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Chapter 2 

Linearization of the Navier-Stokes 
equation 

2.1 Variational formulation 

Let us consider now the variational formulation of the coupled problem. We 
rewrite the equations ( 1.10)-( 1.11) in the following form for each coordinate of 
the vector w: 

-vf:..yw1 + wv'yw1 + v'ype1 

-vf:..yw2 + wv'yw2 + v'ype2 

divyw 

0 

0 

0 

(1.1) 

(1.2) 

(1.3) 

We associate a test function 6 with w1 , a test function 6 with w2 and 'T/ with p, 
we denote by n = [n1 , n1]T. We recall the boundary conditions for functions w1 

and w2: 

w1lrwa1, = o, 
w1lr'" = 91, 

w1lr;",(u) = o, 
OW1 
fJn + p · n1 = 0, 

w2lrwa1, = o, 
w2lr;" = 92, 

w2lr;"'(u) = o, 

aw2 + p · n2 = 0 8n ' 

and we set the boundary conditions for test functions 6, 6 as: 

6 = O on r wall u Cn u rint(u), 
6 = 0 on r wall u rin u I"\nt(u). 
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14 CHAPTER 2. LINEARIZATION OF THE NAVIER-STOKES EQUATION 

Multiplying the equation (1.1) by the test function 6 we get: 

- j (6vllyw1-6wv'yw1-6v'ype1)=0, (1.4) 

l12(u) 

thus 

j v6(v'11w1·n)- j v6(v'11w1·n)+ j v(v'116·v'11w1) 

r wa11ur,nur,n1.(u) rout l12(u) 

+ j 6(w · v'11w1) - j 6Pn1 + j P6Jy, = 0 
l12(u) 8l12(u) l12(u) 

>From the boundary conditions for 6 and w1 on rout we get 

- j v6pn1 + j v(v'1h · v'yw1) 

rout fl2(u) 

+ j 6(w•"vyw1)- j 6pn1 + j p·6;Yl=O 

!!2(u) rout fl2(u) 

so 

j v(v'y6 · "v11w1) + j 6(w · "vyw1) + j p · 6;11, + (v -1) j 6pn1 = 0:1.5) 

l12(u) l12(u) fl2(u) rout 

2.2 Linearisation 

Suppose that T: D(O) • D(u) is given by T(x) = x + cp(x), where 

We denote by cp;/j = ~cp; partial derivatives of function cp, so we have 
UXj 

Dcp = [ IPl/1 IPl/2 ] 
ip2J l IP2/2 

(1.6) 

(1.7) 
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and the derivative of the mapping T can be written as 

DT = [ 1 + Cf! l /1 Cf!l /2 ] 
({!2/1 1 + ({!2/2 

(1.8) 

which means that DT = I + Dcp and is such, that II D cp ll << 1, and cp = 0 on 

r wall LJ rin LJ rout• 
We are looking for a linearised expression of operator A( cp ) given by: 

A (cp) = J( cp ). (DT) - 1(DT) - T (1.9) 

where J( cp ) is a determinant of the matrix DT, (DT) - 1 is an inverse of DT and 
(DT) - T is transpose of DT- 1 . In linearisation we ignore all terms (Cf!i/j l for 
k > I, then the linearised form of determinant J( cp ) is obtained as follows: 

and 

J(cp ) = det(DT) = <let [ 1 + Cf!l / l Cf! i / 2 ] 
({!2/1 1 + Cf!2/2 

= (1 + Cf!1;1)( l + Cf!2;2) - Cf!1; 2Cf!2;1 

~ 1 + ({!1/1 + ({!2;2 = 1 + div cp 

Since the inverse (DT) - 1 and the transpose (DT) -T are given by 

DT- 1 = ~ [ 1 + Cf!2;2 -cp1;2 ] 
J - 1{!2/l 1 + Cf!l /1 

DT-T = ~ [ 1 + ({!2/2 -cp2;1 ] 
J - cp1;2 1 + ({!1/1 

(1.10) 

(1.11 ) 

(1.12) 

then we get the following linearization for the multiplication of (1.11) and (1.12) 
we get 

with 

(1.14) 
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Thus 
1 1 

A(ip) = J · 2 (1 + B(ip)) =-(I+ B(ip)) 
J J 

(1.15) 

But since 
1 . --- ~ I - div 

I+ divip 
(1.16) 

then 
A(ip) = (I - div)(J + B(ip)) ~ I - Jdivip + B(ip) (1.17) 

Then the first term in (1.5) can be written as 

J v(Vh · V 11w1)dy = j (A(ip)Vx(6 o T)Vx(w1 o T))dx (1.18) 

02(u) 02(0) 

The second term in (1.5) can be written as 

J 6(w · V11w1) = J J6(w · (DT) - T · V(w1 o T)) 

02(u) 02(0) 

= j 6w(K · Vw1) (1.19) 

02(0) 

where 

(1.20) 

with 
B(ip) = B1(1P) + B"[ (ip) 

The third term in (1.5) can be rewritten as: 

j p · 6 1111 = j pe"[ · V 11~ 

02(u) n2 

J pe"[ (DT) - TV(~ o T) ~ J pe"[ K · V~ (1.21) 

~M ~~ 

The third equation in (??) can be written as 

j 'r) · divw = 0 

02(u) 

(1.22) 



2.2. LINEARISATION 

J [ei"v'yw1 + eJv'yw2] 'rJ 

02(u) 

= J TJJ [eT (DT)-TV(w1 o T) + eJ (DT)-Tv'(w2 o T)] 

0(0) 

~ J TJ(eTKv'xw1+eJKv'xw2) 

02(0) 

17 

(1.23) 
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