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VII. STRATEGIC ASPECTSOF TAX REGULATIONS

by J. Stefariski and A. Straszak

VII.1 Introduction

Some aspectsof the complex nature of socio-economic processes
taking place in a region can be satisfactorily explained if the
existence of a multiplicity of decision makers optimizing diffe-
rent objectives and making different decisions is taken into
account. An example is a regional economy system in which a cen-
ter ( a government) influences the behavior of economic agents
(salman, Cruz, 1981; Stefaniski, Cichocki, 1985; Takayama, Si-
maan, 1983).

In this chapter we formulate a model of a regional economy
system in which a center controls the enterprises” behavior
through the use of a specific tax system. This system has been
designed by the Polish governmental agencies for the possible
use in the coming years; currently the effects it may have are
under consideration (Straszak and others, 1985; see also Straszak,
Stefanski, Zidikowski - this volume, Chapter IX). The situation
is modelled as a dynamic game with a center and several groups of
firms as players. There are two aspects of the game worth empha-
sizing. First, the nonsymmetric statuses of the parties, which can bc
interpreted as a hierarchy in the game. There are various rcasons
for introducing such a hierarchy in an economy system (Auger,
1985) but we take into account only the roles” differentiation
(between a center and enterprises) which follows from the tax
system. The second aspect of the game we concentrate on is the
possibility(that the tax system offers) of making a center-firm
agreement about the conditions bound up with the use of reduced
rate tax regulations. As reality suggests we assume that such
an agreement is not absolutely binding for the firm and there-
fore the center prevents its violation by the threat of using
‘a retaliation tax strategy. The idea of reaching, in a dynamic
game, a cooperative agreement which is not formally binding has
been discussed by Toiwinski (1982) and Haurie and Tolwiriski (1984).
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They considered a two-person game with symmetric roles of the
players and defined a set of cheat-proof equilibrium strategies
in the class of memory strategies. In our case the nonsymmetry
of the parties statuses and the existence of Nash equilibrium
at the lower (firms”) level modify the problem.

VII.2 Regional economy system as a dynamic game

We take into account a regional economy system in which we
distinguish a center and M groups of enterprises (see Fig. 1).

The aggregation of enterprises into groups has been made on the
basis of their costs structure, situation on the sales market
(equilibrium or disequilibrium, the shape of the demand function
in the former case), etc. In the sequel we will treat each such
group like a single firm.

In the model attention is focussed on the ways in which the
center can influence the firm™s behavior using a tax mechanism
bound up mainly with the increase of wage funds. And therefore we
neglect, for simplicity, the competition among firms on sales
markets. Therc are two reasons for concentrating on the wage /la-
bour /production aspects of the firm™s activity. First, it has
turned out that the decisions made in a firm result from the la-
bour-management game (Chen, Leitman, 1980; Stefariski, 1985a,
1985b), and second, the authorities in Poland attach much importan-
ce to the aim of bringing down inflation. And one of the main
tools for doing this is the tax system we take into account in the
model.

Decisions, Dynamics

Each firm (a group of firms) i, ie {1,2...,M}, makes in each
time period te¢ {1,2,...,T }the decisions concerning: production
level qi(t), wage fund wi(t), and employment y. (t). Those deci-
sions must belong to a certain admissible set Ui which we will
now determine.

If we denote the minimal admissible individual wage by

> 0, then there must be wi(t) i yi(t). On the other

Vmin min
hand the maximal ‘number of persons an enterprise is in a posi-

tion to employ.depends on its wage competitiveness and the attrac-
tiveness of the work itself. We assume that those dependences are

described by a function hy, o which is different for each firm
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Fig. VII.1. General structure of the model
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den 41,2, e M } and as an argument has the deviation § vi(t)
of the average wage in the i-th firm from the average wage in

the whole economy (in the previous time period), i.e.
VB = ) v EEP S SR (L= T) (VII.1)

where

vie=1)= ( y W (e=1))/(

M M
y 5 yi(t—1)). (VII.2)
= i=1

It is reasonable to assume that dhi/d(é vi(t) » 0. Thus, yi(t)
must satisfy the following condition:

0 <y, (t) ¢ h Svi(t)). (VII.3)

Taking into account the fact that 6vi(t) depends on
Yi(t)’ the maximal employment which follows from (VII.3) can be
obtained from the equation yi(t) = hi (wi(t)/yi(t) - v(t-1))
and expressed as a function y? (wi(t), v(t-1)). And then, taking
into account the previously mentioned constraint Vhin W€ can
determine the function yT which determines the maximal possib-

le and admissible employment level:

YT (w (6), v(t=1)) = min (y"(w, (&), v(t-1)),

AL A (VII.4)

n
The next decision, ‘production qi(t), can reach its maxi-
mal level qT(t) which depends on the possibilities described
by a production function Pi which, in turn, depends on employ-
ment yi(t) and capital xi(t), i.e. we obtain the range from
which g(t) must be taken: 0 qi(t) < Pi(xi(t), yi(t)) (where
Pi can be, for instance, in the form of a Cobb-Douglas produc-
tion function).

The vector of the i-th firm™s decisions in period

e Wy 2., B)  wiill be denoted by

Ui(t) = (ql(t): Yi(t)l wl(t)) (VII-S)
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where, taking into account the previous considerations:

u, (t) e Uz ={ @y, =W 2 VY (VII.6)

0 gy €¥™ (w,vit-1)), 0 ¢ a € Py (x,(£), y¥) }

i=1,2...,M. We assume that v(0) is given.

The dynamics of a firm is described by the changes of the

capital xi(t) which is treated as a state variable:

Xy (t+1) = xi(t)+ ni(xi(t), ui(t))_uoi(t)’ (VII.7)

where 7 +) is the profit defined in the following way:

i(
my (kg () uy (E))=q (£)p; (q; (E))-

(VII.B)
Ci(xi(t), q; (t), yi(t))-wi(t),

where, in turn, pi(-).is the price (which follows from the de-
mand in the case of market equilibrium or is determined in ano-
: ther way in the case of market disequilibrium), and C; 1s a cost

function (excluding wages taken into account separately). The
variable uoi(t) > 0 in (VII.7) is the center s decision variab-
le. It is the tax which must be paid by the i-th firm in period
& (uoi(t) follows from the specific tax system we have incorpo-
rated in the model, all other tax liabilities, e.g. profit tax,
are neglected). In general, the state equations (VII.7) can be
written in the following way:

xi(t+1)=fi(xi(t), uoi(t)' ui(t)), (VIT,.9)
PN I [ [ e I
If a firm is in state xi(t), the future trajectory xi(t+1),

xi(t+2),...,xi(T) depends on xi(t) and the firm s and center”s con-

‘'trol sequences:

o5 &
u§ T (ug (k) vy (E+1) .0, (T)), (VII.10)

gt
u§i= (g4 (£) ) gy (£41) ,oeujugy (T)). (VII.11)



Objectives

When choosing the sequences (VII.10) or (VII.11) the de-
cision makers want to maximize the following stage-additive

objective functions, for firms:

~t ~E A b
Gy (t,x,(t), usy , ug) = sitgi(xi(S), u, (s), uis)),
T VITI.12)
c (i A PR
and for the center:
L S
G, (t,x(t), ug, ubyt e L g, (x(s) ,u_(s), u(s)), (VII.13)
s=0
where
x(t) = (xl(t), xz(t)l"'lxM(t))l
Lt ~t ~t 2
U = Uogr Ugprinns “gm’ '
S ~
LR R S (VII.14)

o (g =kl Ay Tal, PER L Tai e,

u(t) = (u1 (t), u, (t),...,uM(t)).

The form of the functions 95 which appear in (VII.12) are
assumed to be linear combinations of three parts:
gy lx,(8), u ;(8), u (t)) =

oy 1 LS LR TR R e T (VII.15)

B BB v Y % B e (R Ay ()

i=1,2,...,M, where a1, a2' “3 > 0 and

t
B flo - ¢e) , (VII.16)
s=1
vhere Qe is the inflation rate forecasted for the year t.

The first component of (VII.15) is the profit minus tax liability,

the second reflects the aim 6f maximizing the employees”income,



while the last part - the aim of maximizing the avecrage wage.
As follows from the above definition of 95 it reflects the com-

promise which combines the interests of employees (the second
and third parts) and of the firm s management (the first com-
ponent) ( Stefarski, 1985a, 1985b).

Function gty which appears in (VII.13) has also the

form of a linear combination of various center”s goals:

M
go(x(t), uo(t), u(t)) = &9 i£1u0i(t) +

M M M

) liqi(t) o ziqi(t)/ LWy (G= (VII.17)
i=1 i=1 i=1
M

+ 0 o4 o Yl(t) r
i=1

where o o1t 042 0, and ﬂi, i=1,2,...,M, are the multi-

pliers which reflect social utility of production of each firm
(the effect is as if the production were expressed in the same
units). The first component in (VII.17) is the sum of taxes paid
in a period, the second leads to maximization of production, the
third part reflects the aim of reducing the inflation rate (which,
in Polish conditions, can be attained by maximizing the ratio

of global production to global incomes). The last part in (VII.17)

represents the aim of maximization of employment.

Tax system, information structure, strategies

To complete the description of the model structure we must
specify the way in which decision are made by the parties, and
the information they have access to. It will allow us to consi-
der the strategies (decisioh rules).

Let us recall that the center has at each stage t+{(1,2,...,T:,
M decision variables uoi(t)' 1=F532 ;0005 M5. 8k Tt dispeogails
The value uoi(t), which is the tax liability of the i-th firm,
(-).

is the realization of a center s strategy, i.e. uoi(t)= ron



The way in which this strategy is determined follows from the
tax system incorporated in the model. The characteristic feature
the system has is that it allows negotiations between the cen-
ter and a firm on the condition of application of preferential
(reduced rate) tax regulations.

The tax system under consideration is based on K + 1 tax

formulas (in the original system K+1=5) which form the set
=1 7.8 (VII.18)
11 ‘.70'711""’1}()' .

Bach of these formulas (see Straszak and others, 1986) is a
mapping

B b B 0E), w R, u (Be1)) 2 R, (VII.19)
k6 £0,1,.:.x),

8 {1,2,...,M}, tﬁ{1,2,...,T} (we assume that the values
ui(O) are given). All the parties taking part in the game know
the set H. The formula N is called a basic formula, and for-

mulas Nyr Myres- Mg are called preferential or reduced rate

formulas. In a typical situation all firms work under the ba-
sic formula il whereas the preferential formulas can be obta-
ined on the basis of the individually negotiated agreements.

As a result of such an agreement a firm is obliged to satisfy
certain specified conditions concerning its activity. The prob-
lem of negotiated agreements will be discussed in another sec-
tion, and now we only mention that it results in applying memory

strategies.

As reality suggests we assume that the roles of the center
and the firms are not symmetric, since the center’s strategy,
i.e. the tax regulation under which a firm will be working in
a particular year must be known to it at the beginning of the
year, i.e. before the firm makes its decisions. The center’s
strategy is then implemented at the end of a year (i.e. when
the center knows the firm s decisions and their results).
Moreover, the players remember all the past decisions. In other
words the closed 1loop with memory information structure and

decision sequence is such that center can be thought to be the
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lcader of the game. Thus, the information the center has

access to in. time period t is:

E y 2 t il
ZO=(X (19 ;\olYol -°-IT0 i
(VII.20)
Wy 261 Yoot 62 Nk Y. Al <Gt ekt s,
EN(SI2n e, s Nwhere
e t t t
[ ” B & P TR  \WE e (
(VIT,21)
u(t) = (u1(t), U, (t) .. uy (b)),

On the other hand the i-th firm s information set contains:

t 1 2 : A
Zi = (x (1) 7Y0r YOI ceer Y i

(VII.22)
Q1) a2 S Lt e =1,

e (#1562 adas n B raas iz linlin. soiMs

Then the center’s strategy concerning the i-th firm is

c t
a sequence Yo‘ = ( Yoi)

! of mappings:

E=172 508 3T

R (VII.23)
i=1,2,...,M, and its realizations are uoi(t) =y gi (). On
the other hand the i-th firm s strategy is a sequence

\=

Yk ( Yi),t =1,2,...,T, of mappings:
t v it
Yi 3 Zi =AU (VII.24)

where the set U§ of admissible decisions is defined by (VII.6).
Because the problem isdeterministic and players have information
about the system s dynamics, they can, on the basis of the in-
formqtion they recall, reconstruct the trajectory (x(1), x(2),

...,x(t) of the system.

VII.3 Basic strategies

By basic strategies we mean the firm's strategies in the



SR
situation in which all firms work under the basic tax regulation
n o+ Let us recall that the firms in the model under considera-
tion interact with each other only through labor market (the com-
petition on sales markets is neglected). These dependencies are
indirect because other firms influence in fact only the set Ui
of admissible decisions of the i-th firm (this set depends on
the average wage v(t-1), see (VII.6), (VII.2). In order to emp-

hasize this we will write:

r

ui(t) e Ui(xi(t)' wi(e=13) . ((VEET?. 2:5))

where wu(t-1) = (u1(t—1),...,uM(t—1)). Then, a sequence of de-
cisions &S = (u, (), u, (t+1),...u,(T)) is admissible if it is

an element of

Ui (xi(s), s I (- T A (VII.26)

where

xi(s) E fi(xi(s—1), uoi(s—1),ui(s—1)) (VMEEL27)
*
3 TUTPRE AR
sequences u; i=1,2,...,M, form an equilibrium in the game with

*

given x(1) and u(0), if all subsequences h; of Gl* foxyteds 42 ,
cweg T, d=, 200, M, Tsatisfy s the S Eolllowing conditilons :

Strategies ( y which generate the control
*

W yeaty max,, €, (&, xb (&), Bt 4t (VII.28)
i b e e 2R RS A 3
il 2
where
Nt_ t * * :I‘ S
e s e G o N PR R TN A & i
s=t+1
where u(s)= (u1(s),...,uM(S)) and
*
ug(s) = v (z?), AN, =, £+, 00T, (VII.30)
s * *
Zj = (e (1 )50 R, (G R SR R (R oo ) W (e W e St (e )
moreover:
* *
uoi(t)= no(xi (€), ui(t), u, (t-1)),

(VII.31)

Uy (s)= njlx;(s), u; (s) ,uy (s=1))



Ll Aot

Hors St e £ 3 2R iSa el

where

X, (E+1) =f (x; (£), ugy (£), uj(t)), (VIT.32)

x;(s) = fi(xi(s-ﬂ ,uoi(s-1) /u; (s=1))

for 's=t+2), t+8yi . T
andi CEFEREoEIRE S e hen

* * * *
xi(t)=fi(xi(t-—1),uoi(t—1),ui (CE=1)9%

(VIE.'39)
* * * *
Uy (t=-1) = no(xi(t—1), ui(t—1), ui(t-2))

Conditions (VII.28)-(VII.33) mean that along the optimal
trajectory the principle of optimality must be satisfied. The
above equilibrium is a Nash equilibrium in our game. The characteristic featurce o
the situation is that other firms influence the problem (VII.
28) connected with the i-th firm only through the changes of
the shape of the set of admissible decisions.

In the model w. assume that the tax regulation(center’s
strategy) ']o' H i: given. Note, that if we considered the
problem of the optimal design of no’ we should obtain a
Stackelberg game problem (Basar, Olsder, 1982; Ho, Luh, Ol-
sder, 1982; Zheng, Basar, Cruz, 1984; Zheng, 1984).

VII.4 Negotiated agreements

As we said earlier one of the preferential formulas
nke H\ {no } can be applied only on the basis of ani-th
firm-center agreement. Any nke-H\ (no} is advantageous

because

N (x5 (8) puy (£) ouy (£=1)) € Nolxg (B) ug (k) ,u; (£=1))  (VIT.34)

for’ Jectal Wa2 haay, Kt nteubaag , s, Mg dest p 29 O s dar

But in return for appying Ny (instead of N ) the center can

oblige a firm to fulfil certain conditions (e.qg. “i(xi(t),

i £ t t
ui(t); A = wi(t)/qi(t)s ai , ler yi(t)g ay SO qi(t); aq p

where "t, at, a§, aq are given values). In general we write



that in the following way:

o t ,
FU (g (t) ,u, (£))e @i BOIE L~ (1 QO ) (VII.35)
The particular preferential formula n K€ HVHO) as well
t i
as functions (Fi}t=1,2,...,T and sets {¢ i} t=1,2,...,T 3re

the subjects of negotiations between the center and the i-th
firm. We assume that only agreements for the whole period
(1,2,...,T} are possible. But it would be unrealistic if we
assumed that a firm would never want to break an agreement
(if it would be advantageous). And therefore in order to
make agreement last the center incorporates in it a clause
which, in fact, has a character of a retaliation threat.

To be more precise, if the agreement is broken (i.e.

FE (-)# o E) then the center returns to the basic regulation

n and imposes a financial penalty ¢ E on the firm. The

o
center”s retaliation strategy in the form no(-) +EG ; s 1¢:]

applied during a pre-specified number Tt ? of time periods.
Thus, we can define the center’s strategy concerning the i-th

: i t i
firm as a sequence Yy 5PF (v oi)t=1,2,. .,T’ where the mapping
Y o1 are defined in the following way:
i
oi

WES(E) = Ged)l i

(0 Oy (6) g () ug (6=1) A€ B (x;(s) ug(s))ee S

R

fox sa (t—'ri z (VII.36)

R
D B Vitede ot ¥oes

n O(xi(t), ui(t)' ui(t—1)) + ¢ : otherwise

where 1 K © H\{ n o}’ ) E

Vv
o

Note that retaliation during a limited time period T ?

gives the firm a chance to return to respecting the agrcement
(the other possibility is that the act of breaking an agrcement
makes it impossible to return to a cooperative mood of play-

like in the model described in Haurie, Tolwinski, 1984).
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Note, also, that the nonsymmetry of the players” statuscs
and the sequence of decisions bound up with it result in the
fact that retaliation takes place in the same period when the
agreement is broken (Haurie and Tolwirski (1984) consider ano-

ther case when cheating for one stage is possible).

In the sequel we outline the way of.‘reaching a lasting
agreement. Because of the lack of space we confine our inte-
rests to the case when only one firm makes an agreement with

the center (the other work under no).

Let us define first the set of the firm s decisions
which are admissible and secure respecting of the agreement

. i s
given By By = ¥y )i w1 apsuiopmed® B Sp880as beopoep futgn

(see (MEL.35)1) . Eot . te (1,2 0., T} we havei:
124 t t .
Wy (Fi, [} i ,xi(t), ui(t—1)) =
(VIT.37)

R t s ;
= {ui(t) e Ui(xi(t), u, (t e
£ t
Foo(x,(t), uj(t))e ¢ i} :

We will say that an agreement based on Fi and ¢ i is
feasible if for all te {1,2,...,T} the sets (VII.37) are not
empty, i.e. 4

ic 3
Wi (Fi, ¢

2

oo x(8), u, (1)) P

(VII.38)
=2, 58
We are now in a position to define the corresponding

set of decision sequences ﬁl which are admissible and

respect the agreement based on Fy and ¢ i

WL (s Byl 00, )=

gL
A S S S o
= L=gwi(pi,¢ P xi(s), ui(s W) )k (VII.39)

Let us now take into account an agrccment and the corres-

= t TS
ponding center’s strategy Y ;= (i oi)t=1,2,...,T' In ‘order
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to determine an equilibrium at the lower.level in such a case
we must replace n S by vy Zi in (VII.31) and (VII.33) when

computing uoi(t). The control sequences referring to the

equilibrium obtained will be denoted by: ﬁ?A for the i-th
firm (which the agreement negotiated), and by ﬁ;al for j#i

(other firms). These control sequences, as well as the out-
comes of the game depend on the attained agreement defined

by the vector:

R
Wi=( Hk, Fi'¢ ir ¢ iIT i Y (VII.40)
here ¢ H\(n_.) F.=(F%) =( t)
M Dt eik s A% o Rl ;. SHE G o B S T RO S 2, T

g t ; S
¢i~ ( ¢i)t=1,2,...,T' In order to emphasize the above mentio

ned dependence we denote the outcomes:

e i} ~1A Tai
zo" JO(W i) = GO(1!X(1)I (uOi' qu )I
(u * 4 G;ai)), (VII.41)
I} i ~1A 1A
2= Ji(w W Gi(1,X(1), gy » U5y (VII.42)
where
A e e ai e 3 i
B GE) =y Gy uoj(t)— ngl-), 3# 1. (VII.43)

Let us introduce an argument when wricing ﬁ;A ( wi) in
order to emphasize the dependence of this decision sequence
on the agrcement. We will define now the set Vs of all
feasible and lasting agreements:
~ 1A
u,

i

Wi={wi: (V) ew, (x(1), F;00 ) #£0), (VII.44)

R ~ 1A
where wi=( Nyr Fi, ¢i, ¢i, li)' Note, that uy ( wi)

together with ﬁlai ,J#1 , form the equilibrium solution at
the lower level defined by the set of equations analp.gous to
(VII.28)-(VII.33). Thus, @,"(#,)e W,(-)C U] means that this
decision sequence is not only admissible but it also respects
the agrecment 'Pi(sec definition (VII.39)). In other words
the agrecment 'bi will be lasting since the firm has no in-

centive to break it. The second condition in (VII.44), i.e.



wi(-)# # means that the agreement y ; is feasible (sce VII.38)).

Now we are in a position to define the set of outcomes

associated with all feasible and lasting agrcements:

Sy= Ulzgs 25) 2 2= I b g), 2,2 3,00 )

(VII.45)

for all wié ‘Vi Jebs

where Jo’ Ji are given by (VII.41), (VII.42) and qli by «IVEE.44) .
The bargaining problem the center and i-th firm face consists in

A
finding such an agreement wiC‘Pi that the associated pair of

outcomes ( z zi) will satisfy the both parties. As a status quo,

OI
i.e. a point of departure in negotiations, it seems resonable to

take the outcomes (z} , z;

) which are the outcomes resulting from
the equilibrium under no (i.e.without a center-firm cooperation).

Thus we have the (statid bargaining game defined by:

A *
g0 (25 v 23 1) (VII.46)

(s
The classical Nash s method of solving a bargaining problem
(Nash, 1950; Roth, 1979) requires the convexity of Si (similarly
as the solution suggested by Yu (1973)). Other methods (e.g. Ka-
lai, Smorodinsky, (1975), Stefariski, (1985b)) require the Pareto-
frontier P(Si) to be a connected set. But, as pointed out by
Haurie and Tolwirski (1984), we cannot assume that the sets like
S‘1 are convex or even connected. They suggested a solution for
bargaining problems when the sets of outcomes are compact only.
Let us denote that solution of (VII.46) by V(Si, (z; 7 z;)).
Thus, the outcomes resulting from an agreement we were looking
fer axes
A A * *

A e il (VII.47)

Then, taking into account that

A A
ZO JO (V: adiv s

(VII.48)

N>

A
i SR ()
A
we are in a position to find the agreement ¥ . It must be noted
however, that because of the complex structure of an agreement

(see (VII.40)) there can be many agreements resulting in the same



A Y
outcomes (zo, zi).

VII.5 Concluding remarks

A model of a regional economy system in which a specific
tax system is used has been formulated in this chapter. The
cconomic policy in a region is based on the center-economic
agents agreements, which means that the center controls the
systems and at the same it takes advantage of the benefits

bound up with cooperation.

The situation has been modelled as a dynamic game with
the economic center announcing its strategy and firms playing
a Nash game at the lower level. The distinguishing feature is
that the center can negotiate with a firm an agreement about
the conditions of applying one of the .preferential. tax formulas.
We assume that such an agreement is not absolutely binding and
in order to prevent breaking it a center uses threats of reta-

liation,

There are some aspects of the game which are worth empha-
sizing but have not been discussed in this paper. Take the
question of credibility of threats as an example (Luh, Zheng, Ho
1984; Stefarski, Straszak, 1986) which will be discussed in the follo—
wing chapter of this volume. Next, we assumed that the center always
will stick to its strategy; it might happen however that it is
bluffing (Ho, Olsder, 1981). The question of the way in which the
order of making agreements with subsequent firms influences the

final solution is also worth discussing.
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