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Tlw l'xprPssion and nuutl'rical \'aint•s for ('{fpctiv<' sh<'ar viscosit.1· of a dilull' sus

Pl'nsion of sphPrical minoparlides in blood arc• obtained. If blood r<'\'l'als prop

<'rlil's of a polar fluid dming hydrodyn<1111ic inlPraclion 11·ith suspl'tHll'd parlicil's. 

t hc•n t h<' C'owin polar fluid should hP nsl'd for t h<• riH·ological nHHll'liug of blood. 

TIH' ahov<'- llll'Jit ioncd stal<'IIH'nt is trnl' <'IC'll in th<' cases of blood flo\\' in largl' 

blood l'l'SS<' ls or in ch<utnl'ls of difl'c•n•nt dPI ice's. in which blood. in tlH• absc'IH'<' of 

suspc•tul<>d sphc•rical particll's. })pltavps as th<· :\'l'll' tonian fluid. 

Kl'.\' \\'Ords: rlilulc 'llS]JCIIS/011. '"'·'Jic /1 ,,/01/ 111 bluud . . >ll.>pcndcd 111/no.-.phr·u.'>. Colt'lll 

polar jlu11i . .-.u.>pcn.'i0/1 dfrdll•r l'iM'U,'>Ii,IJ 

1. Introduction 

,\ clilll tc st tspc'll!->iun 111 blood of rigid mino!->phcrcs of lite SHilH' siz<' pos

;wssi ng zero h11oyanC'.\' is C'OllsidN<'d i 11 l b is paper. 

Suspcu:-.ious in blood C'all arise Ill on add it ion of part iciC's of contrast 

ag<'llls fort ltc pmpos<'s of X-ra.\' \'isualizat ion of blood \'C'Ss<'ls. on add it ion of 

part ides of n)('dical snbstanC'cs with the ai111 of deli\'<'1'.\' of drugs to affect<'d 

organs and so on . 

Sttsp<'tlsion in blood also aris<' outside of the human body. for <'xamplc. 

on add it ion of polymeric beads containing a fin<' mag1wt ic colloid eilC'apstt

lat cd in t h<· i lln<'r C'OIC' of the polymeric matrix Ill for t h<' i1n pron•ntC'lll of 

hiodwmi('al biomedical analyses of blood. Suspensions in blood arise too in 

d<·,·i<Ts fm dialysis of blood. 

\\'hi I<· soh·inp, medical probl<'llts t !t rough t h<· use of suspc'nsions in blood. 

t it <• possible c·onseqt t<'IH'<'s of biontedlaniC'al inter\'cntion into the• hutnan body 
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should lw remembered. In particul a r, it is necessary to study the influence of 

the addition of suspended particles on tlw viscosi tv of blood. In tIt is paper, 

tllC' simples t spherical forlll of suspended particles is considered. and also 

the analyti cal expre ·si on and numerical values for the effect ivc viscosity of 

a dilute suspension of 1u icrm;phcres in blood as a suspension carrie r flu id arc 

obtained. 

2. The Rheological Model o f Blood as the Carrier Fluid of 
a Suspension 

'v\'e assume in this paper that the radius of the suspended particl<'s is s igni

ficantly larger than the characteristic s i:r,c of blood microstructure elements 

red blood cells . platelets and white blood cells. This allows one to conside r the 

int<'ra.ct ion of blood with suspended particles as a hydrodynamic intPraction 

of a liquid continuum with bodies suspended in it. 

As usual in suspension rheology, the fl ow of the carrier fluid of t he susp <'n

SIO!l blood around th<' susp <'nd<'d part ides is considered wi t!I in the Stokes 

approxi1nat ion. 

While choosing the continua l rheological model of blood it is ll<'C<'ssary 

to be knowledgeable about the rh<'ological peculiarit ies of blood in gradient 

flows. it s structura l features. a nd a lso how the structure of blood influences 

its behaviour as a liquid medium. 

In accordance with [2] , blood behaves d iffcrently depending on t lw char

acl<'ris tic s ize of the flow region. Particulaly. iu la rge vessels it behaves as the 

N(•w tonian fluid allCl in small vessels its hcha,·iour is non-Ncwtouian. 

Tlw total volume of red blood cells is approxima tely 50 tinws n ton ' than 

th(' to ta l volume of other formed elements of blood platelets a nd white 

blood cells 121, therefore Lhe rheological belmviour of blood is cldcnnincd by 

th(' conc('llt rat ion a ud mechanical properties of red blood cells only 121. 
As in a ny concentrated suspension. the high concent ration of red blood 

celh; approxi mately 46o/c in huina n blood causes ncighi>oring reel blood cells 

to change the spinniug of each ot her in gradi<'nt flows of blood. Therefore, 

each IWI blood cell's 0 \\' 11 angu lar ,·clocity in gradient flows of blood differs 

from the regiona l angular ,·eloci ty of the e lementary blood , ·olun1c that they 

occupy. T his fact explains t he choice of the Cowin pola r fluid 151 in the present 

paper, as in papers 13,-11. for rhcological model ing of blood. 

Th<' phenomcnologic:al rlicological model of the Cowiu polar fluid I 5I is 

one of th<' structural continuum models IGI. In order to account for the influ-
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cncc of the elements of fluid m icrostmcture on the stress state in t he flui d , 

it is assumed in t he Cowin model [5] t ha t the fluid part icles. found in an 

elementary volume which is m oving with t he t ranslationa l velocity Vi and 

rotating with t he regional angular velocity wk = ~EklrVd , may rotate fur

thermore with t he angula r velocity nk around t he center of t he elementary 

voluwc. This means t hat t he part icles of t he m edium may have t heir own 

angula r characteristics that diHcr from the angula r velocity of the elementary 

volume a a whole. I t is also asumecl t ha t a force coup le is acting between the 

fluid part icles. In t his case, the eHect of one part of t he fluid on another part 

adjacent to it is characterised not only by t he surface forces (viscous stresses) 

bu t a lso s ur face momentums (coup le stresses) . T he rheological equations of 

state of the Cowin pola r fluid a re 

Tij = - p8ij + 2{Ld iJ - 2kHij , 

A i.i = o.8ij Wrr + ({3 +I) WiJ + ({3- I ) 'll ji, 

(2 .1) 

(2.2) 

where T;J is t he viscous stress tensor : A ;J is tl1e couple stress t ensor: d ;J is the 

s train rate tensor , d ij = 1/ 2 (vi,)+ Vj,i ) : V i .) is t he velocity gradient tensor ; 

H ij = Emij (n m - wm) ; Em ij is the Lcvi-Civita t ensor ; 'll ij is t he gradient of 

t he fluid particles ' own angular velocity n,,, Wij = n ;,j; ~L , k . a., {3, I arc 

rheological constauts; t he com ma in t he indices denotes cl iHcrcntiation in t he 

direction of t he axis denoted by the index which follows the co111ma . 

Considering t he elementary fl ows in Lhc pa pers [5 , 7], it was obta ined 

tha t the effect ive viscosity of the Cowiu polar fl uid (Eqs. (2.1). (2.2)) does 

not depend on t he flow's kinematic characteristics , but is determined only 

by the How's geometry a nd t he rheological constants of the model defined 

by Eqs. (2. 1), (2 .2). So. t he cHcctivc Yiscosity of the polar fluid (Eqs. (2.1) , 
(2.2)) in t he Co uct Lc flow is defined by t he formula 

~(0) = . ~ 
a 1 - (No lo/ h) tan h (Nolo/ h) 

(2.3) 

where h is one-half of lbe wid th of the channel in t he CoueLlc flow; No a nd 

lo a rC' dctNminecl by t he formulas 

fk 
No = v ~· lo ~ Jr3

: ~ 
tanh ::; is the hyperbolic tangent. 
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According to J5J. the panuueters No and Lu vary within the limits 0 < 
No ::; L io 2: 0. At No = 0. the rheologicnl model of a polar fluid becom es 

a rhcological model of the Newtonian fl uid with the viscosity Jl J5J . From 

Eq. (2.3 ). in this case, it is determined that JI~Lo ) = Jl. 

The paramcLer lo . which has a dimcnsiou of lcugth, is linked. according 

to J5J, wit h the charl\cterist ic size of the lll ic rostructurc elements of real 

microstruct m e fl u ids that a rc modcled by the polar fluid (Eqs. (2.1). (2.2)). 

The analysis of Eq. (2.3) shows that. '"bile 0 < No ::; 1. the influence of t he 

rotational viscosity lt of the polar flu id ou the effective viscosity /l~O) only 

takes place a t finite val ues of 2h / lo . i.e. in rclatiwly narrow channels of the 

Couette flow of the polar fluid. In the opposite case, i.e. at h/ Lo -> . the 

influence of rotational viscosity k of the polar fluid (Eqs. (2.1). (2.2)) on its 

cffectiw viscosity J I ~,Ol is absent: in this case. it fo llows frolll Eq. (2.3) that 

Jl~O) = p. i.e. the polar flu id (Eqs. (2.1). (2.2)) bchaves as tlw Ncwtonian fluid 

with the viscosity p. This analysis demonstrates the similarity of rhcological 

bcll<\\·iom of the Cowiu polar Huid at 0 < iYo ::; 1 in nnrrow and wide 

channels and the rheological behaviour of blood in small and large blood 

vessels rcspccti ,.c ly. 

The constitutive equations (2.1 ) . (2.2) of the Cowin polar fluid werc used 

in t hc papers J:~. -l I for the rheological moclding of blood. Tltc comparison in 

[41 of the velocity profiles of the polar flu id aucl blood iu t lw Poiseuillc fiows , 

"·ith the use of cxperi n1ental data obtained iu J8J allowed to obtain thc values 

of paramctcrs No . /o of thc Cowi n polar fluid for the rhcological modeling of 

blood at the d ifferent hac1natoni t values C11 (Table 1 ). 

3. The Effective Viscosity of a Dilute Suspension of Beads m 
Blood 

Thc stud.\· of a dilute suspension of beads of t he sanw radius poss('ssing 

zero buo~·ancy in the Cowiu polar fluid (Eqs. (2.1). (2.2)) in J9J allowed to 

obtain t h(' expression for the effect in' Yiscosity ''" of such suspension: 

''" = 11 (l + 2.5cF (No; 2o / lo)) (3. 1) 

whcrc c is the volumc conccnirnt ion of suspended beads. a is the radius of 

suspended heads: 

3NoA·-~ 2 (( 2a / lo) .Vo) 
F ( X0 . 2 oI l o ) = -,--------,-----,----· -'--------,-,-...,...---~ 

(2a/ lo) K ;:,;2 ((2a / lo) No ) 
(3.2) 
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In Eq. (:3.2) }\':1; 2 (z) a ncl r\·;,; 2 (::.) a r<' the fun ct ions of T\ lac Donald of half

i ut eg<'r order . 

The <'fkct ivc v iscosity Jla defined by Eqs . (:3. 1). (3 .2 ) was obta ined in 191 
us ing t he assumptions o f the Eins teinia n thC'ory [10] of dilute suspensions: 

l. rig id sphNical s ns peuclccl particles have l he S<llll <' cl i me ns ions: 

2. t he dia me ter d of sus pend ed sp ll<' rica l pa r t ic les is much s mall<'r than 

the cha ractNistic dimension l of the s uspe ns io n lll<lCToflow r<'gion but 

is lllt tch gr0a ter than the charactnist ic dimens ion l of microstructural 

clcmc uls of lite carrier fluid 

l « d « l: 

3 . no-slip condition is fulfilkd on the surface of the suspend <'d particles: 

4. tll<' m otion of t he susp <' nsion·s ca rrier fluid with respect to t he s us

P<' IHied part ides is s low: 

G. th<' vo lume concentratio n o f suspended particles is s ntall: the s uspens ion 

is asst11 ned to be diltl tC'cl: 

G. suspended pa rt ic lcs possess zero buoyancy. 

Tl1e us<' of Eqs. (2. 1). (2 .2) in this pa per for rhcological lllodeling of blood a~ 

a s uspens io n ca rrier fluid requ ire's the fulfi lltlle llt o f thC' ass11mptions 1 G fo r 

the colls iciC'J'ed suspe nsion of s pherical part icks in blood . 

The assumpt ions 1. 2. I G a rc not spccifk, they can be used fo r a sus]Wll

s ion in blood as \\'C' II as for a suspcusiou \\'it h a low- IIJOIC'C'I dar carri<'r Auicl. 

13ut t iiC' fulfi llnH' nt of conditio11 3 for a sns]w nsion in blood is 11o t evid e nt. 

since blood as a car r ic'r flu id o f tll<' suspensio n is i tsdf a s us p<'ns ion of its 

fo rlllcd ckmC'nt s. But in s pite o f th a t. a ccord ing t o lc.JI. no-slip condition fo r 

blood is a lso fulfilled . The comparison in [ lj o f different bo u11da r.v conditio ns 

o n the surface' fl o\\'cd a round by blood. tha t was mod clcd by t IH' Cowin pola r 

fluid (Eqs. (2. 1). (2.2)). s howed th a t the r<'s td! s o ft hcore tical calculat ions a nd 

<'Xpcriment s han' the bes t coincidence' at t he fulfi llmcnt of 110-s lip cone! it ion . 

T he fu nctions of T\ Iac Donald of ha lf-int cgN ord er F :l; 2(z ) a nd I\.1;2( ::; ) 
a re <'X pressed in terms o f ek utcllt a r.v func tions 1111. It a llows us to obta in the 
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effective viscosity ~La of the considered dilute suspension in blood defined by 

Eqs. (3.1 ) . (3.2) in a form sui table for a nalysis and calculation· 

( 
5 NJ (2a/ lo)

2 + 3No (2a/ lo ) + 3 ) 
I La = ~ 1 + - C ( ) 2 NJ (2a j l0 )

2
- 3 + 3No (2a/ lo) (1- NJ) + 3 

(3.3) 

T he evaluation of parameters No and lo of t he polar fluid (Eqs. (2 .1), (2 .2)) 
in 141 while modeling blood fiowl-3 allowH to inveHtigate t he in fluence of the 

polar properties of blood on t he effective viscosity of a d ilute suspension of 

beads in it uHing Eq . (3.3) . 

First of a ll. according to Eq. (3.3). in the limiting case c = 0. i. e in the 

absence of suspended particles in the l-3us pension. the carrier fluid blood 

modeled by a polar fluid behaves as the 1 ewton ian fluid with the \·iscosily JL. 

Such a result corresponds with real behaviour of blood in la rge blood vessels 

[2]. T his means that Eq. (3.3) dete rmines the effective viscosity of a dilu te 

suspension of beads in blood precisely in large b lood vessels. 

Secoucl ly, the analysis of Eq. (3 .3) also reveals that the increase of a/lo 
leads to the d isappearence of t he inflttence of rotational viscosity of blood k 

at 0 <No~ J on t he suspension's effective viscosity. In such a limiti ng cas('. 

Eq. (3 .3) lakes the form 

1 Lo = JL (1 + 2. 5c) . 

i.e. the effect ive viscosity of a dilute suspension of beads in blood is deter

mined by tlw EinHtein formu la 1101. 
It is obvious from Eq. (3 .3) that the influcncc of the rotational \' iscosit y 

k of blood as a carrier fluid of the cons idered suspension ou the effect i V(' 

su::;pcns ion viscosity /Lo is revealed at fini te values of the ratio 2o/lo, i.e. at 

a comparatively sma ll size of suspended ::;phcrical particles. 

T he equation (3 .3) is used in the paper for finding the n11merical valueH 

of the cha rac teristic viscosity 

[ I 
fla- fl 

~La = 
JIC 

of the ·uspension. The results of the calculation of [Ita] for the considered 

sus pens ion in blood a t the different \·alues of radius a of su ·pendcd part icks 

and haematocrit values Cb of blood as a carrier ftuicl of t he s t1spcnsion a rc 

g iven in Table 1. 

T he columns 1 4 of Table l for the characteristic viscosity [!L a] o f the 

suspension correspond to the four values of rad ius a o[ suspended pa rticles: 
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TALJL8 l. Numcrical valnPs of t!tc characteristic \'iscosity [Jt,] of dilute su pension 

of beads in blood. 

Cb . o/c No 6 [Jia] 
lo x LO 111 

1 2 3 4 

5 0 .5021 8.175 2 .8385 2.8071 2.7808 2.7586 

10 lLYHG 12.968 2.9952 2.95-1:3 2.9193 2.8891 

20 0.5501 16.597 3.11 11 3.0649 3.0246 2.989:3 

:30 0 .. 55 17 20.526 3. 1963 3 1492 3 .1072 3 .0699 

40 0.3569 2:3.·162 :3.2486 3.2019 3 .1 599 3.1219 

a = :3.5 x 10 5 m, 4 x 10- ;) 111. 4.5 x 10- 5 m , 5 x 10- 5 m. Such value · of 

radius a of suspended sphNical particles a rc s ignificant ly greater than t he 

effect ive radius of red blood cells. vvhich ranges from 2.56 x 10- 6 m to 2. x 

10- 6 m considering thal the reel blood cells· volume ranges from 70 11m3 to 

100 11tn3 [2] . Such a choice of radius of suspended spherical particles ensures 

conwtncss of using the Einstein theory 1101 to rhcological study of dilute 

suspens ion in blood. 

4. Conclusions 

The analys is of t he analytical expression for the effective viscosity f.La of 

a dil ute suspension o f beads in blood (Eq. (3 .3)) and Lhc numerical values 

for the charactcrist ic Yiscosity [Ita] of the considered su ·pension shows that 

blood with suspended !wads 70 100 microns in diameter reveals its non

N ewtonian, i .c . polar , propert ies even in tbose gradie nL flows in wh ich blood 

bcha\'cs as the Newton ian fi uid in the absence of suspended part icles . Among 

such f-lows a rc blood flows in 111iddlc-sizcd a nd large vessels or in cha nnels of 

most apparatuses outs ide t he human body. 

The obtained numerical values of the characteristic viscosity [Jta] of t 11C' 

considered suspension a lso sho\\' t hat taking into account the pola r properties 

of blood as a carrier fluid of the sus pension leads to t he increase of the 

suspension's characteristic viscosity in comparison wit h a dilute suspcnsio11 

with the l cwtonian model of blood. Jn particular, the characteristic , ·iscosity 

[Jtn] is increased from the well known Eiu:tcin value 2.5 110] for a dilute 

susp ension of beads with the Newtonian carri er fluid to the val ues I isted in 

Table 1, which were obtained in the present paper while modeling blood as 

a carrier fluid of the suspension by the Cowin pola r Auid (Eqs. (2. 1). (2.2)) 

for different values of haematocrit \'i:llucs cb and different values of radiu, 

a of the suspender! beads. 
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The studies carried out in t bc present paper expand the range of uses of 

the Cowin polar fluid as a rheologica l model of blood . The Cowin polar fl11id 

should be used to model blood as a carrier fluid of a dilut e suspension of rigid 

microsphcres even in midclle-sizecl and large blood vessels or in channels of 

most apparatuses in cases when blood exhibi ts properties of the polar fluid 

while interacting with snspendecl particles. 
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