensitivity of the 
polarimeter and to some other effects, a broader region indicating^a zero-order 
retardation is frequently observed in samples cut out perpendicularly to crystals' axes. 
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From the same theory [32] it also follows that the difference of the axial and radial 
principal residual stresses changes its sign somewhere between the center and the 
perimeter, i.e. two sharp zero-order retardation borders parallel to crystal's axis should 
be seen in samples cut parallely to the growth direction of Czochralski-grown crystals. 

To conclude this problem it should be said, that the birefringence maps calculat-
ed by the computer should be then read very carefully by the user, who also ought to 
acquire some knowledge regarding physics of crystal growth processes. A narrow 
region (line) of zero-order retardation usually indicates change in sign between two 
oppositely stressed regions of the crystal (material), whereas an adequate broader 
plane should be equivalent to a stress-free region. 

The third problem is connected with multiple orders of retardation. If retardation 
is of a non-zero order it can be either fractional (i.e. 0<27c), or of the 1-st order 
(Ô = 2%), or of the multiple orders (5 = 2m7r, m = 2,3,...). Ô can also owe some 
intermediate values (e.g. 5 = 2.37t). Since cosô is a periodic function one can not 
easily distinguish between ô being equivalent to the 1-st or to any higher order of 
retardation, and so it is also in the case of a fractional value (e.g. ô=7i/2) and some 
intermediate values (5 = 27t+7r/2, 47i+7t/2, etc.). It is a serious problem and it can 
either practically arise (see notes at the beginning of this chapter) in thick samples of 
nonbirefringent materials (retardation involved by residual stresses is usually low) or 
in any practically met samples of birefringent crystals. For example, assuming wave-
length to be 1 |im and birefringence 8.5x10'^ (LiNbO,) it can be easily calculated that 
even such thin (and practically unrealizable) samples with thicknesses like 12 j^m 
can yield retardations greater than 2n. In practical cases of 0.5 mm thick LiNbO, 
wafers orders of retardation between 38 and 45 can be experienced depending on 
birefringence of the crystal. In such cases a special technique using different wave-
lengths [1] has to be used to reduce uncertainty of birefringence (retardation) estima-
tion. Nevertheless, this uncertainty still remains and so the author after a one year 
experience in using the polarimeter in automated birefringence mapping have quitted 
this troublesome and laborious method, and further practice has shown that in order 
to acquire precise retardation (birefringence) data one should use Z-oriented (perpen-
dicular to the optical axis) birefringent samples and thin or moderately thick (even a 
few to 10 mm thick) samples of nonbirefringent materials. 

The problem of the principal azimuths (or the principal residual stress directions) 
mapping has been solved in accordance with eq. (13). To increase readibility of such 
maps one of the azimuths have been quitted (the two azimuths are perpendicular to 
each other), and only the first principal azimuth is then plotted. The integer m in eq. 
(13) is chosen by the computer in such a way as to yield 0 always between 0 and 90°, 
and for a typical radial residual stress distribution the principal azimuth map should 
resemble a spokes-of-the-wheel-like pattern. 

All the maps can be plotted either in 2-D (plane map) or 3-D versions. The grey-
shaded versions (either positive or negative) and any parallel or perpendicular cross-
sections are also available. 
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3.2 RESIDUAL STRESS MAPPING 

In certain circumstances residual birefringence maps are insatisfactory, e.g. in 
residual-stress studies of crystals grown by different techniques. However, calcula-
tion of residual stresses from birefringence (retardation) data is a complex problem 
in itself. There are at least several ways to solve this problem in samples owing a 
shape of a thin disc (a wafer), of which the procedures presented by Yamada for 
GaAs [30] and by Koechner and Rice for YAG [33] are worth noting here. Using 
thin samples in the procedure of stress measurement/mapping is a convenient way of 
solving this problem, since it can be then fairly well assumed that there are only two 
stress components active in the sample (in sample's area), and that the third stress 
component perpendicular to it is absent (or nonactive). 

In this work a simple procedure of transformations performed on adequate matri-
ces to yield the final result is presented below. Two cases of such transformations 
having practical importance are considered : transformation of the primary [x,y,z] 
Cartesian coordinate system to another one [x',y',z'], and the same procedure later 
followed by rotation of this Cartesian [x',y',z'] system to [r,t,s] cylindrical coordi-
nates (a simple rotation around e.g. z' axis in the (x',y') plane). These transforma-
tions/rotations are very useful, since piezooptical coefficients of different materials 
listed in literature are usually not transformed to novel coordinates used in practice. 
The first procedure is used when the sample owing a shape of a thin (quasi)rectangle 
is being cut out parallely to the growth axis of the crystal. The second one is used in 
the case when the crystal is pulled in another than the z-crystallographic direction, 
and next the sample owing a circle-like shape is being cut out perpendicularly to this 
direction. In the case of such circular samples it is convenient to introduce cylindri-
cal coordinates and to transform the principal residual stresses in the [x',y' ,z '] 
coordinates to the new cylindrical ones. 

Imagine then that the Cartesian crystallographic [x,y,z] axes are transformed to 
the new system of Cartesian coordinates [x',y'z']. The relation between the new and 
the old system will be 

(15) 

where [c] is a 3x3 square (2nd rank) matrix of adequate cosines of the angles 
between the "new" and the "old" axes, respectively. An opposite rotation, i.e. from 
the new to the old system of coordinates gives 

'x'" X 

y' = c y 
z' z 

X "x'" 

y Ĉ ' y' 
z z' 
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3.2 Residual su ess m a p p i n g 

where [c^ is an adequate transpose of [c]. 
Imagine next, that a circular plate (wafer) is being cut out perpendicularly to the 

z' axis in the new system of coordinates (note that z ' is not necessarily the direction 
of the optical axis in general case), and that the stresses acting in the (x',y') plane are 
described in the cylindrical system of coordinates, hence 

(17) 

r 

t a y' 
s z' 

where [a] is an adequate rotation matrix given by the formula 

cos(t) sin(t) 0 
-sincj) cos(j) 0 

0 0 1 
(18) 

where (|) is an angle between the x' and r ("r" denotes "radius") axes. An opposite 
rotation yields 

(19) 

where [a^ is a transpose of [a]. It is worth noting here that the (scalar) multiplicant 
of [a][aT or [aT[a] results in a unit diagonal matrix. 

The stress tensor described in the cylindrical system of coordinates is next 
transformed to the Cartesian system [x',y',z'] (see e.g. J.F. Nye [6] for the rules of 
such transformations) 

'x'" r 

y' = a^; t 

z' s 

(«.y .2) = a 

and later to the primary [x,y,z] Cartesian system 

'(x.y.z) a 

(20) 

(21) 

It has to be emphasized here that notations like e.g. do not mean that G has only 
three components along x, y, and z directions. In fact it is a 2 nd rank tensor and the 
above notation only means that it is described in the proper system of coordinates. 

The stresses through the piezooptical effect [6] will involve a change in the 
dielectric impermeability tensor (see chapter 2.1), i.e. 

AB, a (x.y.z) a][c (22) 

where [n..] is a 6x6 square (4th rank) matrix of the piezooptical coefficients of a 
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material. The inverse transformations of [AB] yield 

AB, 
i.y.z) 

a, f.l.s) 

and 

A B 

Equation (24) can be also rewritten in a more contracted form as 

AB, 
(r...«) 

= k a, 

(23) 

(24) 

(25) 

where [k|]=[a][c], [k2]=[c][a], and index T denotes a proper transposition operation. 
Next we assume that the plate is cut out perpendicularly to the z' or s direction 

and that it is thin enough so only the two stress components a^ (radial) and a^ 
(tangential) are non-zeroed. In such case the index ellipsoid (see chapter 2.1) will be 
contracted to an ellipse in the (r,t) plane with its axes parallel to the r and t 
directions, respectively. Denoting the refractive indices by n, and n^ along the r and 
t directions, respectively, one obtains 

1 1 ( n ^ - n . X n , + n,) 
- (26) AB - AB, - — - — -

where AB^ and AB, are the adequate components of [AB]. 
Next it comes the same simplification as done by "everybody in the world", i.e. 

it is assumed that n̂  = n^ = n^ (the refractive index for an unstrained material), and 
hence from eq. (26) it follows that 

AB, - AB, « — A n 
n_ 

(27) 

Before continuying this chapter the author would like to make a comment on eqs. 
(26) and (27). For such materials as e.g. LiNbO^ it can be easily calculated that 
difference between the two equations may reach c.a. 0.2 % (see Appendix A) or even 
more in highly stressed crystals or crystals with larger unstrained refractive index n^. 
It seems to be not much, but, however, one has to keep it in mind that besides 
numerous other errors this is an additional error in stress determination. Unfortunate-
ly, one is not able to use the proper eq. (26) in practical calculations, since no such 
combination of the refractive indices as that on the right hand side of this equation is 
available from experiments. 

From eqs. (27), (25), and (18), it can be concluded that the difference of AB, and 
AB, can considerably depend on angle (]), and, moreover, it may not be a function of 
any simple combination of o, and a, (e.g. o-a , ) . It is an interesting phenomenon that 
this last feature met frequently in practical configurations of crystalline samples is 
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3.2 Residual stress mapping 

often neglected (or unrecognized) by many investigators who believe that the stress-
induced birefringence in thin plates is always proportional to the difference of these 
principal stresses. Another investigators, especially those who try to derive them-
selves the adequate formulas, make necessary simplifications to yield a simple 
relation between An and of course at a cost of additional errors. 

If no rotations are performed in the (x',y') plane then it can be shown that 

AB, x'.y'.z') = c CT, x'.y'.z') (28) 

and eq. (27) also holds in this case. 
Also, if no transformations from [x,y,z] to [x',y' ,z '] Cartesian coordinate system 

is done, and only rotation around the normal to the plate's (wafer's) area is per-
formed in the [x,y,z] system itself, then 

AB, = a = a (29) 

where [a] is an adequate rotation matrix (eq. (18) holds for rotation around crystallo-
graphic z axis). 

In Appendix B two cases of residual stress mapping in LiNbO^ from birefrin-
gence (retardation) data, i.e. LiNbO, plates cut out perpendicularly to the Z-growth 
direction (no Cartesian transformation, only rotation in the Z-plane around the Z 
(optical) axis), and plates cut out parallely to the growth Y-axis (neither transforma-
tions nor rotations), are considered. For more complicated transformations/rotations 
(e.g. <100> oriented circular GaAs wafers [30] or <111> oriented YAG [33] (the 
analysis and formulas are also valid for <111> oriented Si) the reader is encouraged 
to be acquainted with cited works. 

At the end of this chapter the author would like to summarize that : 
1) Error for the stress-induced birefringence (as measured) is always lower than 

for the corresponding residual stresses (when calculated from birefringence/retarda-
tion data). 

2) There are several reasons for which the user of the method and arrangement 
should take care when dealing with the residual stresses maps instead of the corre-
sponding birefringences: 

a/ uncertainty of the piezooptical coefficients' determination by different investi-
gators. This problem has not been yet discussed in this work but it is the main 
problem of stress determination from birefringence measurements. Unless somebody 
is lucky enough to have its own apparatus for determination of the piezooptical (or 
photoelastic) coefficients, he has to use adequate data from the worldwide literature. 
There is no room for further discussion of this problem here, but a few unexpected 
and rather unpleasant phenomena can be experienced when "digging through" pub-
lished papers on this subject; 

- there are no published data on (especially) new materials, 
- there might be only one paper for a specified material, sometimes published 30 
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or more years ago, 
- there are discrepancies in the data published by different investigators not only 

regarding the absolute quantity of a specified coefficient but sometimes also 
its sign (!), 

- a measured set of coefficients is frequently limited to only a few of them, e.g. 
7r|j-K,2 and n^, being insatisfactory for many practical configurations (orienta-
tions) of the material in use. 

b/ The so-called "piezooptical constant" (also the "photoelastic constant") as it is 
described in the literature is not a constant, in fact, and so the author uses here the 
term "piezooptical coefficient". As everybody can easily imagine these coefficients 
are functions of several parameters, the main being wavelength of the light beam, 
doping of the material and temperature. It is also expected that structural perfection 
of the material plays also an important role, and hence the data published 30 or 40 
years ago should be read very carefully (how to do it when these are the only data 
available in some cases ?). The dependence of n.. on wavelength is also sometimes 
neglected by people using published data acquired from e.g. He-Ne laser radiation in 
another parts of the spectrum. 

c/ In the majority of material's orientations versus the light beam direction 
through it the relation between birefringence and (usually) the difference of the 
principal residual stresses is not directly proportional, and hence the necessary sim-
plifications yield adequate errors (some of them have been discussed in this work). 

d/ Sometimes instead of the piezooptical coefficients 7i.. the so-called photoelastic 
coefficients (or constants) p.. are being measured and their values published in the 
literature. If stress rather than strain maps are of the main interest, then a new 
problem arises due to the fact that piezooptical coefficients are related to photoelastic 
coefficients by the so-called stiffness coefficients s... If the data on stiffness coeffi-
cients of the material are available from the literature then only some additional 
errors arise due to uncertainty of their determination by different investigators and/or 
by different methods. If not, then the user of the arrangement is unable to plot 
residual stress maps, and only residual strain maps will be available to him. 

3) If it would be only possible to use residual birefringence maps instead of the 
residual stress maps then it is highly advisable to do so. In all possible circumstances 
the birefringence maps will be much more close to reality than the stress maps, and, 
besides, one does not need to laboriously calculate the relations between birefrin-
gence and stresses or to use published formulas, often simplified without any notice. 

4. A R R A N G E M E N T 

A block diagram of the arrangement is shown in fig. I, whereas its general and 
enlarged fragments in figs. 2 and 3, respectively. 
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Fig. 1. Block diagram of the arrangement. 

The arrangement described in details in [2] consists of 
lamp, a depolarizer composed of two polyethylene plates, a 

Fig. 2. General view of the arrangement (polarimeter with unmo-
unted cover) comprising TV- camera's monitor (upper left), com-
puter's monitor (upper middle), deskjet printer (upper right), po-
larimeter (bottom left), and IBM 486 33-MHz computer. The four 
measured sample's images are displayed on the TV-camera's mo-
nitor, whereas the calculated map is presented on the computer's 
monitor. 

a 24V/150W halogen 
condensor system for 

producing a parallel 
beam of light, a pair 
of HR-type sheet po-
larizers, a set of seven 
interference filters (fig. 
3) in the wavelength 
range from 676 to 1080 
nm (the TV camera's 
cutoff wavelengdi with-
out a filter is approxi-
mately equal to 1150 
nm) and a Si CCD TV-
camera and 8-bit VFG 
detecting system. The 
sample itself is placed 
in a specially designed 
mount (fig. 4) con-
structed in such a way 
as to exert a negligible 
tension on it [2]. 

The transmission 
axes of the polarizers 
can be set versus each 
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Other at 0° (parallel polarizers), at 45° 
(measurement mode) or at 90° 
(crossed polarizers). The parallel and 
crossed polarizers options character-
istic for the plane-polariscope opera-
tion are used for observing samples' 
images. These options can be very 
useful in certain circumstances, since 
in the parallel polarizers configura-
tion one can usually observe dark is-
ochromatic lines of the odd orders of 
retardation (tt, 371, 571, etc.) on sam-
ple 's bright area, whereas in the 
crossed polarizers configuration dark 
isochromatic lines of the even orders 
of retardation (0, 271, 4n, etc.) are 
usually seen together with dark iso-
clinic lines, the latter lying along di-
rections of residual stresses. Follow-
ing the remarks presented in chapter 
3.1 it becomes clear that the plane-
polariscope configuration is very use-
ful for checking what the order of 
retardation(s) really is. It is no place 
to discuss it widely here, but the reader 
may believe the author that it is not a 
complicated problem to find out 
whether the maximum retardation in 
a plate is exceeding 2n or not, i.e. to 
decide whether the birefringence maps 
calculated by the computer (always 
between the limits of retardation be-
tween 0 and 271) are correct. The 
plane-polariscope configurations are 
also very useful for demonstration and 
tuitorial purposes. For example, in thin 
isotropic samples no isochromatic 
lines corresponding to other than the 
zero order retardation line can be usu-

ally visible (fig. 5) , and hence all the remaining dark lines on sample's bright area 
should be the isoclinic lines, which can quickly demonstrate symmetry of residual 

Fig. 3. Polarimeter with unmounted cover and side-
walls viewed from the front (upper picture) and 
from the rear (bottom picture). 

Fig. 4. Sample's munt holding a 4", 10 mm thick 
Si slab. 
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Fig. 5. Plane polariscope pictures (crossed 
polarizers) of a Z-oriented (optical axis), 4" 
diameter LiNbO, wafer. Rotation of dark isoc-
linic cross (by 45° on the bottom picture) in-
volved by the adequate rotation of both pola-
rizers' transmission axes is an indication of 
radial distribution of the principal azimuth (ra-
dial residual stress direction). No other iso-
chromatics than that of the zero-order retar-
dation (center of the cross) can be deduced 
from both pictures. 

Fig. 6. Plane polariscope pictures (crossed po-
larizers) of a <100> oriented, 3" diameter GaAs 
wafer obtained with computer's enhancement 
of the contrast. In the case of anisotropic <1(X)> 
oriented samples the isoclinic black cross is 
clearly visible only when the transmission axes 
of both polarizers coincide either with <010> 
(upper picture) or with <011> (bottom pictu-
re) directions, respectively. 

stress distribution. Quality of such printed pictures, as e.g. that presented in fig. 5, is 
usually low compared to normal photos, and hence, a computer enhancement of the 
output pictures is sometimes used (fig. 6) for eliminating any doubt of whether a 
specified line is an isoclinic or an isochromatic. 

In both parallel and crossed polarizers configurations the transmission axes of the 
polarizers can be rotated either clock or counterclockwise versus an immobile sample 
by a four-phase stepper motor (fig. 3 - bottom picture) by clicking appriopriate keys 
on the computer's keyboard. 
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In the polarimetric (measurement) mode the angle between the transmission axes 
of the polarizers is set at 45° and the operation follows the procedure described in 
chapter 3, i.e. the measurement always begins with the polarizer's transmission axis 
parallel to the horizon, and next it is thrice incremented by the constant angle of 22°. 

Before closing this chapter a few more remarks have to be made here : 
1) a special procedure can be applied as an option for eliminating random noise 

(the so called unwrapping is using a low-pass Gaussian filtering). 
2) the final input data (I,, I ,̂ I,, Î ) can be averaged from multiple measurements. 

In the previous version of the computer's program [1] a certain backslash of the 
stepper motor was assumed, and hence an algorithm averaging the input data in 
multiple rotations was applied. Since no evidence of any backslash has been later 
found the averaging procedure was then changed in the present version of the 
program. Only one rotation is applied and averaging is done immediately after each 
incremental change of the polarizer's transmission axis. Such change of the proce-
dure yielded in a considerable decrease of the operation time. For example, using 10 
averaging cycles consumes less than 43 seconds to record (and average) all the four 
images, and then further 6-7 seconds for calculating an appropriate map. 

3) the maximum number of averaging cycles is given by the formula (65536/2 -1)/ 
256= 127 where integer 256 corresponds to the maximum grey (or white) level in the 8-
bit VFG system. Providing that the maximum intensity of light in every pixel is lower 
than 255 then the number of averaging cycles can be adequately increased over 127. 

5. S E N S I T I V I T Y A N D I T S O P T I M I Z A T I O N 

A detailed error analysis and modelling had been performed in earlier work [I]. 
On the basis of theoretical calculations it was concluded that the retardation error/ 
sensitivity of 4x10"' radians, corresponding to birefringence error/sensitivity of 5x10"' 
for I mm thick sample and 0.8 (a.m wavelength could be reached even in an 8-bit 
VFG system providing that random errors are eliminated or greatly reduced. These 
random errors are mostly concerned with electronic noise in the camera/VFG detect-
ing system and it was believed that they could be eliminated in practice by suitable 
averaging the input data from multiple measurements. 

The transmission error was estimated to be lower than I % of the peak value in 
any circumstances and it seems - to be a satisfactory result for general purpose 
transmission mapping. 

The principal azimuth error usually smaller than a fraction of a degree (1.7x10'^ 
rad) is, however, undetermined for retardations equal exactly to 0, 2n, 4n, etc., i.e. 
when no modulation occurs at all (see eqs. (7) to (10)). Nevertheless, even in such 
circumstances no "empty holes" are printed by the computer's program on the 
principal azimuth map. 
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A comment has to be made here, however, on the above menioned retardation 
error/sensitivity. Since measurements are performed on every second pixel, i.e. in a 
matrix of 256x256 pixels (65536 pixels), it is rather obvious that apart of any averag-
ing or filtering (unwrapping) procedures applied it would be practically impossible to 
achieve such sensitivity in exactly each of 65536 pixels (sample's points). The reason 
for that might be imperfections in the CCD matrix itself, an incidental shot noise, 
imperfect polarizers, and a couple of other reasons. Therefore a retardation error like 
4x10-' radians means that this is the most probable result for the "great majority" of 
pixels and the entire map itself. In a few pixels, however, i.e. in a negligible fraction of 
their total number this may not work at all. Fortunately, depending on the filtering 
parameters such "hot spots" can be almost entirely eliminated from :he map. 

A few experiments have been performed in order to optimize the measurement 
procedure for maximum sensitivity/minimum errors. In the first experiment no influ-
ence of whether the power supply was unstabilized (i.e. the voltage was directly 
supplied from the mains) or stabilized (apart of stabilizing circuitry of the TV-
camera itself an additional UPS was used) have been found. Nevertheless, the 
additional stabilizer was used in further experiments. 

A more important experiments were connected with averaging the results in 
multiple measurements. To illustrate the influence of such averaging on birefrin-
gence (retardation) measurements several plots are shown in fig. 7. A continuous 
(pointed) curve on the left shows time oscillations of the maximum residual retarda-
tion of the background (in arbitrary units) measured with only one cycle (no averag-
ing at all), i.e. with no sample in its compartment. Since no particular attention had 
been payed to the position of a pixel where this maximum occurred (i.e. the maxi-
mum not necessarily should occur in the same pixel everytime), such large oscilla-
tions might be to some extent a result of "travelling" of this maximum on CCD's 
matrix area. Nevertheless, it is believed that the primary reason for such large 
oscillations is connected with no averaging of the input data. 

Fig . 7. T ime osc i l lat ions of the 
maximum residual retardation re-
corded on the background : 

- pointed curve has been measured 
with one cycle only (no averaging 
of the input data), 
- curve marked with triangles de-
notes increase of averaging cycles 
from one (upper triangle), through 
2, 4, 8, 16, 32, 64, respectively, up 
to 127 cycles (bottom triangle), 
- curve marked with squares deno-
tes adequate time oscil lations for 
127 averaging cycles. ISO aX) 250 300 

l i m e C m i n u l e s ) 
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A considerable decrease of the background maximum retardation with increased 
number of averaging cycles is shown in this figure by a line marked with triangles 
(the successive bottom-forwarded triangles correspond to an increased number of 
averaging cycles). Also very important are minor time oscillations of this maximum 
when a large (127) number of averaging cycles is applied (a curve marked with 
squares in fig. 7). 

To further analyze the results shown in fig. 7 and also from some other measure-
ments the author has introduced the following parameters : (average retardation) 
- an average from more than 10 measurements (for a specified number of averaging 
cycles), A^̂ ^ (module of the maximum deviation) - the module of the maximal 
difference between any result and (for a specified number of averaging cycles), 
s.dev. (standard deviation) - calculated from a classical formula, and the latter two 
parameters in relation to (in [%] units). The results are presented in table 1 which 
also includes the input data acquisition time (in seconds) necessary to collect these 
data (I|, Ij, I,, and I^) from four image captures. 

Table 1. Influence of the number of averaging cycles on accuracy of retardation measurements 
(data acquisition time also included). 

Number 
of 

averaging 

cycles 

ÂV 

(a.u.) 

S. dev. 

(a.u.) 

Amax 

(a.u.) 

S.Dev 

5.V 

(%) 

Amax 

ÂV 

(%) 

Data 
acquisition 

time 

(s) 

1 87,38 5,14 11,26 5,87 12,88 12 

4 69,63 2,09 3,28 3,(X) 4,72 23 

16 62,25 1,76 2,78 2,83 4,46 64 

127 59,29 1,17 2,37 1,97 4,00 448 

As is clearly seen from this table a much greater reduction of the standard devia-
tion than of the maximum deviation itself is achieved with an increased number of 
averaging cycles. Such statement supports the author's earlier conclusion that even a 
considerable number of averaging cycles is unable to cancel gross errors in exactly 
every of the 65536 pixels. Nevertheless, a noticable and continuous decrease of the 
standard deviation means that the entire map is free from greater errors in such case. 

Since the measurements carried out at a single point (pixel) and, besides, not 
necessarily at the same point everytime can be somewhat misleading, another set of 
experiments had been performed. A background measured with 256 averaging cycles 
have been regarded as a standard (master) for the same background but later meas-
ured with a decreasing number of averaging cycles : 127, 16, 4, and 1 cycle, 
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respectively. In every case the background maps have been calculated on the as-
sumption of a 10 mm thick "sample" (an approximately 10 mm thick air-layer is in-
between the two polarizers), and the 975 nm interference filter was used in these 
investigations. Next, the remaining backgrounds (or precisely speaking - the same 
background but measured with lower number of averaging cycles) have been treated 
as "samples", and the standard background was then regarded as a true background 
for all these "samples", figs. 8, 9, and 10, respectively, show four such "samples'" 
birefringence, transmission and the principal azimuth maps corrected for the (stand-
ard) background, i.e. when e.g. transmission map of any background "sample" is 
then divided by a transmission map of the standard. 

A clear influence of the number of averaging cycles can be concluded from the 

i.it p-v = 1« tf-n 
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Fig. 8. Residual birefringence distribution of the background corrected for the same backgro-
und measured with 256 averaging cycles. The appropriate "sample numbers" correspond to 
actual value of averaging cycles , i.e. one cycle (top left map), 4 cycles (top right), 16 cycles 
(bottom left), and 127 cycles (bottom right). 

four birefringence maps presented in fig. 8. All these maps are plotted in the same 
scale so that density of the contour lines can be a measure of a departure of any 
background map from its standard. The maximum birefringence found on the first map 
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Fig. 10. Principal azimuth 
distribution of the backgro-
und measured with one cyc-
le (top map), and with 127 
c y c l e s (bottom map) , re-
spectively. 
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measured with only one cycle (no averaging) is 140x10 '', and what s important, this 
maximum is situated at the periphery of the background map. The birefringences at the 
center of the background, or precisely speaking - on most part of its area besides 
peripheral regions are only slightly exceeding 20x10'^ (not exceeding -̂ OxlO'̂ , anyway). 

A considerable decrease of the maximum birefringence (63x10 ') also situated at 
the periphery is seen on the second map measured with four averaging cycles. Also 
the density of the contour lines on this map is noticeably reduced ;n comparison to 
the first map. The highest range contour line (2) corresponding to birefringence of 
20x10"' is more closely to the periphery rather than to the center or" the map. 

Further reductions of such differences between the standard and the maps meas-
ured with 16 and 127 averaging cycles, respectively, can be seen on the remaining 
two maps. In the case of the map measured with 127 averaging cycles the maximum 
residual background birefringence in its central part is by no means larger than 
approximately 2x10 ' (contour line no. 1). The higher range contour lines (2 and 3), 
corresponding to birefringences of 20x10' and 40x10' , respectively, can be found 
entirely at the perimeter itself Also the highest birefringence (62x10 ') although not 
marked on the map is situated at the perimeter. 

Figure 9 shows transmission of the "sample" measured with one cycle only (no 
averaging) in relation to the standard (256 averaging cycles). No any contour lines are 
seen at the center and on most of the area at all, and any larger differences between the 
two compared (divided by each other) maps emerge solely from the peripheral region. 
At the periphery, however, a fall-down to zero transmission (the lowest marked con-
tour lines correspond to a 2 % transmission) can be observed, and it also means that 
any results of transmission measurements at the periphery of a wafer (providing that 
the wafer covers all area of the background) can be completely untrue. 

The author informs the readers that the width of the peripheral region, i.e. the 
region which can be defined as that marked by the contour lines in fig. 9, is 
constantly decreasing with an increased number of averaging cycles. No such maps, 
however, are presented in this work as they are very alike the map shown in fig. 9, 
and the only difference being in thickness of the peripheral region itself However, 
decreasing thickness of the pheripheral region does not mean that the appropriate 
transmission loss is also reduced. In fact, it is not, and its supports the above 
conclussion that transmission measurements carried out on the peripheral region are 
basically untrue. Fortunately, for larger number of averaging cycles (16 and more) 
the width of the peripheral region is insignificantly low compared with the total 
diameter of the map. 

As no true birefringence could be expected from the background, i.e. from a 
relatively thin layer of air between the two polarizers, a "mash" of contour lines can 
be seen on the top principal azimuth map in fig. 10, the one that was measured with 
one cycle. Practically all directions in every point are possible and it means that this 
map is an isotropic-like. When applying 127 averaging cycles (the bottom map), 
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however, density of the contour lines has greatly decreased and one can even observe 
a radial-like (but greatly perturbated) principal azimuth distribution. This quasi-radial 
distribution is a cue for the author, since the air-gap between the two polarizers can 
not simulate any birefringent pattern at all. The answer to the cue might be plates of 
the polarizers (the sheet polarizers are glued between two red-filter plastic plates) 
that can be stressed to some extent by heat absorbed by them from the light beam. 
This could explain a radial-like symmetry of the principal azimuth distribution. 

Before closing this chapter the author would like to return to table 1 where a 
competition between accuracy and the data acquisition time is marked. Generally 
speaking that time should be as short as possible, since within a short period of time 
any larger fluctuations of the light source's power and/or its spectral characteristic 
(peak wavelength), as well as that of the TV-camera are impróbale. Besides, the 
increased data acquisition time would result in a considerable increase of inspection 
costs in factories producing large quantities of optical materials. From the results 
presented in this chapter, however, it can be duly concluded that applying only one 
cycle (no averaging) is insatisfactory in any circumstances, neither in factory check, 
nor in scientific research work. From practical point of view the number of averaging 
cycles should be somewhere between 4 and 16, and the author has chosen 10 
averaging cycles as a standard for most investigations of wafers. Therefore, if no 
other indications are given the subsequent maps presented in this work have been 
measured using 10 averaging cycles. 

On the other hand, however, increasing the data acquisition time from c.a. 43 
seconds (10 cycles) to c.a. 448 seconds (127 cycles) can produce fruitful results, 
especially in scientific research work, when no particular time-schedule or extremal 
speeds of investigations (check) are required. The author is convinced that the 
theoretically calculated retardation error/sensitivity of 4x10 ' radians (0.2°) can be 
achieved in practical circumstances only when the number of averaging cycles is 
close to 100. This can be concluded from the background map measured with 127 
averaging cycles (fig. 7), but not from the map measured with either 16 or 32 cycles 
(not shown in this work). 

Anyway, in no circumstances the periphery of the map should be treated as a 
source of close-to-true results, and the user of the arrangement has to keep it 
instantly in his mind. A good habit would be also to use (if possible) a larger 
diameter of the background than of the wafer itself 

At last one more thing has to be mentioned here. This is density of the contour 
lines that are displayed on a particular map. The density of such lines depends on 
two factors : the peak value of a measured quantity and a maximum range of the 
display (MRD) that can be adjusted by the user of the computer's program. Adjust-
ing the MRD either below, or equal to, or above the peak value, it is possible to 
"contract" or to "elongate" the scale of the displayed contours and thus to better 
reveal some peculiarities and details of the map. 
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Fig. 11. Residual birefringence distribution measured in <111> oriented, 3.4 mm thick S:doped 
GaP wafer. The maximum range of the display is 220 (xlO'^) (top left map), 500 (top right), 
1500 (bottom left), and 2750 (bottom right). 

saMPle no 9 
Date: 1995, 9.25 

This problem is in a certain way also connected with optimization of sensitivity 
of the measurements, since by adjusting the MRD one can reveal (or not) some of 
the defects that can appear in the wafer. For example, four maps of the same GaP 

wafer displayed in 
different MRD sca-
les are shown in fig. 
11. The wafer was 
cut out perpendicu-
larly to the Czochral-
ski-grown Srdoped 
crystal ' s axis. The 
crystal itself exhibit-
ed a core-like region 
at the center. On the 
first map (top left in 

Nowi. coord, fig- 11) a certain per-
turbance in birefrin-
gence d i s t r ibu t ion 
can be seen at the 

THANSMISSION DISTRIBUTION in GaP 
PROFILE - X (cursor position y = 144) 

X of P-U 

lee.ee 
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Fig. 12. Transmission distribution horizontal profile in GaP sam-
ple,corresponding to fig. 11. 
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center (also marked on the bottom right map). On the map displayed in the MRD 
corresponding to the peak value (bottom left map), however, this disturbance is not 
clearly visible. A clear (quasi)radiai residual birefringence distribution is also seen 
on all maps, especially in the wafer's region close to the perimeter. Depending on the 
scale this region is also less or more pronounced. 

The transmission loss involved by the core region can be also easily observed on 
the transmission map (a horizontal cross section through the map is shown in fig. 
12.). The transmission maps, however, are not frequently displayed nor printed due 
to their lesser significance compared with the birefringence/stress or the principal 
azimuth maps. 

6. O P T I C A L I N H O M O G E N E I T Y T E S T I N G I N S E M I C O N D U C T I N G 
A N D O X I D E C R Y S T A L S 

In this chapter several birefringence or stress and principal azimuth maps meas-
ured in wafers cut out from different parts of semiconducting and oxide crystals are 
presented together with comments on their optical inhomogeneity having practical 
implication in material's utilities. However, no transmission maps will be provided 
here, since in the majority of nowadays-produced materials (usually free from mac-
roscale defects and larger (e.g. stoichiometric) inhomogeneities) transmission through 
the sample is virtually constant apart of the perimeter effects mentioned in the 
preceeding chapter. In the case of calculating LiNbO, stress maps the author has 
used the data on its refractive indices published by D. Nelson and R. Mikulyak [34] 
and on its piezooptical coefficients published by E. Spencer, P. Lenzo, and A. Ballman 

BIREFRINGENCE MAP 

in Cafls 
MPl. no 1878/2 

Fig. 13. 3-D residual bi-
refr ingence distribution in 

<100> oriented, 3"-diameter GaAs 
wafer cut out from the botton part of the 

crystal. 
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6. Optical inhomogeiieity testing ... 

[35], 
A three-dimension-

al (3-D) residual bire-
fringence map in a 
<1(X)> oriented, 3"-di-
ameter GaAs wafer is 
shown in f i g . 13, 
whereas the two-di-
mensional (2-D) bire-
fringence and the prin-
cipal azimuth maps of 
this wafer are shown 
in fig. 14, respective-
ly. The 3-D maps, al-
though very pictur-
esque , are usua l ly 
much less readable 
than the adequate 2-D 
maps, and hence, the 
latter will be more fre-
quently presented in 
this work. The four bi-
refringence maxima ly-
ing along the <011> 
directions are a typical 
case for samples cut 
out perpendicularly to 
the <100>-growth di-
rection in cubic crys-
tals pulled by the Czo-
chralski method. A 
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quasi-radial principal azimuth (principal radial stress) direction (fig. 14 - bottom map) 
is an indication of a certain competition between isotropic conditions in Czochralski 
growth and anisotropic properties of the crystal pulled in the <100> direction. 

A set of two such maps for GaAs wafer cut out from another <100> oriented 
GaAs crystal is shown in fig. 15. A four-fold residual birefringence distribution is a 
little better pronounced on these maps than in the preceeding sample, especially on 
the principal azimuth map. A characteristic feature in both cases are the plateau-like 
four maxima on the birefringence maps. However, this is not a case met everytime, 
and, on the contrary, four sharp and close-to-the-perimeter peaks can be seen on a 
birefringence map of another GaAs wafer (fig. 16). 
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Apart from the four-
maxima regions found 
on every birefringence 
map in <100> oriented 
GaAs wafers (a typical 
{jeak birefringence equals 
to approximately 8x10'), 
the birefringence on the 
remaining part of the 
wafers is moderately 
low and usually does not 
exceed 2x10 '. The low-
est residual birefringenc-
es are always found at 
the center, where they 
are even equal to zero 
(as they should be ac-
cording to theory), and 
along the <010> direc-
tions. The optical inho-
mogeneity, as defined in 
chapter 2.1 ranges from 
zero, through ( l -2)xl0 ' 
cm ' (in the centra l 
parts) up to (l-3)xlO"' 
cm ' in the vicinity of 
the maxima. Providing 
that GaAs is used for 
e.g. electrooptic devices 
it means that the rectan-

gular prisms should be cut out from the central part of the crystals, and in neither 
case from any other parts lying along the <011> directions and close to the perimeter. 

A much more homogeneous and radial-like residual birefringence distribution 
can be found in wafers cut out perpendicularly to the <111> growth direction in 
another semiconducting crystals grown by the Czochralski method. A typical exam-
ple for such GaP wafer is shown in fig. 11 and the corresponding principal azimuth 
distribution is presented in fig. 17. From this figure it can be concluded that the 
maximum residual birefringence (stress) in <11 l>-grown crystals can be found at the 
perimeter (as it should be) and that the B on most of the wafer's area does not 
exceed 1x10 ' cm ' (the highest range contour line in the central part of approximate-
ly 1" diameter is 4, i.e. it corresponds to birefringence of 240x10-', and hence 
B=240xl0-72.5<lxl0-' cm '). 
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Fig. 15. 2 - D residual birefringence (top) and corresponding prin-
cipal azimuth (bottom) maps of a GaAs wafer cut out from the 
bottom part of <100> oriented, 3"-diameter GaAs crystal. 
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Fig. 16. 3 - D (top) and 2 -D (bottom) residual birefringence maps 
of another <100> oriented GaAs wafer cut out from the bottom part 
of the crystal. 

It would be also in-
teresting to show the 
residual birefringence 
distribution in a wafer 
cut out parallely to the 
growth axis of the 
same crystal. An inter-
esting phenomenon in 
this case is that the 2-
D residual birefrin-
gence map composed 
of the contour lines 
(fig. 18) is less readia-
ble than the adequate 
grey-shaded maps (fig. 
19). On the left map 
in fig. 19 two dark is-
ochromatics are visible 
parallel to the crystal's 
axis. By using differ-
ent interference filters 
it was evidenced that 
these i.sochromatics re-
main immobile on the 
wafer's area, and hence, 
they both correspond to 
zero-order retardation 
denoting change in bi-
refringence/stress sign 

IIME 
Date; 1995, 9,25 

= 1562 »E-fl3 rad 

PRINCIPflL ftZIMUTH DISTRIHITION 
in CaP sample no 9 

_CONTOllR_UiUjES 

1 » 2 » 
3 * 
4 * 
5 * 6 * 
7 * 
8 * 9 » 18» 

2,eeeEtee 
i,6eeEt62 
i.imim 4,8ee£te2 i,4eeÊ (i2 8,eeeEfe2 9.6ee£te2 
1.128Etei3 
1.279E+03 
1.439E^B3 

Fig . 17. 2 - D principal 
azimuth map in a 1.5" 
GaP wafer cut out from 
the top part of the crystal 
pulled in the <111> direc-
tion, corresponding to 
fig. 11. 
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6. Optical inhomogenei ty testing ... 

IIME 
Date; 1995 , 9.25 
P-U = 507 »E-07 

BIREFRINGENCE DISTRIfiUIION 
in GaP sanple no 9/ax 

CONIJRVAUIES 

TÍ000EÍW 
6,00eEt01 
i,20eE>e2 
1.799Et02 
2.4e0Ete2 
3,000E+02 
3,599E+02 
4,199E+02 
4,800E^2 
5,400Et02 

Fig. 18. 2 -D residual birefringence map in a wafer (1.5" dia., 2.7" 
long) cut out parallely to the growth direction of the investigated 
GaP crystal. 

Fig. 19. Grey-shaded maps corresponding to fig. 18, associated with 
stress-induced birefringence in the investigated GaP wafer. Expla-
nation in the text. 

IINE 
Date; 1995,10.24 
P-V : 215 *E-07 

BIREFRINGENCE DISIRIBUIION 
in Si saMple no 1001 

CONTOUR VALUES 

1 * 
2 * 
3 * 
4 * 
5 * 
6 » 
7 * 
8 * 
9 » 

10 * 

2,000E«00 
3,5O0EtOl 
7,G0OE+G1 
1,049E+G2 
l,399E+02 
l,750Etfl2 
2,099E+02 
2,450E402 
2.799E+02 
3,150EtG2 

Fig. 20. 2 - D residual birefringence map in a 4", 0 .36 m m thick 
wafer cut out from the bottom part of <111> oriented Si crystal. 
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in the center compared 
to the two regions 
close to the perimeter. 
Such residual birefrin-
gence/stress distribu-
tion most clearly pro-
nounced in the middle 
of the c rys ta l and 
somewhat disturbed in 
its top (right of the 
map) and bottom (left 
of the map) is just ex-
pected f rom theory. 
The principal azimuth 
(principal radial resid-
ual stress direction) 
should be constant in 
such case and perpen-
dicular to the growth 
direction (the crystal's 
axis). With certain dis-
turbances discussed 
above the principal az-
imuth is, in fact, con-
stant on most of wa-
fer's area (right map in 
fig. 19) denoted by 
constant shade areas in 
both crystal's regions. 

A radial or quasi- 
radial residual birefrin-
gence could also be 
observed in silicon 
pulled in the <111> 
direction (fig. 20), and 
in Z-pulled LiNbOj 
(fig. 21). In the case of 
Si wafers a "white 
light" corresponding to 
approximately 1.15 |a.m 
wavelength was used, 
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IIME 
Date: 1994.18.18 
PM/ = 975 »E-07 

BIREFRINGENCE DISTRIBUTION 
in LiNl>03 saiiFl,no812 

ITME 
Date 11994.10.18 
PHI = 1562 »E-03 rad 

CONTOUR UAUJES 

1 » i.mim 
2 « 1.0BeE^2 
3 » 2.08eEte2 
4 * 3,eB0Ete2 
5 * 4,e80Et82 
6 » 5.ea8E^e2 
7 » 6,080E+02 
8 « 7.000E+02 
9 * 8.0eeEi82 

IB * 9,0S0E«02 

PRINCIPAL AZIMUTH DISTRIBUTION 
in LiNl)03 ia«pl, no 812 

6. Optical inhomogenei ty testing ... 

and it was found that the 
maximum residual bire-
fr ingences in silicon 
were much lower than in 
another cubic semicon-
ducting crystals (GaAs, 
GaP). Such result for an 
elemental semiconductor 
like Si could be duly ex-
pected, and it was also 
found that residual bire-
fringences corresponding 
to residual stresses were 
usually much lower in 
the top parts than in the 
bottom parts of the crys-
tals. 

A clear and practi-
cally undisturbed radial 
residual birefringence 
distribution evidenced 
also by the principal az-
imuth distriburion (fig. 
21 - bottom map) was a 
characteristic feature of 
LiNbOj samples cut per-
pend icu la r ly to the 
growth Z-direction (op-

CONTOUR VALUES 

1 »'Y'0'0'0'E"0'0' 
2 * l,564E+02 
3 * 3.129Et02 
4 * 4,695E+02 
5 * 6,259E+02 
6 * 7,824Et02 
7 * 9.390E+02 
8 * l,095£t03 
9 » 1.251E+03 

18 « 1.408Et83 

Fig. 21 . 2 -D residual birefringence (top) and corresponding prin- ^^^^ largest 
cipal azimuth (bottom) maps of a 4", 0.5 mm thick LiNbO, wafer B in the central part o f 
cut out from the crystal pulled in the Z-direction (optical axis). the w a f e r w h o s e m a p s 

are shown in fig. 21 
does not exceed 4x10^ cm ' over a distance (diameter) of 2". Therefore, such crystals 
as that presented above can be effectively used for all optical nonlinear applications. 

An interesting feature observed in LiNbO^ crystals pulled by the Czochralski 
method was that the residual birefringence (and also the principal azimuth) distribu-
tion in Z-oriented samples cut out parallely to the growth (Y- or X-) direction was 
not consistant with theory. One such example is shown in figs. 22 and 23, respective-
ly. A quasi-radial-like birefringence/stress pattern is evidenced from the maps shown 
in these figures, and they in neither way correspond with the maps for an adequately 
cut GaP sample shown in figs. 18 and 19. A certain consistency with theory can be 
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6. Optical inhomogenei ty testing ... 

IIKE 
Date: 1994.10.14 
P-g = 1268 *E-07 

BIRmiNGENCE DISTRIBUTION 
in LíNl>03 saMpl.no 102 

CONTOUR WLUES 

2.000Et00 
3,000Et02 
6.000Et02 
9,000Et02 
l,200Et03 
1,500Et03 
l,799Et03 
2,099Et03 
2,400Et03 
2,700Et03 

ITME 
Date: 1994,10,14 
PHI = 1562 »E-03 rad 

PRINCIPAL AZIMUTH DISTRIBUTION 
in LiNl)03 saNpl. no 102 

CONTOUR WLUES 

1 » 
2 * 

u 
5 * 
6 * 
7 * 
8 * 
9 * 

18 » 

2,88eEt08 
l ,564Et02 
3 , 129Et02 
4,695Et02 
6,259Et02 
7,824E»02 
9,390Et02 
l ,895Et03 
1 .251E+03 
1.488Et03 

Fig. 22. 2 -D residual birefringence (top) and corresponding prin-
cipal azimuth (bottom) maps of a 3", Z-oriented LiNbO, wafer cut 
out from the crystal pulled in the Y-direction. 

ITME 
Date; 1995. 5,16 
P-V = 2742 »E+04 Pa 

STRESS DISTRIBUTION 
in LiNl)03 saMple no 182 

CONTOUR UftLÜES 

1 * 
2 * 
3 » 
4 * 
5 » 
6 * 
7 » 
8 » 
9 * 

10 * 

2,eeeE^ee 
5,0eeE^e2 
1.000E+03 
i,5eeEt03 
2.e0eEte3 
2,5ee£t03 
3.000E+03 
3,50e£^03 
4.00eE+03 
4,5ee£te3 

Fig. 23. Residual stress (difference of the principal radial and axial 
residual stresses, respectively) map of LiNbOj wafer, corresponding 
to fig. 22. 
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observed only in the 
top part of this LiNbO^ 
crystal where the bire-
fringence minima be-
tween the center and 
the perimeter can be 
denoted. Similar results 
for LiNbOj crystals 
were obtained by Sug-
ak et al. [17]. It seems 
that this discrepancy 
between theory and 
measurement is due to 
several reasons, one of 
them being an approx-
imately equal width 
and length of LiNbOj 
crystals grown by the 
Czochralski method 
(most of the theories 
are developed for sem- 
iinfinite crystals). As is 
also seen from fig. 22 
the central part of the 
crystal is optically ho-
mogeneous (B < 10 ' 
cm ' over a distance 
exceeding 1.5"). 

Before closing this 
part of the chapter on 
L iNbOj testing one 
more thing has to be 
mentioned here. In the 
case of highly biréfrin-
gent crystals like LiN-
bOj, for example, there 
is always a certain in-
fluence of natural bi-
refringence on the re-
sidual birefr ingence 
map. For the particu-

^^ 
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6. Optical inhomogeneity testing ... 

ITHE 
Sate:1994.16.14 
P-V = 6928 *E-07 

BISEFilHGEHCE DISIRIBUIION 
in LiNl>03 saNpl. noieS2 

CONTOUR VALUES 

1 » 2 » 
3 * 
4 * 
5 * 
6 * 

n 
9 » 

I B * 

2.eMEie8 7.ee«Ê e2 
1.399Ete3 
2.e99E^e3 
2.799Et03 3.5aeEte3 
4.199E+83 
4.9MEte3 
5.599Ef03 
i.3MEtB3 

Fig. 24 . 2 - D natural birefringence map in Y-oriented LiNbOj wa-
fer showing four distinct isochromatic fringes. 

ITHE 
Date: 1994,18.17 
P-V = 124 »E-07 

BIREFRINGENCE DISTRIBUTION 
in CaF2 satipl.nolBl 

ITME 
Date: 1994,18,17 
P-V = 1562 »E-B3 rad 

CONTOUR VALUES 

1 » 2,8eeEt88 
2 » 2,5BeEf81 
3 » S,80eEt81 
4 * 7,508EtBl 
5 * l,B00EtB2 
6 * 1.250Et02 
7 * l,5BBEt82 
8 » 1.75BEt02 

9 » i.mim 
18 » 2,2S8Et62 

PRINCIPAL AZIMUTH DISTRIBUTION 
in CaF2 saiipl. no 181 

CONTOUR VALUES 

1 » 2 » 
3 » 
4 » 
5 » 6 » 
7 » 8 » 
9 » 18» 

2,BeeEt8e 
3,8eeEtB2 
6,B0eEt82 
9,800£+02 
l,280Et83 
1,500E+B3 
l,799E+03 
2,099E+03 
2,4e8Ete3 
2,7B8EiB3 

lar case of LiNbOj it 
can be easily calculat-
ed that deorientation of 
the wafer (a normal to 
wafer's surface) versus 
the optical Z axis by 
even a small angle of 
30 arc minutes will 
yield in an approxi-
mately equal share be-
tween the natural and 
the expected stress-in-
duced birefringence. In 
such a case, however, 
one should not observe 
such (radially) sym-
metrical maps as those 
presented in figs. 21 
and 22, and if the deo-
rientation would be 
larger than approxi-
mately 1° then the 
maps like that present-
ed in fig. 24 for an Y-
oriented LiNbO^ wafer 
are rather expected. A 
radial-like symmetry of 
the residual birefrin-
gence distribution fre-
quently observed in Z-
oriented LiNbO^ wa-
fers, and besides, the 

Fig. 25. 2 - D residual bi-
refringence (top) and cor-
responding principal azi-
muth (bottom) maps of a 
3.25" dia., < 1 1 1 > orien-
ted, 6 .2 m m thick CaF, 
wafer cut out f rom the 
bottom part of the crystal. 
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6. Optical inhomogenei ty testing ... 

IIHE 
Date;1994,10.17 
P-U = 103 »£-«7 

BIREmiNGENCE DlSIRIBtlllON 
in VaC saMpl. no 102 

CONTOUR UAUIES 

2 * 3.849Et01 
3 » 7.699Et01 
4 » 1.154E+02 
5 » l,539Et02 
6 » 1.924Et02 
7 * 2,309Ef02 
8 * 2,695E^02 
9 * 3,079Ef02 

10 » 3.465Et02 

IIME 
Date:1994,10.17 
P-<; = 1562 »E-03 rad 

PRINCIPAL AZIMUTH DISTRIHITION 
in VaG saMpI.no 102 

CONTOUR VALUES 

1 » 2,000Et00 
2 » 9,500£t01 
3 » l,899Et02 
4 » 2,849£t02 
5 » 3,799£t02 
6 » 4,750£f02 
7 » 5.699Et02 
8 » 6,650Et62 
9 » 7,599Et02 

10» 8,550£+02 

Fig. 26. 2 - D residual birefringence (top) and corresponding prin-
cipal azimuth (bottom) maps of a 1.5" YAG wafer cut out from 
the top part of the crystal. 

dark isoclinic cross ro-
tating on wafer's area 
when the crossed po-
larizers are so rotated 
(fig. 5), indicates that 
this deorientation is 
much lower than 30' 
(usually not exceeding 
a few minutes). Never-
theless, a certain deori-
entation always exists, 
since one is not able to 
manufacture perfectly 
Z-oriented samples in 
the mathematical mean-
ing of this term. If so, 
the residual birefrin-
gence measured by the 
computer is always 
larger than its real val-
ue in the case of such 
crystals, and, moreover, 
this excess can not be 
fu l ly control led (or 
speaking in another 
words - the error asso-
ciated with this phe-
nomenon is unknown 
due to the limited ac-

curacy of the orientation of wafers), since high-precision (seconds) x-ray or optical 
goniometers are not frequently used in production control. Nevertheless, it can be 
estimated that this deorientation can be normally kept down to a few minutes resulting 
in falsification of the residual birefringence by (-I-) a few percent. 

The maximum values of residual birefringences in another oxide, but cubic 
crystals, like CaF^ (fig. 25) and Y^AL^O.^ (YAG) (fig. 26) were much lower than the 
adequate maxima in LiNbOj. The reason is not the size of the crystals (according to 
theoretical considerations and also to practical experiments the residual stresses 
should increase with increased diameters of growing crystals), since CaF^ crystals 
can be grown as large or even larger than LiNbOj. In the case of YAGs a core region 
also visible in fig. 26 was a frequently observed phenomenon. 
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AppendLx A 

APPENDIX A 

D I F F E R E N C E B E T W E E N F O R M U L A S (26) A N D ( 2 7 ) 
( C H A P T E R 3 . 2 ) C A L C U L A T E D F O R L i N b O , 

On the assumption of 871.7 |im wavelength the refractive index for an unstrained 
crystal n^=2.2471 L34J. It is next assumed that the piezooptical coefficient (or an 
adequate combination of coefficients) for a certain orientation of the crystal is of the 
order of 10 '̂  Pa ' [35]. Providing that the stresses acting in the (x' ,y') plain are equal 
and of opposite signs, e.g. 10' Pa and -lO' Pa, respectively, then we get 
n,=n +l /2n ' n a .=2.24716 ; n =n +l/2n ' no =2.24704, l o ' o x ' 2 o ' o y ' 

and so AB^.-AB^, calculated from eqs. (26) and (27) is equal to -2.11516x10 ' and 
-2.11152x10', respectively, and hence (2.11516-2.11152)/2.11152=0.17 % . 

APPENDIX B 

C A L C U L A T I O N O F [AB^^,^,] O R [AB^^,^, J ( S E E A D E Q U A T E 
F O R M U L A S I N C H A P T E R 3.2) 

CASE A 

Z-oriented LiNbO, thin plate is cut out parallely to the Y-growth direction. The 
axes are as follows: X (horizontal) and Y (vertical) in the (Z) plane. The stresses are 
acting along X ( a - radial component) and Y (a - axial component), respectively. 

X y 

The matrix of the piezooptical coefficients for LiNbO, in its generalized form for 
3 m space group can be acquired e.g. from [6], thus 

AB, (x.y.z) 

^12 0 0 

0 0 

0 0 0 

0 "44 0 0 

0 0 0 0 - 2 7 1 

0 0 0 0 "66 

0 

0 

0 0 

a , 0 

0 0 (al) 

where Hence, from multiplication of the above matrices one ob-
tains AB^=7i„a-t-Ki^a , A B ^ = t c 2 , C T a n d 
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AB, - AB = 7i„(ct, - a J - (n^.a, - 7t , ,oJ 

Appendix B 

(a2) 

Since matrix [7t.] in eq. (al) is quasi-symmetrical, then a slight approximation 
that 7t,| = 71,2 made, and thus 

From eq. (27) in chapter 3.2 it follows then that 

2 An 
CT. - a.. 

" 0 ( ^ 1 , - ^ 1 2 ) 

(a3) 

(a4) 

CASE B 

Z-oriented LiNbOj thin plate cut out perpendicularly to the Z-growth direction. 
The axes are as in the preceeding Case A. The stresses are acting along radius (a^), 
making an angle (]) with the X horizontal axis, and in the direction perpendicular to 
the radius (a^). Since rotation is performed around the Z-axis, hence the rotation 
matrix [a] ( chapter 3.2, eq. (18)) can be used and from eq. (29) one obtains 

AB 
a , 0 0 

0 0 

0 0 0 
(b l ) 

where [tt..] is given in eq. (al). 
When multiplying the 4th rank [tc] matrices by 2nd rank matrices one has to 

remember general rules of such multiplication given e.g. in [6]. For example, multi-
plication of [7U..] by [ct..] in the case of AB^^ ( '" '^ase AB2^=ABj) yields 

AB22 = 7l2,a,, -h 7:2,0,2 + 712,0,3 712,Oji + 2̂2̂ 2̂2 + '̂ 24̂ 2̂3 + "25̂ 3̂1 + 2̂4̂ 3̂2 + 2̂3̂ 3̂3 

It can be shown that by labourious multiplication of matrices in eq. (b l ) one obtains 

(b2) AB, = (7t„a, - Ti i jojcos ' (f) + 2(7t„ - 7i,2)(o, - o , ) s in ' (j) 

AB, = -2(71,, - 7i,2)(a, - o , ) s in ' ^ + (712,0, - 7t„o,)cos' (j). (b3) 

Hence, 

AB, - AB. = 4(7^1, - 7t,2)sin^ (j) -I- 71„ cos^ (t)](o, - O,) - (712,0, - 7t ,20 , )cos^ (j) ( b 4 ) 

Again, by making the same approximation as in Case A, i.e. that 7t2, = TC,̂ , eq. 
(b4) is, then further simplified 

AB, - AB. « (71,, - 71,2X1 + 3sin^ (t))(o, - o , ) 
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7. References 

and hence (chapter 3.2, eq. (27)) it yields 

2 A n  

n : ( n „ - 7 t j ( l + 3sin^(t>) 

a . - a , » 

When the map is not plotted in cylindrical coordinates then, of cource, equation 
(a4) is also valid in such case. 

7 . R E F E R E N C E S 

[1] Bajor A.L.: Automated polarimeter-macroscope for optical mapping of birefringence, 
azimuths, and transmission in large area wafers. 1. Theory of the measurement. Rev. 
Sci. Instnim., 66, 1995, 4, 2977-2990 

[2] Bajor A.L., Kukla M.J., Piątkowski T., Salbut L., Spik A., Szwedowski A.: ibid. 2. 
Measurement setup and results. Rev. Sci. Instrum., 66, 1995, 4, 2991-2995 

[3] Hauge P.S.: Mueller matrix ellipsometry with imperfect compensators. JOSA, 68, 1978, 
11, 1519-1528 

[4] Modine F.A., Jellison Jr. G.E., Gruzalski G.R.: Errors in ellipsometry measurements made 
with a photoelastic modulator. JOSA, 73, 1983, 7, 892-900 

[5] Goldstein D.H., Chipman R.A.: Error analysis of a Mueller matrix polarimeter. JOSA, 
A7, 1 9 9 0 , 4 , 693-700 

[6] Nye J.P.: Physical properties of crystals. Their representation by tensors and matrices. 
Oxford 1957, Clarendon Press 

[7] B o m M., Wolf E.: Principles of optics. 3-rd ed., 1969, Pergamon Press 

[8] Bergman J.G., Ashkin A., Ballman A.A., Dziedzic J.M., Levinstein H.J., Smith R.G.: 
Curie, temperature, birefringence, and phase-matching temperature variations in LiNbO, 
as a function of melt stoichiometry. Appl. Phys. Lett., 12, 1968, 3, 92-94 

[9] Midwinter J.E.: Lithium niobate: effects of composition on the refractive indices and 
optical second-harmonic generation. JAP, 39, 1968, 7, 3033-3038 

[10] Frukacz Z., Kisielewski J., Szydlak J.: YAG:Er'* crystal growth for laser application. 
Opto-Electronics Rev., 1, 1 9 9 3 , 2 1 - 2 2 

[11] Kobayashi N., Iwaki T.: A thermoelastic analysis of the themial stress produced in a 
semi-infinite cylindrical single crystal during the Czochralski growth. J. Cryst. Growth, 
73, 1985, 96 -110 

[12] Nash F.R., Boyd G.D., Sargent M. (Ill) and Bridenbaugh P.M.: Effect of op:ical inho-
mogeneities on phase-matching in nonlinear crystals. JAP, 41, 1970, 6, 2564-2576 

[13] Tsuya H., Fujino Y., Sugibuchi K.: Dependence of SHG on crystal inhomogereity. JAP, 
41, 1970, 6, 2557-2563 

[14] Bakhirin Yu. A., Bykovskii Yu. A., Ukraintzev W.A., Tchist'yakov A.A., Yakupov T.M.: 
Investigation of power soft-tuning in parametric generation of the infrared in highly 
optically homogeneous LiNbO^ crystals. Kristallografiya, 36, 1991, 5, 1226-1230 

44 http://rcin.org.pl 

http://rcin.org.pl


7. References 

[15] Ivanova Z.I., Kovrygin A.I., Lutchinskii G.W., Pashkovitch L.N., Rubinina N.M., Kho-
lodnyh A.I.: Manufacturing and optical inhomogeneity investigation of 45° LiNbO, cry-
stals used for parametric optical generators. Kvant. Elektron., 7, 1980, 1013 

[16] Shen Y.R.: The principles of nonlinear optics. 1984, John Willey & Sons, Inc. 

[17] Sugak D.Yu., Matkovskii A.O., Korobenko E.A., Mikhalevich A.T., Solskii I.M., Gaba 
V.M., Kopko B.N.: Optical Elements for near infrared spectra region from high optical 
quality lithium niobate single crystals. Proc. SPIE, 2206 ,1995 

[18] Petrova D., Pavloff O., Marinov P.: Optical quality and laser characteristics of YAG:Nd 
crystals grown by the Bridgman-Stockbarger method. J. Cr. Growth, 99, 1990, 8 4 1 - 8 4 4 

[19] Pracka I., Giersz W., Swirkowicz M., Paj^czkowska A., Kaczmarek S., Mierczyk Z.: 
The Czochralski growth of SrLaGa,0^ single crystals and their optical and lasing pro-
perties. Mater. Sci. Eng., B26, 1994, 201-206 

[20] Frukacz Z., Kisielewski J., Mierczyk Z., Zendzian W.: Growth of Cr,Tm,Ho:YAG cry-
stal and its optical and laser characteristics", Proc. SPIE, 2202 , 1995, 164-170 

[21] Kotake H., Takasu Shin: Quantitative measurement of stress in silicon by photoelasti-
city and its application. J. Electrochem. Soc. , 127, 1980, 1, 179-184 

[22] Jungbluth E.D., Chiao H.C.: Intense interjunction strain in phosphorus-diffused silicon. 
J. Electrochem. See. , 115, 1968, 4, 4 2 9 - 4 3 3 

[23] Lederhandler S.R.: Infrared studies o f birefringence in silicon. JAP, 30, 1959, 11, 1631-
1638 

[24] Honstra J., Penning P.: Birefringence due to residual stress in silicon. Philips Res. Repts., 
14, 1959, 237-249 

[25] Pluta M.: Polarized-light microinterferometry. W N T 1991, in Polish 

[26] Ratajczyk F.: Optics of anisotropic media. PWN 1994, in Polish 

[27] Bond W.L.: Measurement of refractive indices of several crystals. JAP, 36, 1965, 5, 1674-
1677 

[28] Becker H., Brach D., Otto A., Weber H.-J.: Sensitive and selective polarimeter for ap-
plication in crystal optics. Rev. Sci. Instrum., 62, 1991, 1196-1205 

[29] Hayden J.E., Jacobs S.D.: Automated spatially scanning ell ipsometer for retardation 
measurements of transparent materials. Appl. Opt., 32, 1993, 6 2 5 6 -6 2 6 3 

[30] Yamada M.: High sensitivity computer-controlled infrared polariscope. Rev. Sci. Instrum., 
54, 1993, 1815-1821 

[31] Kitamura K., Kimura S., Miyazawa Y., Mori Y., Kamada O.: Stress-birefringence as-
sociated with facets of rare-earth garnets grown from the melt; a model and measu-
rement of stress-birefringence observed in thin sections. J. Cryst. Growth. 62, 1983, 351-
359 

[32] indenbom V.L., Osvensky V.B.: Theoretical and experimental studies of generation of 
nress and dislocations in growing crystals. Growth of Crystals, 13, 1986, 2 7 9 - 2 9 0 

[33] jCoechner W., Rice D.K.: Effect of birefringence on the performance of linearly polari-
sed YAG:Nd lasers. IEEE J. Quant. Electron., QE-6, 1970, 9, 557 -566 

47 http://rcin.org.pl 

http://rcin.org.pl


Acknowledgment 

[34] Nelson D.F., Mikulyak R.M.: Refractive indices of congruently melting lithium nioba-
te. JAP, 45, 1974, 12, 8, 3688-3689 

[35] Spencer E.G., Lenzo P.V., Ballman A.A.: Dielectric materials for electrooptic, elasto-
optic, and ultrasonic device applications. Proc. IEEE, 55, 1967, 2074-2108 

A C K N O W L E D G M E N T 

The author is greatly indebted to Professor Maksymilian Pluta from the Institute 
of Applied Optics (Warsaw) for reviewing of this text and many helpful comments 
and suggestions. 

http://rcin.org.pl 

http://rcin.org.pl


PL ISSN 0209-0066 PRACE ITME Zeszyt 47 - 1996 

N I E K T Ó R E P R O B L E M Y B A D A Ń N I E J E D N O R O D N O Ś C I 
O P T Y C Z N E J K R Y S Z T A Ł Ó W Z A P O M O C Ą P O L A R Y M E T R U 
O B R A Z O W E G O 

Streszczenie 

W pracy przedstawiono pokrótce główne problemy związane z badaniem niejed-
norodności optycznej materiałów (głównie kryształów), takie jak: źródła tej niejedno-
rodności i jej wpływ na własności aplikacyjne materiału, wady i zalety różnych 
metod badawczych, w tym zautomatyzowanych metod polarymetrii obrazowej. Przed-
stawiono zasady działania i własności użytkowe skonstruowanego w ITME po-
larymetru obrazowego, umożliwiającego badanie płaskorównoległych próbek 
materiałów o średnicy do 150 mm i grubości do 10 mm, w zakresie długości fal 
promieniowania elektromagnetycznego 0.4 - 1.15 |a.m. Polarymetr umożliwia wyzna-
czenie różnych wielkości fizycznych z następującymi dokładnościami: dwójłomność 
< 5x10 ' , główny azymut (kierunek jednego z naprężeń głównych) < 1°, transmisji 
< 1 % . Działanie przyrządu zilustrowano licznymi wynikami badań, zwłaszcza 
materiałów półprzewodnikowych i elektrooptycznych wytwarzanych w ITME, takich 
jak GaAs i LiNbO,. 

H E K O T O P b l E n P O B J I E M b l H C C J I E A O B A H H J I O n T H H E C K O H 
H E O A H O P O ^ I H O C T H K P H C T A J I J I O B M E T O ^ I O M 
nOJIflPHMETPHH H 3 0 B P A J K E H H H 

K p a T K o e co/iep;KaHHe 

B pa5oTe npe^CTaEJieMbi: npHHUHn AeiicTBHa, KOHcrpyKitH« h 3KcnjiyTa-
UHOHHbie .iaHHbie .nHHeiiHGro nojiHpHCKona, Hcnojib3yeMoro ajih HccjieAOBaHHH 
onTHMecKoii HeoAHopoAHOCTH (BbObiBaeMOH B HacTHOCTH ocTaTOHHbiMH Hanpa-
>KeHHHMH) B njiacTHHKax KpHCTajuiHMecKHx MarepHajioB. OcHOBHbie AaHHbie 
npHÓopa: .ananasoH a j i h h BOJTH 0.4-1.15 MKM ( C C D TejieBH3H0HHaH KpeMMMesaii 
KaMepa); pasMepbi n.nac™H0K - ^ a M e r e p a o 150 MM, ToniitHHa a o 10 MM; O I U H -

6KH H3MepeHHH - ABOHHoe jiynenpejioMTOHHe < 5xlO-'', r.naBHbiH a3HMyT < 1°, 
onTHwecKoe nponycKaHHe < 1%. ripeACTaBjieHbi npHMepbi Hcn0Jib30BaHH3 npH-
6 o p a (KpoMe Tpex BbiiueyKa3aHHbix BenHHHH MOKer 6biTb n o e r p o e H a K a p r a 
0CTaT0HHbix HanpjDKeHHii no pa3HHue rjiaBHbix Hanpa>KeHHii) ana Hccjie^OBanHa 
OnTHHeCKOii HeOAHOpOAHOCTH B nOJiynpOBOAHHKOBbIX H KHCJIOpOACOAep>KamHX 
KpHCTaji™x, nojiyHeHHbix B H T 3 M , TaKHX KaK G a A s h LiNbOj . 
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