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Option pricing with Levy process in a fuzzy

framework

Piotr Nowak

Systems Research Institute Polish Academy of Sciences

ul. Newelska 6, 01–447 Warszawa, Poland

e-mail: pnowak@ibspan.waw.pl

Abstract

In the following paper we propose a method for option pricing with appli-

cation of stochastic analysis in a fuzzy framework. The process modeling

the underlying asset is a geometric Levy process. It describes upward and

downward jumps in price. In a fuzzy framework some parameters of the

financial instrument cannot be precisely described and therefore they are in-

troduced to the model as fuzzy numbers. Application of fuzzy arithmetics

and stochastic analysis enabled us to consider different sources of uncer-

tainty, not only the stochastic one. To obtain European call option pricing

formula the minimal entropy martingale measure and Levy characteristics

are used.

Keywords: finance, financial mathematics, Levy processes, fuzzy sets, Monte

Carlo simulation.

1 Introduction

Classical financial model of option pricing, introduced by Black and Scholes (see

[4, 11]), assumes continuity of the price process. Black-Scholes model delivers

completeness of the market and uniqueness of derivative pricing. In this model

the stochastic process which describes the price of an underlying financial instru-

ment S is geometric Brownian motion. Black-Scholes formula is used to price
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derivatives by arbitrage and it is given in analytic form (see [11]). However, it is

well documented in the finance literature that the Black-Scholes model does not

describe the real behavior of financial instruments sufficiently well. The returns

of logarithms of S in the real market have leptokurtic and skewed to the left distri-

bution (see [5]). The second empirical phenomena is the volatility smile feature,

i.e. the fact that the implied volatility is a convex function of the stike price (see

[2, 3]). One of purposes of this paper is to improve the pricing model. In the paper

sum of Brownian motion, drift and a linear combination of two Poisson processes

is applied as model for the logarithm of asset prices. Such a process belongs to

the class of Levy processes and its discontinuity may model positive and negative

jumps of the underlying asset caused by external shocks. The proposed process is

an extension of the model with one possible direction of jumps, considered in [14].

In the paper two techniques are used. Firstly, stochastic analysis, especially the

martingale theory is applied. In this part Levy characteristics (see [15]) play very

important role. As equivalent martingale measure the minimal entropy martingale

measure (MEMM) is used. This measure has many applications in option pricing

theory and economy. Since MEMM is closely related to exponential utility maxi-

mization, it has an important meaning in the problem of portfolio optimization and

it was considered by [8, 9]. Secondly, in our approach, fuzzy sets theory and fuzzy

arithmetics are applied (see [16, 17]). Fluctuating financial market and the lack of

detailed information cause that many parameters of the model cannot always be

described in the precise sense. This uncertainty is taken into account and expert

opinions or imprecise estimates are introduced to the model in the form of fuzzy

numbers. Applying this approach, financial analysts can receive the tool to pick

option price with an acceptable belief degree for the latter use (see [16]). Compu-

tation techniques will be mainly applied to European call options. However, the

proposed pricing method can be also used to other derivatives.

The paper is organized as follows. Section 2 contains preliminaries from

stochastic analysis and fuzzy arithmetics. Section 3 presents basic definitions

and facts concerning the minimal entropy martingale measure. In Section 4 the

model of underlying asset is proposed and the pricing formula is proved. Section

5 is devoted to pricing the derivative with fuzzy parameters. Section 6 describes

possibility of application of Monte Carlo simulations. The last section contains

concluding remarks.
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2 Notation and definitions

2.1 Stochastic preliminaries

We recall some basic facts about stochastic analysis and martingale method.

Let
(
Ω,F , (Ft)t∈[0,T ] , P

)
be a probability space with filtration satisfying

standard assumptions. Let T < ∞.

A stochastic process H = (Ht)t∈[0,T ] is cadlag, if its trajectories are functions,

which are right-continuous with left limits.

H is (Ft)-adapted if Ht is (Ft)-measurable for each t ∈ [0, T ].
A probability measure Q on (Ω,F) is absolutely continuous with respect to

P (Q << P ) if for all A ∈ F

P (A) = 0 ⇒ Q (A) = 0

and it is equivalent to P if P and Q have the same sets with zero measure.

Let St be an (Ft)-adapted cadlag stochastic process describing the underlying

asset. Let r denote a constant risk–free interest rate and

Zt = e−rtSt (1)

be the discounted process of values of the underlying asset. We have to find the

measure Q equivalent to P for which Zt is a martingale.

The next step is to find the form of the process St with respect to this new

probability measure Q. The price of a derivative with a payment function f is

given by formula:

Ct = exp (−r(T − t))EQ (f (S) |Ft) , t ∈ [0, T ] . (2)

2.2 Fuzzy sets preliminaries

Now we remind some facts about fuzzy sets and numbers.

Let X be a universal set and Ã be a fuzzy subset of X. We denote by µÃ its

membership function µÃ : X → [0, 1], and by Ãα = {x : µÃ ≥ α} the α-level

set of Ã, where Ã0 is the closure of the set {x : µÃ 6= 0}. In our paper we assume

that X = R.

Let ã be a fuzzy number. Then, under our assumptions, the α-level set ãα is a

closed interval, which can be denoted by ãα = [ãLα , ã
U
α ] (see e.g. [17]).

We can now introduce the arithmetics of any two fuzzy numbers. Let ⊙ be a

binary operator ⊕, ⊖, ⊗ or ⊘ between fuzzy numbers ã and b̃, where the binary
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operators correspond to ◦: +, −, × or /, according to the ”Extension Principle”

in [17]. Then the membership function of ã⊙ b̃ is defined by

µ
ã⊙b̃

(z) = sup
(x,y):x◦y=z

min{µã(x), µb̃
(y)} . (3)

Let ⊙int be a binary operator ⊕int, ⊖int, ⊗int or ⊘int between two closed

intervals [a, b] and [c, d]. Then

[a, b]⊙int [c, d] = {z ∈ R : z = x ◦ y,∀x ∈ [a, b],∀y ∈ [c, d]} , (4)

where ◦ is an usual operation +,−,× and /, if the interval [c, d] does not contain

zero in the last case.

Therefore, if ã, b̃ are fuzzy numbers, then ã⊙ b̃ is also the fuzzy number and

its α-level set is given by

(ã⊕ b̃)α = ãα ⊕int b̃α = [ãLα + b̃Lα, ã
U
α + b̃Uα ] ,

(ã⊖ b̃)α = ãα ⊖int b̃α = [ãLα − b̃Uα , ã
U
α − b̃Lα ] ,

(ã⊗ b̃)α = ãα ⊗int b̃α =

= [min{ãLα b̃
L
α, ã

L
α b̃

U
α , ã

U
α b̃

L
α, ã

U
α b̃

U
α },max{ãLα b̃

L
α, ã

L
α b̃

U
α , ã

U
α b̃

L
α, ã

U
α b̃

U
α }] ,

(ã⊘ b̃)α = ãα ⊘int b̃α =

= [min{ãLα/b̃
L
α , ã

L
α/b̃

U
α , ã

U
α /b̃

L
α , ã

U
α /b̃

U
α },max{ãLα/b̃

L
α , ã

L
α/b̃

U
α , ã

U
α /b̃

L
α , ã

U
α /b̃

U
α }] ,

if α-level set b̃α does not contain zero for all α ∈ [0, 1] in the case of ⊘.

Proposition 1. Let f : R → R be a function, F (R) be a set of all fuzzy subsets

of R and Λ̃ ∈ F (R) . We assume that the membership function µΛ̃ of Λ̃ is upper

semicontinuous and for all y the set {x : f(x) = y} is compact. The function

f(x) can induce a fuzzy-valued function f̃ : F (R) → F (R) via the extension

principle. Then the α-level set of f̃(Λ̃) is f̃(Λ̃)α = {f(x) : x ∈ Λ̃α}.

For proof of this proposition see [16].

Triangular fuzzy number ã with membership function µã(x) is defined as

µã(x) =






x−a1
a2−a1

for a1 ≤ x ≤ a2
x−a3
a2−a3

for a2 ≤ x ≤ a3

0 otherwise

, (5)

where [a1, a3] is the supporting interval and the membership function has peak in

a2. Triangular fuzzy number ã is denoted as

ã = (a1, a2, a3) .
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Left-Right (or L-R) fuzzy numbers are special case of triangular fuzzy num-

bers (e.g. see [1, 6]), where linear functions used in the definition are replaced by

monotonic functions, i.e.

Definition 1. A fuzzy set Ã on the set of real numbers is called L-R number if the

membership function may be calculated as

µã(x) =






L
(

a2−x
a2−a1

)
for a1 ≤ x ≤ a2

R
(

x−a2
a3−a2

)
for a2 ≤ x ≤ a3

0 otherwise

, (6)

where L and R are continuous strictly decreasing function defined on [0, 1] with

values in [0, 1] satisfying the conditions

L(x) = R(x) = 1 if x = 0 , L(x) = R(x) = 0 if x = 1 .

The L-R fuzzy number ã is denoted as

ã = (a1, a2, a3)LR .

3 MEMM for Levy processes

The cadlag stochastically continuous process Y = (Yt)t∈[0,T ] , Y0 = 0 a.s., is

called a Levy process if it satisfies the following conditions.

1. Yt − Ys is independent of Fs for all 0 ≤ s ≤ t ≤ T.

2. Yt − Ys and Yt−s have the same distributions for all 0 ≤ s ≤ t ≤ T.

We assume that a truncation function ϕ is defined by the formula ϕ (x) =
xI|x|≤1. We denote by M(R) the space of non-negative measures on R. For Levy

processes local characteristics, called Levy characteristics are defined. They are

functions of the following form

Bt : [0, T ] → R, Bt = bt,

Ct : [0, T ] → R, Ct = ct,

νt : [0, T ] → M(R), νt (dx) = ν (dx) t,

ν ({0}) = 0,

∫

R

(
|x|2 ∧ 1

)
ν (dx)
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where b, c ∈ R and ν ∈ M(R). Moreover, only constant b depends on the form

of ϕ.

A stochastic process S = (St)t∈[0,T ] is called geometric Levy process, if it

can be written in the following form

St = S0 exp (Yt) , t ∈ [0, T ] (7)

where Yt is a Levy process.

Throughout this paper we assume that S is of the form (7), F = FT and for

t ∈ [0, T ]
Ft = σ (Ss, s ∈ [0, t]) = σ (Ys, s ∈ [0, t]) .

The relative entropy I (Q,P ) of Q with respect to P is defined by

I (Q,P ) =

{
EP

(
dQ
dP

ln
(
dQ
dP

))
if Q << P

+∞ otherwise.

If an equivalent martingale measure P0 satisfies the inequality

I (P0, P ) ≤ I (Q,P )

for all equivalent martingale measures Q is called the minimal entropy martingale

measure (MEMM).

Let

g(MEMM) (θ) = b+

(
1

2
+ θ

)
c+

∫

{|x|≤1}

(
(ex − 1) eθ(e

x
−1) − x

)
ν (dx)

+

∫

{|x|>1}
(ex − 1) eθ(e

x
−1)ν (dx)

The following theorem from [12] will be useful in our paper.

Theorem 1. If the equation

g(MEMM) (θ) = r (8)

has a solution θ0, then the MEMM of S, P0 = P (MEMM) exists. The process Y is

also a Levy process under P0 and the generating triplet of Y under P0, (b0, c0, ν0)
has a form

b0 = b+ θ0c+

∫

{|x|≤1}
x
(
eθ0(e

x
−1) − 1

)
ν (dx) ,

c0 = c,

ν0 (dx) = eθ0(e
x
−1)ν (dx) .
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4 Pricing with crisp parameters

Let
(
Ω,F , (Ft)t∈[0,T ] , P

)
be a probability space with filtration. Let T < ∞.

The price of the underlying asset St is the geometric Levyprocess given by (7),

where

Yt = µt+ σWt + k1N
κ1
t + k2N

κ2
t , (9)

Wt is Brownian motion, σ > 0, µ, k ∈ R, Nκ1
t and Nκ2

t are Poisson processes

with the intensities κ1 > 0 and κ2 > 0. We assume that Wt, N
κ1
t and Nκ2

t are

independent. We usually also assume that k1 > 0 and k2 < 0, which describes

upward and downward jumps in the underlying asset price.

Remark 1. The process (9) can be also described as the compound Poisson pro-

cess of the form

Yt = µt+ σWt +

Nκ
t∑

i=1

ξi, (10)

where Wt is also Brownian motion, σ > 0, µ, k ∈ R, Nκ
t is Poisson process with

the intensity κ = κ1 + κ2 and {ξi} i=1,2,... are random variables taking value k1
with probability p1 = κ1

κ
and value k2 with probability p2 = κ2

κ
. Moreover, Wt,

Nκ
t and ξi, i = 1, 2, . . . are independent. From probabilistic point of view they

can be treated as the same processes, since they have the same finite dimensional

distributions.

Theorem 2. The price of European call option with strike price K and payment

function f (x) = (x−K)+ at time 0 is given by formula

C0 = e−(κ
′

1+κ′

2)T
∞∑

m=0

∞∑

n=0

(κ′1)
m

m!

(κ′2)
n

n!
Tm+nIm,n,

where

Im,n = S0e
(µ1−r)T+σ2T

2
+k1m+k2nΦ

(
dm,n
+

)
− e−rTKΦ

(
dm,n
−

)
,

Φ is cumulative distribution function of standard normal distribution and θ0 is the

solution of the equation

µ+

(
1

2
+ θ

)
σ2+κ1

(
ek1 − 1

)
eθ(e

k1−1) +κ2

(
ek2 − 1

)
eθ(e

k2−1) = r, (11)

µ1 = µ+ θ0σ
2 , κ′1 = κ1e

θ0(ek1−1), κ′2 = κ2e
θ0(ek2−1),
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dm,n
−

=
ln S0

K
+ µ1T + k1m+ k2n

σ
√
T

,

dm,n
+ =

ln S0
K

+ µ1T + σ2T + k1m+ k2n

σ
√
T

.

Proof. The proof is a modification of the proof of the corresponding theorem

from [14]. We apply Theorem 1 to price the option. Equation (8) has the form

(11). Since g is an increasing continuous function of θ limθ→−∞ g (θ) = −∞

and limθ→∞ g (θ) = ∞, the above equation has an unique solution. We denote it

by θ0. According to Theorem 1, Y with respect to P0 has the form

Yt =
(
µ+ θ0σ

2
)
t+ σW 0

t + k1N
κ′

1
t + k2N

κ′

2
t , t ∈ [0, T ], (12)

where W 0 is a Brownian motion, N
κ′

1
t and N

κ′

2
t are a Poisson processes with

respect to P0 and all the processes are independent. The price of the derivative is

given by formula.

C0 = e−rT
E
P0 (ST −K)+ = e−rT

E
P0 (ST −K) I{ST>K}

= E
P0

(
S0e

(µ1−r)T+σW 0
T
+k1N

κ′1
T

+k2N
κ′2
T − e−rTK

)
I{ST>K}

= E
P0

∞∑

m=0

∞∑

n=0

I{
N

κ′
1

T
=m

}I{
N

κ′
2

T
=n

}

(
S0e

(µ1−r)T+σW 0
T
+k1N

κ′1
T

+k2N
κ′2
T

−e−rTK
)
I{

(µ1−r)T+σW 0
T
+k1N

κ′
1

T
+k2N

κ′
2

T
>ln K

S0
−rT

}

= e−(κ
′

1+κ′

2)T
∞∑

m=0

∞∑

n=0

(κ′1)
m

m!

(κ′2)
n

n!
Tm+n·

· EP0

(
S0e

(µ1−r)T+σW 0
T+k1N

κ′1
T

+k2N
κ′2
T

−e−rTK
)
I{

(µ1−r)T+σW 0
T
+k1N

κ′
1

T
+k2N

κ′
2

T
>ln K

S0
−rT

}.

Since

(µ1 − r)T + σW 0
T + k1N

κ′

1
T + k2N

κ′

2
T ∼ N

(
(µ1 − r)T + k1m+ k2n, σ

√
T
)
,
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applying standard integral operations we obtain

E
P0

(
S0e

(µ1−r)T+σW 0
T
+k1N

κ′1
T

+k2N
κ′2
T

−e−rTK
)
I{

(µ1−r)T+σW 0
T
+k1N

κ′1
T

+k2N
κ′2
T

>ln K
S0

−rT

}

S0e
(µ1−r)T+σ2T

2
+k1m+k2nΦ

(
dm,n
+

)
− e−rTKΦ

(
dm,n
−

)

= Im,n.

Applying the Taylor expansion of the function exp, in further part of the paper,

we will replace the pricing formula by

C0 = e−(κ
′

1+κ′

2)T
N∑

m=0

N∑

n=0

(κ′1)
m

m!

(κ′2)
n

n!
Tm+nIm,n, (13)

for sufficiently large N .

5 Pricing with fuzzy parameters

We will indicate fuzzy parameters, writing the symbol ˜ above them. Other pa-

rameters will be treated as crisp numbers. One can find methodology similar to

the one applied below in [16].

Let us assume that drift µ, volatility σ, interest rate r, k1, k2, κ1 and κ2
are not known precisely. Therefore we will treat them as L-R fuzzy numbers

µ̃, σ̃, r̃, k̃1, k̃2, κ̃1and κ̃2. Let µ∗, σ∗, r∗, k∗1 , k
∗

2 , κ
∗

1 and κ∗2 be their defuzzified ver-

sions. We obtain the following form of the pricing formula (13)

C̃0 = e−(κ̃
′

1⊕κ̃′

2)⊗T ⊗

N⊕

m=0

N⊕

n=0

((
κ̃′1

)n
⊘m!

)
⊗

((
κ̃′2

)n
⊘ n!

)
⊗ Tm+n

⊗
(
S0 ⊗ e[((µ̃

′
⊖r̃)⊗T )⊕(σ̃⊗σ̃⊗T⊘2)⊕k̃m,n]

⊗Φ̃
(
d̃m,n
+

)
⊖

(
e−r̃⊗T ⊗K ⊗ Φ̃

(
d̃m,n
−

)))
,
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where k̃m,n =
(
k̃1 ⊗m

)
⊕

(
k̃2 ⊗ n

)
,

µ̃′ = µ̃⊕ (θ0 ⊗ σ̃ ⊗ σ̃) , κ̃′1,2 = κ̃1,2 ⊗ e
θ0⊗

(

e
k̃1,2⊖1

)

,

d̃m,n
−

=
[
ln (S0 ⊘K)⊕

(
µ̃′ ⊗ T

)
⊕ k̃m,n

]
⊘

(
σ̃ ⊗

√
T
)

,

d̃m,n
+ =

[
ln (S0 ⊘K)⊕

(
µ̃′ ⊗ T

)
⊕ (σ̃ ⊗ σ̃ ⊗ T )⊕ k̃m,n

]
⊘

(
σ̃ ⊗

√
T
)

and θ0 is the solution (with respect to θ) of the equation

µ∗ + (σ∗)2
(
1

2
+ θ

)
+ κ∗1e

θ
(

ek
∗

1−1
) (

ek
∗

1 − 1
)
+ κ∗2e

θ
(

ek
∗

2−1
) (

ek
∗

2 − 1
)
= r∗.

(14)

In (14) the parameters with ∗ are defuzzified using one of the maximum methods

(e.g. Mean of Maximum Method) for L-R numbers. The existence of solution for

(14) follows from the same argument as in the proof of Theorem 2.

ApplyingProposition1,we can calculate the α-level set of (C̃0)α=
[
C̃L
0α, C̃

U
0α

]
,

using corresponding combinations of r̃Lα or r̃Uα , µ̃L
α or µ̃U

α , σ̃L
α or σ̃U

α , k̃L1,2α or

k̃U1,2α and κ̃L1,2α or κ̃U1,2α, respectively. From the Resolution identity

µ
C̃0

(c) = sup
0≤α≤1

αI(C̃0)
α

(c)

we obtain the membership function of C̃0. If c is the option price and µC̃0
(c) = α,

then the value of the membership function may be treated by a financial analyst

as the belief degree of c.

Remark 2. We can extend the considered model of the underlying asset to the

case of the linear combination of K > 2 independent Poisson processes, i.e.

Yt = µt+ σWt + k1N
κ1
t + k2N

κ2
t + ...+ kKNκK

t , (15)

where Wt is Brownian motion, σ > 0, µ, k ∈ R, Nκ1
t , Nκ2

t ,...,NκK
t are Poisson

independent processes with the intensities κ1 > 0 and κ2 > 0,...,κK > 0. Then

the pricing formula has the analogous form and Monte Carlo simulations can be

applied. Moreover, this model can be equivalently treated as the model with the

compound Poisson component

Yt = µt+ σWt +

Nκ
t∑

i=1

ξi, (16)

where Nκ
t is Poisson process with the intensity κ = κ1 + κ2 + ... + κK and

independent random variables {ξi} i=1,2,... take value kj with probability pj =
κj

κ
, j = 1, 2, . . . K .
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6 Applications of Monte Carlo simulations

The fuzzy pricing formula for European call option may be numerically calculated

for lower values of N . However, Monte Carlo simulations can be a better pricing

method for more complicated derivatives.

In this section we discuss the possibility of application the simulation method

to option pricing in the fuzzy framework. We conduct simulations in similar way

as in [14].

We fix an α-level. For L-R fuzzy parameters µ̃, σ̃, r̃, k̃1, k̃2, κ̃1, κ̃2,we find a

solution θ0 of (14) using their defuzzified counterparts µ∗, σ∗, r∗, k∗1 , k
∗

2 , κ
∗

1 and

κ∗2.

Simulations may be derived from the iterative version of process (12), which

is analogous to formula known as Euler scheme in Black-Scholes model (see [10,

13]). In the considered case we have

Sti+1 = Sti exp
((

µ+ θ0σ
2
)
δt+ σ

√
δtǫi + k1ν1i + k2ν2i

)
, (17)

where i = 0, 1, . . . ,m for ti0 = 0 and tim = T , δt = ti+1 − ti = const,
ǫ0, . . . ǫm−1 are iid random variables from standard normal distribution, ν10, . . .
ν1m−1 and ν20, . . . ν2m−1 are iid realizations from Poisson processes with inten-

sity κ′1 and κ′2 (compare with (12)). The value m is the number of steps in each

trajectory.

We generate n trajectories via the formula (17), picking randomly value of

each fuzzy parameter, treating the appropriate α-level set as an interval for uni-

form distribution. The derivative price is then computed as discounted (to the

moment zero) mean value of payments from the considered financial instrument.

The Monte Carlo method can be also used instead of fuzzy pricing formula,

obtained in Section 5.

7 Conclusions

In the paper a stochastic model for the underlying asset was introduced. The

proposed process is a Levy process and it describes positive and negative jumps of

the financial instrument prices. The combination of stochastic analysis and fuzzy

theory enabled to obtain the pricing formula for European call option. Moreover,

appropriate simulation techniques were described for the considered model. We

also discussed a generalization of the obtained formulas for models with greater

numbers of independent jumps.
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