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EQUIV ALENT STANDARD SYSTEMS FOR SINGULAR 
DISCRETE-TIME SYSTEMS WITH DELA YS 

Tadeusz Kaczorek 
Warsaw Technical University, Faculty of Electrical Engineering 

Institute of Control and Industrial Electronics 
00-662 Warszawa, Koszykowa 75, Poland 

Tel. ( +48 2) 6256278, 6280665, fax ( +48 2) 6256633 
<e mail: kaczorek @nov.isep.pw.edu.pl> 

Abstract: A standard system which has the same solution for 
admissible initial conditions as a given singular discrete-time linear 
system with delays in state and input is derived. Same basie properties 
of the fundamental matrices of the singular discrete-time linear 
systems with delays are characterised. A method of determination of 
the standard system based on the shuffle algorithm is proposed. 

Keywords: singular systems, discrete-time systems, equivalent 
standard systems, delays. 

1. Introduction 

The analysis and synthesis of linear systems with delays has been 
considered in many papers and books (Górecki et al. 1989, Medvedev 1997, 
Olbrot 1978). A survey of linear singular systems is given in (Lewis 1986). 
Recently in (Kaczorek 1998) a standard system which is equivalent to (has 
the same solution as) the singular (regular) linear system has been derived. 

The main purpose this paper is to extend this approach for discrete­
time linear systems with delays in state and input. Same basie properties of 
the fundamental matrices of the singular discrete-time linear systems with 
delays will be characterised. A standard system which has the same solution 
for admissible initial conditions as a given singular discrete-time linear 
system will be derived. A method of deterrnination of the standard system 
based on the shuffle algorithm (Luenberger 1978, Kaczorek 1992) will be 
proposed. 
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2. Preliminaries and fundamental matrices 

Let Z+ be the set of nonnegative integers. The set of m X n real 

matrices will be denoted by Rmxn and R 111 := Rmxl. 

Consider the linear discrete-time system with delays: 

(1) 

where X; E R 11 is the state vector, u; E R 111 is the input vector, 

E, A1, A2 E Rnxn, B1, B2 E R11Xm with E possibly singular and d 1 and d 2 

is the delay in state and input, respectively. 

To compute X; for i EZ+ we have to know u; for i~ -d2 and the initial 

conditions: 

(2) 

The system (1) is called standard if E = /11 (the identity matrix) and it is 

called singular if detE = O . 

It is assumed that: 

det[ Ez- A1 - A2z-d'] -:f. O for some z EC (the field of complex numbers) 

(3) 

The system (1) is called regular if (3) holds. 
If (3) is satisfied then: 

[Ez-A1 -A2z -di tł = ~ cpi z -(i+l) 

i=-µ 

where µ is the index of nilpotence and <JJ i is the fundamental matrix. 

Substitution of (4) into the equality 

[Ez - A1 - A2z -di t1 [Ez - A1 - A2 z -di]= I n yields: 
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Equivalent standard systems for singular discrete-time systems .. . 

Comparison of the coefficients at the same power of z in (5) yields: 

E<Pi -A1<Di-l -A2<I>i-d1-1 =<I>iE-<I>HAI -<I>i-d1-1A2 = 

=lnói :={In fo~i=O 
O Jarz=-µ+ I,-µ+ 2, ... ,-1,1,2, ... 

(6) 

where 8; is the Kronecker delta and E<I> _µ =<I>_µ E =O . 

Lemma. The fundamental matrices <Pi and E, A2 satisfy the equalities: 

<I> j E<I>i + <I>i-d1 -1 A2<I> j + <I>i-d1 -2 A2<I> j+1 +···+<I> j-d1 -1 A2<I>i-2 + 

+ <I> j-d1 A2<I>i-l = <Pi E<I> j + <I> i-I Az<!> j-d1 + <I>i-2 Az<!> j-d1 -I + · · · 
(7) 

···+<I>· 1A2<I> · d 2 +<I> ·A2<I>· d I J+ 1- 1- } t- I - for i, }EZ+ 

<I>1 E<I>i + <P1-d1 Az<I>i-1 + <I>2-d, Az<I>i-2 + ... + <I>oA2<Pi-d1 = <Pi+I for ż Ez+ 

(8) 

Proof. From (6) we have: 

E<P· = A1<P · 1 + A2<P· d I for i> 0 I l- l- ,- (9a) 

and: 
(9b) 

Using successively (9a) and (9b) we obtain for i EZ+: 

<P1 E<Pi = <P1 A1<Pi-l +<P1 Az<Pi-d,-1 = <P2E<Pi-l -<P1 -d, Az<Pi- 1 + 

+<P1A2<Pi-d1-1 =<P2A1<Pi-2 +<P2A2<Pi-d1-2 -<P1-d1 A2<Pi-l +<P1A2<Pi-d1-1 = 

= <P3E<Pi-2 -<Pi-d,-2A2<Pi-2 +<P2A2<Pi-d1-2 -<P1-d1 A2<Pi-l + 

+<P1A2<Pi-d1 - I = .. · = <PiE<P1 -<Pi-d1 - 1A2<P1 + <Pi-I A2<Pi-d1 -<P1-d2 -2A2<P2 + ... 

· · · + <Pi-2A2<P2-d, - · · · + <P1 A2<Pi-d1 -I -<P1-d1 Az<Pi-1 

Similarly: 

<P2E<Pi =<P2A1<Pi-l +<P2A2<Pi-d1-1 =<P3E<Pi-l -<P2-d,A2<Pi-l +<P2A2<Pi-d1-I =· .. 

· .. = <P3A1<Pi-2 + <P3A2<Pi-d1 -2 -<P2-d1 A2<Pi-1 + <P2A2<Pi-d1 -I = 
= <P4E<Pi-2 -<P3 _d, A2<1\-2 +<P3A2<Pi-d1-2 -<P2~d, A2<Pi-l +<P2A2<Pi-d1-I = ... 

···=<PiE<P2-<Pi-d1-1A2<P2 +<Pi-1A2<P2-d, -<P1-d,-2A2<P3 +<Pi-2A2<P3-d1 _., _ 

·· · + <P2A2<Pi-d1-1 -<P2-d1 Az<Pi-1 
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and for any j E Z+: 

<P ·E<P- =<P ·A1<P· I +<P ·A2<P· d I =<P · 1E<P- I -<P- d A2<P· I +<P ·A2<P· d I= 1 I 1 I- 1 I- J - 1+ I- 1- I I- / I- I -

=<Pj+1A1<P;-2 +<Pj+1A2<Pi-d1-2 -<Pj-dl A2<P;-1 +<PjA2<Pi-d1-I = 

= <P j+2E<P;-2 -<P j-d1 +I A2<P;-2 + <P j+I A2<Pi-d1 -2 - <P j-d1 A2<Pi-l + 

<P·A2<P· d l =- .. =<P-E<P - -<P- d 1A2<P-+<P- 1A2<P · d -<P- d 2A2<P · 1+ 1 I- I - I / I - 1- 1 I- 1- I I- 1- J+ 

<P- 2A2<P · d l -···-<P · d A2<P· I +<P ·A2<P· d I / - J- I+ 1- I I- 1 I- 1-

The equality (8) may be proved in a similar way using (6),(7) and (9). 

Remark 1. For A2 = O from (7) we obtain the equality <PjE<Pi = <PiE<Pj 

which was shown in Lewis and Metrzios (1990). 

3. Solution of the system 

Let PE R,ixn be a nonsingular matrix of elementary row operations 
such that: 

where E I E R rxn has full row rank. 

Premultiplying (1) by P and using (10) we obtain: 

and: 

where: 

PA1 = [A1 I ],PA2 = [A21 ],PB1 = [B11 ],PB2 = [B21] 
A12 A22 B12 B22 

A E Rrxn A E Rrxn B E Rrxm B E R'xm 11 , 21 , 11 , 21 
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Equivalent standard systems for singular discrete-time systems ... 

Definition 1. A set Xa of initial conditions (2) satisfying (llb) for 

i= 0,1, ... ,d1 for a given input sequence u; for i> -dz is called the set of 

admissible initial conditions of the system (1). 

Definition 2. A set Ua of input sequences U; for i> -dz satisfying (llb) 

for i= 0,1, ... ,d2 for given input conditions (2) is called the set of 

acceptable input sequences of the system (1). 

Note that the system (1) has a solution X; ,i EZ+ for a given input sequence 

U; for i> -d2 only if initial conditions (2) belong to the set Xa. Similarly, 

the system (1) has a sol uti on X; ,i EZ+ for given initial conditions (2) only 

if the input sequence U;, i E Z+ belongs to the set Ua. 

In what follows it is assumed that the input sequences are given and the 
initial conditions (2) belong to Xa. 

Application of the Z -transform to (1) yields: 

X (z)= [Ez -A1 - A2z-di j 1 ~Exo + A2z -di (x_1z + x_2z 2 + · · · + x_di zdi )+ 

+(Bi + Bzz-d2 )u(s) + B2z-d2 ( u_iz + u_2z2 + · +u_d2 zd2 )} (12) 

where X(z) and U(z) are the Z-transform of X; and U;, respectively. 

By substituting (4) into (12) we obtain: 

X(z) = ~<I>iz-(i+l) [zExo +A2 (x_di +x_di+IZ-1 +··•+x_1zl-di )+ 
i=-µ 

. +(B1 +B2z-d2 )u(s)+B2(u_dz +u_dz+[Z-I +···+u_12z 1-dz )J (13) 

Using the con vol uti on theorem to (13) we obtain for i> O: 

Xi = <l>iEXO + <l>i-1A2x-di + <l>i-2A2x1-di + · · · + <l>i-di A2x-1 + 

i+µ-1 i+µ-dz-l 
+ L<J>i-k-1B1uk + L <l>i-k-d2 -1B2uk +<l>i-1B2u-d2 + 

k=O k=O 

+ <J>i-2B2u1-d2 + .. · + <J>i-d2 B2i'-1 (14) 

Therefore, we have proved the following theorem. 
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Theorem 1. Let (2) hold. Then the solution X; to the equation (1) with 

admissible initial conditions (2) is given by (14). 

4. Equivalent standard system 

Knowing the fundamental matrices <Pi for i= -µ,1- µ, ... ,0,1, ... of (1) 

we may compute the matrices Tj for j E Z+ which are defined by the 

expansion: 

From (15) it follows that: 

To =In, T1 =<l>1E, Tz =<l>1ET1 +<l>1-d1Az, 

T3 = <1>1 ET z + <P1-d1 Az T1 + <Pz-d1 Az; .. · 

Td1 =<P1ETd1-1 +<P1-d1AzTd1-Z + .. ·+<P_1Az; 

Tdi+I =<P1ETd1 +<P1-d1AzTd1-I + .. ·+<PoAz; ... 

and for k ~ 2: 

Consider the standard discrete-time system described by the equation: 

x · 1=F.ox-+F,1x· i+Fzx· z+· .. +Fdx· d +H du· d +H1 du· d +1+··· 1+ I 1- I- I 1- I - 2 I- 2 - 2 I- 2 

where: 

Hµ :=<P-µB1, Hµ-I :=<P1_µB1-T,,Hµ 

Hµ-Z :=<Pz-µB1 -T,,Hµ-1-TzHµ,--·, 
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Equivalent standard systems for singular discrete-time systems ... 

H1-d2 :=<P-1B2 +<Pd2- 1B1 -Td2 -1Ho- ··· -Tµ+d 2- 1Hµ -

-TiH2-d2 -···-Tµ-1Hp-d 2 

H_d2 :=<!>0B2 +<Pd2B1 -Td2Ho-···-Tµ+d2Hll -TiH1-d2 -···-T11Hµ-d2 

(18) 

Theorem 2. Equations (1) and (17) with admissible initial conditions (2) 
have the same solution (14). 

Proof. We shall show that (14) is also the solution of (17) with admissible 
initial conditions (2). Using (17), (14), (7) and (8) we obtain: 

Foxi + F1xi-l + F2xi-2 + ·· · + Fd1 Xi-d 1 + H-d2 Ui-d2 + H1-d2 ui-d2 +I+ ... 

· ·· + H µ-d2ui-d2+11 + Houi + H1ui+1 +··· + H µUi+p = 

= Fo l<PiExo + <Pi-I A2x-d1 + <Pi-2A2x1-d1 + · · · + <Pi-d1 A2x-1 + 

i+ 11-I i+ p - d2 -1 
+ L<Pi-k-1B1uk + L <Pi-k- d2-1B2uk + 

k=O k=O 

+ <Pi-1B2u- d2 + <Pi-2B2u1-d2 + · · · + <Pi- d2 B2u-1 j+ 

+ F1 l<Pi-1 Exo + <I>i-2A2x-d1 + <I>i _3A2x1-d1 + · · · + <Pi- d1 -I A2x- 1 + 

i+µ-2 i+µ - d2-2 

+ L <I>i-k-2B1uk + L <Pi-k- d2 -2B2uk + <I>i-2B2u-d2 + 
k=O k=O 

+ <Pi_3B2u1-d2 + · · · + <Pi-d2-1B2u-1 J+ · · · + Fd1 l<I>i-d1 Exo + <Pi- d1 -I A2x-d1 + 

i+µ-d 1-1 

+<Pi- d1-2A2x 1-d1 +···+<I>i-2d1A2x_, + L <Pi- d1-k-1B1uk + 
k=O 

i+µ-d 1 -d2-I 

+ L <P+i-k-d1-d2-I Bzuk +<Pi-d1-1 8 2u-d2 +<I>i-d1- 28 2u1-d1-d2 +··· 
k=O 

· · ·+<I>· d d Bzu 1J+H d U· d +H1 d U· d 1+···+H d U · d +Hou · + l-1-2 - -zl-2 -2 1- 2+ µ-2 1- 2+µ I 

+H1ui+I +···+Hµui+µ =<Pi+1Exo+<I>iA2x-d1 +<Pi-1A2x1-d1 + ·· · 
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i+p i+11-d2 
···+<P;-d1+1A2x-1 + L <P;-kB1uk + L <Pi-k-d2 B2uk +<P;B2u-d2 + 

k=O k=O 

+<Pi-1B2u1-d2 +I + · · · + <Pi-d2 +1B2u-1 = X;+1 

Therefore ( 14) is also the sol uti on of (17). 

Remark 2. For A2 = O and B2 = O the equation (17) has the form 
(Kaczorek 1998): 

(19) 

where the fundamental matrices <P0 ,<P-i, ... ,<P_µ . are defined by Lewis 

(1990), Mertzios (1989), Kaczorek (1998): 

[Ez -A1 J1 = i<P;z -(i+I) (20) 
i=-11 

Example 1 

Consider the system (1) with: 

E=[~ ~l A1 =[~ ~l A2 =[~ 
The system is regular since: 

[ ] 
-2 d z-1-z 4 

det Ez - A1 - A2 z - 1 = ' = 1- z - z -
-z-2,-1 

(22) 

and: 

[ -d }I [z-1,-z-2]-l l [-1,-z-2 ] 
Ez-A1-A2z I J = =--- = -2 1 -4 -2 l -z ,-1 -z-z -z ,z-

-1 -2 -3 -4 (23) = <1>_1 + <I>oz + <l>1 z + <l>2z + <l>3z + · · · 
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where: 

cr)_1 = [o o], cr)o = [1 o], cr)1 = [1 o], 
O -1 O O O O 

cD2 =[ 1 - lJ, cJ)3 = [ 1 - lJ, cD4 = [ 1 -11],··· 
-1 O -1 O -1 

g4) 

In this case the equality (8) has the form: 

(25a) 

or: 

[1 o]<Pi +[ o o]<P;-i +[o 1]<1>;-2 = <P;+i 
O O -1 O O O 

(25b) 

lt is easy to check that the ma tri ces (24) satisfy the equality (25b) for i E Z+ . 

Using (18), (16) and (21) we obtain: 

Fo=<l>iE=[~ ~J 
F1 = <l>1-d1 A2 = <l>_1A2 = [ ~l ~J 
F2 = <1>2-d A2 = <l>oA2 = [0 1] 

I O 0 

To = In = [ ~ ~ l Ti = <l>1 E = Fo = [ ~ ~ l 
T2 = <Pi ETj + <1>1-d A2 = Fo1i + F1 = [ l 0], 

I -1 0 

T3 = <Pi ET2 + <Pi-d1 A21i + <P2-d1 A2 = FoT2 + Fi'li + F2 = [ ~ 1 ~]. 

T4 = FoT3 + fiT2 + F2'fi = [ l l] 
-1 O 
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H1 =<P-1B1 =[~J 
Ho =<P0B1 -T1H1 =[~} 
H_2 = <P_1B2 + <P2B1 -T2Ho -T3H1 = [~ l} 
H _3 = <P0B2 + cP3B1 -T3Ho -T4H1 -'fiH -2 = [~] 

Hence, in this case equation ( 17) has the form: 

Xż+1=[1 o] xi +[o o]xi-J+[o l]xi-2+ 
O O -1 O O O 

+[~ ]ui +[~ 2 }i+l +[~i}i-2 +[~ ]ui-3 
(26) 

and the set of admissible initial conditions (2) for given U; ,i~ d2 is defined 

by the equality: 

[o 1k + [1 o]xi-2 + 2ui + ui_3 = o for ; = 0,1,2 

5. Application of the shuffle algorithm to determination 
of the standard system 

(27) 

The shuffle algorithm was proposed by Luenberger ( 1978), Lewis 
(1986) for time invariant linear systems. In this section the shuffle algorithm 
will be applied to determination of the equivalent standard system (17) for 
the singular discrete-time system ( 1 ). 

Knowing the ma tri ces E, A1, A2 , B1, B2 of ( 1) we construct the array: 

(28) 

By performing the elementary row operations on the array (28) we reduce it 
to the form: 

(29) 
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h E Rnixn · ff ]] k d A A R 111 xn B B R 111 xm w ere I E 1s o u row ran an 11 , 21 E , 1 i, 21 E . 

Shuffle the array (29) to the form: 

O, B11, 

A12, O, o, -A22, O, 

If the matrix: 

is nonsingular then: 

o, 
-B12, O, 

o 
-B22 (30) 

(31) 

(32) 

If the matrix (31) is singular, by performing elementary row operations on 
(30) we obtain: 

I 1 I I 
E2, Au, A21• A31, Bil, B21' B31, B41 

I 1 I 1 
O, A12, A22, A32, 8 12, 8 22, B32, B42 

where E 2 is of full row rank and rankE2 2:'.: rankE1 . 

Shuffle the array (33) to the form: 

I I I I 
E2,A11, A21, A31,0,B11, B21, O, B31, B41, O 

I I I I B B A12, O, O, -A22, -A32, O, - B12, - B22, O, - 32, - 42 

If the matrix: 

is nonsingular then: 
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+[ ~31 }i-d2 +[ !;:Jui-d2+l +[~ a42 }i-d2+2) (36) 

If the matrix (35) is singular we repeat the procedure for (34). If the system 
(l) is regular and (3) holds then after k steps we obtain (Kaczorek 1992) 

. l . [Ek l a nonsmgu ar matnx k-l . 
A12 

The shuffle algorithm can be justified as follows. The elementary row 

operations do not change the rank of lEz -A1 -A2z- d1 J and the shuffle of the 

a1ny is equivalent to multiplication of the tower rows by -z (Luenberger 
1978, Kaczorek 1992). 

Example 2 (continuation of Example 1) 

To find the equivalent standard system (26) for the singular system (1) with 
(21), we apply the shuffle algorithm. In this case the airny (28) has already 
the form (29): 

E,A1,A2,B1,B2=[~ ~ : ~ ~ ; ~ ~ , ~ , ~] 

with: 

Ei = [1 O] , A11 = [l O], A12 = [O 1], A21 = [O l], A22[l O], 

B11 = [l], B12 = [2] , B21 = [l] , B22 = [1] 

The shuffle of (37) yields: 

[
E1,A12,A21,0, B11,0, B21,0 ]= 

A21,0, 0,-A22,0,-B12,0,-B22 

= [l O l O O l : O O l O l O] 
O 1 O O O 0 : -1 O O -2 O -1 
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The matrix [Ei ] = [10] is nonsingular and the equivalent standard system 
A21 01 

(32) has the form: 

6. Concluding remarks 

A standard system (17) which has the same solution (14) for 
adrnissible initial conditions (2) as the singular system (1) has been derived. 
Same basie properties of the fundamental matrices defined by ( 4) of the 
system (1) have been characterised. A method based on the shuffle 
algorithm for determination of the matrices of the standard system (17) has 
been proposed. Using the equivalent standard system (17) all results based 
on the solutfon, concerning for example reachability, controllability, 
observability, and minimum energy control obtained for the standard 
discrete-time linear systems (17) can be immediately extended to singular 
system (1). An open problem is to extend this approach to singular 2D linear 
systems described by the singular 2D Roesser type model and the singular 
2D Fornasini-Marchesini type models (Kaczorek 1992). 
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