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Option pricing with Levy process in a fuzzy
framework

Piotr Nowak
Systems Research Institute Polish Academy of Sciences
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Abstract

In the following paper we propose a method for option pricing with appli-
cation of stochastic analysis in a fuzzy framework. The process modeling
the underlying asset is a geometric Levy process. It describes upward and
downward jumps in price. In a fuzzy framework some parameters of the
financial instrument cannot be precisely described and therefore they are in-
troduced to the model as fuzzy numbers. Application of fuzzy arithmetics
and stochastic analysis enabled us to consider different sources of uncer-
tainty, not only the stochastic one. To obtain European call option pricing
formula the minimal entropy martingale measure and Levy characteristics
are used.

Keywords: finance, financial mathematics, Levy processes, fuzzy sets, Monte
Carlo simulation.

1 Introduction

Classical financial model of option pricing, introduced by Black and Scholes (see
[4, 11]), assumes continuity of the price process. Black-Scholes model delivers
completeness of the market and uniqueness of derivative pricing. In this model
the stochastic process which describes the price of an underlying financial instru-
ment S is geometric Brownian motion. Black-Scholes formula is used to price
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derivatives by arbitrage and it is given in analytic form (see [11]). However, it is
well documented in the finance literature that the Black-Scholes model does not
describe the real behavior of financial instruments sufficiently well. The returns
of logarithms of .S in the real market have leptokurtic and skewed to the left distri-
bution (see [5]). The second empirical phenomena is the volatility smile feature,
i.e. the fact that the implied volatility is a convex function of the stike price (see
[2, 3]). One of purposes of this paper is to improve the pricing model. In the paper
sum of Brownian motion, drift and a linear combination of two Poisson processes
is applied as model for the logarithm of asset prices. Such a process belongs to
the class of Levy processes and its discontinuity may model positive and negative
jumps of the underlying asset caused by external shocks. The proposed process is
an extension of the model with one possible direction of jumps, considered in [14].
In the paper two techniques are used. Firstly, stochastic analysis, especially the
martingale theory is applied. In this part Levy characteristics (see [15]) play very
important role. As equivalent martingale measure the minimal entropy martingale
measure (MEMM) is used. This measure has many applications in option pricing
theory and economy. Since MEMM is closely related to exponential utility maxi-
mization, it has an important meaning in the problem of portfolio optimization and
it was considered by [8, 9]. Secondly, in our approach, fuzzy sets theory and fuzzy
arithmetics are applied (see [16, 17]). Fluctuating financial market and the lack of
detailed information cause that many parameters of the model cannot always be
described in the precise sense. This uncertainty is taken into account and expert
opinions or imprecise estimates are introduced to the model in the form of fuzzy
numbers. Applying this approach, financial analysts can receive the tool to pick
option price with an acceptable belief degree for the latter use (see [16]). Compu-
tation techniques will be mainly applied to European call options. However, the
proposed pricing method can be also used to other derivatives.

The paper is organized as follows. Section 2 contains preliminaries from
stochastic analysis and fuzzy arithmetics. Section 3 presents basic definitions
and facts concerning the minimal entropy martingale measure. In Section 4 the
model of underlying asset is proposed and the pricing formula is proved. Section
5 is devoted to pricing the derivative with fuzzy parameters. Section 6 describes
possibility of application of Monte Carlo simulations. The last section contains
concluding remarks.
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2 Notation and definitions

2.1 Stochastic preliminaries

We recall some basic facts about stochastic analysis and martingale method.

Let (Q,]—', (Fecior) ,P) be a probability space with filtration satisfying
standard assumptions. Let 7' < oo.

A stochastic process H = (Ht)te[o,T} is cadlag, if its trajectories are functions,
which are right-continuous with left limits.

H is (F;)-adapted if H; is (F;)-measurable for each t € [0, 7).

A probability measure @) on (€2, F) is absolutely continuous with respect to
P(@Q << P)ifforall A e F

P(A)=0=Q(4) =0

and it is equivalent to P if P and () have the same sets with zero measure.
Let S; be an (F;)-adapted cadlag stochastic process describing the underlying
asset. Let r denote a constant risk—free interest rate and

Zt = e_rtSt (1)

be the discounted process of values of the underlying asset. We have to find the
measure () equivalent to P for which Z; is a martingale.

The next step is to find the form of the process S; with respect to this new
probability measure (). The price of a derivative with a payment function f is
given by formula:

Cy = exp (—r(T —t))E9 (f () |F). t € [0,T]. (2)

2.2 Fuzzy sets preliminaries

Now we remind some facts about fuzzy sets and numbers.

Let X be a universal set and A be a fuzzy subset of X. We denote by 1 j its
membership function p 5 : X — [0,1], and by A, = {z : pu; > a} the a-level
set of A, where Ay is the closure of the set {x : pz # 0}. In our paper we assume
that X = R.

Let a be a fuzzy number. Then, under our assumptions, the a-level set a,, is a
closed interval, which can be denoted by a,, = [aX,al] (see e.g. [17]).

We can now introduce the arithmetics of any two fuzzy numbers. Let © be a
binary operator @, ©, ® or @ between fuzzy numbers a and b, where the binary
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operators correspond to o: 4, —, X or /, according to the “Extension Principle”
in [17]. Then the membership function of @ ® b is defined by

Hawp (2) = sup  min{ua(@), puy(y)} - 3)
(z,y):woy=2

Let Oyt be a binary operator @®int, Sint, Qint O Qint between two closed
intervals [a, b] and [c, d]. Then

[@,0] Oing [, d] ={z € R: 2 =z0y, V2 € [a,b],Vy € [c,d]}, (D)

where o is an usual operation +, —, X and /, if the interval [c, d] does not contain
zero in the last case.

Therefore, if G, b are fuzzy numbers, then a ©® b is also the fuzzy number and
its a-level set is given by

@@ b), = da Bint ba = [ak + 0%, ay + Y],
(@& b), = da Sint ba = [ak —bY,aY — L],
(@® D), = a ing ba =
= [min{agbg, agb, aq by, aq by}, max{agby, agby, aq by, aq by}
(@@ Db), = o Dint ba =
= [min{ag /be, ag /by g /by G /b b max{ag /by, ag /bg, dg /b5, dg /b5 ]
if a-level set b,, does not contain zero for all o € [0, 1] in the case of @.

Proposition 1. Let f : R — R be a function, F (R) be a set of all fuzzy subsets
of Rand A € F (R) . We assume that the membership function pz of A is upper
semicontinuous and for all y the set {x : f(x) = y} is compact. The function

f(z) can induce a fuzzy-valued function f : F (R) — F (R) via the extension
principle. Then the a-level set of f(A) is f(A), = {f(z) : x € Ay}

For proof of this proposition see [16].
Triangular fuzzy number a with membership function pz(z) is defined as

T—ay
. fora; <z <asg

wa(z) = e forag <z <az, )
0 otherwise

where [a1, ag] is the supporting interval and the membership function has peak in
as. Triangular fuzzy number a is denoted as

a= (a17a27a3) .
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Left-Right (or L-R) fuzzy numbers are special case of triangular fuzzy num-
bers (e.g. see [1, 6]), where linear functions used in the definition are replaced by
monotonic functions, i.e.

Definition 1. A fuzzy set A on the set of real numbers is called L-R number if the
membership function may be calculated as

L(“Q_I) fora; <z < as

az—aq
pa(z) =< R (;3__‘222) foras < x <as (6)
0 otherwise

where L and R are continuous strictly decreasing function defined on [0, 1] with
values in [0, 1] satisfying the conditions

L(z) =R(z) =1ifz =0, L(z) = R(z) =0 ifz = 1.
The L-R fuzzy number & is denoted as

a=(a1,a2,a3)LR -

3 MEMM for Levy processes

The cadlag stochastically continuous process Y = (¥4)yco 77 » Yo = 0 as., is
called a Levy process if it satisfies the following conditions.

1. Y, — Y, is independent of F; forall 0 < s <t < T.
2. Y; — Y, and Y;_; have the same distributions for all 0 < s <t < T.

We assume that a truncation function ¢ is defined by the formula ¢ (z) =
x1)5)<1. We denote by M(IR) the space of non-negative measures on R. For Levy
processes local characteristics, called Levy characteristics are defined. They are
functions of the following form

B;: [O,T] — R, B, = bt,
Cy: [0, T] = R, Cy=ct,
v [0, T] = M(R), v (dz)=v(dx)t,

v ({0}) =0, /[R (lz[* A1) v (dz)
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where b,c¢ € R and v € M(R). Moreover, only constant b depends on the form
of ¢.

A stochastic process S = (St)te[O,T} is called geometric Levy process, if it
can be written in the following form

Sy = Spexp (Yz), t€[0,T] @)

where Y; is a Levy process.
Throughout this paper we assume that .S is of the form (7), F = Fr and for
te[0,T]
Fi=0(8,5s€10,t]) =0 (Ys,s €10,t]).
The relative entropy I (Q, P) of @ with respect to P is defined by
Ep (B () ifQ<<P
~+00 otherwise.

I(QJD):{

If an equivalent martingale measure Fj satisfies the inequality
I (P, P)<1(Q,P)

for all equivalent martingale measures () is called the minimal entropy martingale
measure (MEMM).
Let

gMEMM) (9 — p 4 <% +9> c+/
{

+/ (e —1) e’ "Dy (da)
{l=[>1}

((ex — 1) — m) v (dz)

lz|<1}

The following theorem from [12] will be useful in our paper.
Theorem 1. If the equation

has a solution 0, then the MEMM of S, Py = PMEMM) oyists. The process Y is
also a Levy process under Py and the generating triplet of Y under Py, (by, co, V)
has a form

bp = b+ bpc + / x (eeo(er—n - 1) v(dz),

{l=|<1}
Co = C,

vo (da) = P Dy (d) .
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4 Pricing with crisp parameters

Let (Q, F (Ft)ieor ,P) be a probability space with filtration. Let 7" < oo.

The price of the underlying asset .Sy is the geometric Levy process given by (7),
where

Y = pt + oWy + ki N + ko N2, ©)

W, is Brownian motion, o > 0, u, k € R, N/"* and N;* are Poisson processes
with the intensities k1 > 0 and k2 > 0. We assume that W}, N;°! and N, are
independent. We usually also assume that k; > 0 and k2 < 0, Wthh describes
upward and downward jumps in the underlying asset price.

Remark 1. The process (9) can be also described as the compound Poisson pro-
cess of the form

Nf

Y= pt+ oW+ Y &, (10)

i=1
where Wy is also Brownian motion, o > 0, u, k € R, N is Poisson process with
the intensity k = k1 + kg and {&;} =12, are random variables taking value k,
with probability p1 = = and value ky with probability ps = “2. Moreover, Wy,
Nf and &, © = 1,2,... are independent. From probabilistic point of view they
can be treated as the same processes, since they have the same finite dimensional
distributions.

Theorem 2. The price of European call option with strike price K and payment
function f (x) = (x — K)4 at time 0 is given by formula

CO Iil-‘rliQ T Z Z

m=0n=0

l)m

m,mns

where
Ly = el =T+ bametkangy (gmn) — =T jg (4™

® is cumulative distribution function of standard normal distribution and 0 is the
solution of the equation

1
p+ (E + 9> o2+ Ky <€k1 - 1) O 1) 4, <€k2 - 1) (271 = v (1)
/ 60(5k2_1)

ky_
=+ 0go?, Ky = /11660(6 1), Ko = Ko€ ,
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In 52 2+ 1T + kym + kan
oV/T '
In 52 +M1T+02T—|—k‘1m+k‘2n

VT

Proof. The proof is a modification of the proof of the corresponding theorem
from [14]. We apply Theorem 1 to price the option. Equation (8) has the form
(11). Since g is an increasing continuous function of 6 limy_, ., g () = —oc0
and limy_, ., g (6) = o0, the above equation has an unique solution. We denote it
by 6. According to Theorem 1, Y with respect to P has the form

dm,n _

m7n —_
dmn =

Vi = (14 0002) t + oW0 + by N/ + ko N2 Lt € (0,77, (12)

/ /
where W is a Brownian motion, N;"* and N, are a Poisson processes with
respect to Py and all the processes are independent. The price of the derivative is
given by formula.

Co=e"TEP (Sp — K)" = e ™EP (Sp — K) Itg,s i)
=EP <Soe(“1_T)T+”W%+k1N;l+k2N;2 — e_TTK> Iisr>ky

3 ) (S

Ry _
m=0n=0 =m

—G_TTK) I ! ! x
{(ul—r)T+aW§l+k1 Nz +kaNp2>In %—TT}

r{1+n2 2 :

m=0n=0

!/ !/
.EPo <Soe(u1—r)T+ch%+k1N;l+k2N;2

—e TR I o v .
{(m—r)TJranJrklNTl +kaNy2>In %—TT}

Since

(1 — 1) T + oW+ by NI + ko N2 NN<(M1 —r)T+k1m+k2n,a\/T),

162



applying standard integral operations we obtain
I<L, I<L,
Py <Soe(“1 —T)T+UW%+I<)1NT1 +k2NT2

—E_TTK) I ! ! X
{(ul—r)T+aW%+k1 Npt+kaNy2>In %—TT}

Soe(/.tl T‘)T—‘r -‘rklm-i-kgn@ (dm n) . G_TTK¢ (dT,n)
=ILnn-
]

Applying the Taylor expansion of the function exp, in further part of the paper,
we will replace the pricing formula by

o= et S 5

m=0n=0

/)m TL

mn 13)

for sufficiently large V.

S Pricing with fuzzy parameters

We will indicate fuzzy parameters, writing the symbol ~ above them. Other pa-
rameters will be treated as crisp numbers. One can find methodology similar to
the one applied below in [16].

Let us assume that drift u, volatility o, interest rate r, ki, ko, k1 and kg
are not known precisely. Therefore we will treat them as L-R fuzzy numbers
0,7, k1, ko, Frand Fo. Let w*, o, r* k], k3, k] and 5 be their defuzzified ver-
sions. We obtain the following form of the pricing formula (13)

Co = o~ (F1®Ry)T

@ @ ()" om!) @ ((7)" @n!) @ T

®
® (50 ®e (' 67)RT)B(6RFRTD2)Bkm,n|

2® (ci’}f’”) o <e_’:®T @ K®d (ci’f’”))) :
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where ];m,n = (/%1 ® m) @ (];‘2 ® n) ,

k
H =18 0095 08), Ry =fp o),

d™" = [ln(s()@K)@ (ﬂ’@T)@/%m,n} % (&@ﬁ) ,
P = [ln(So®K)@(ﬂ'@T)@(&@&@T)@l;m,n} %) (&@ﬁ)

and 6y is the solution (with respect to 6) of the equation

©* + (o) <% + 9> + m’{ee(ekl_l) (ekf — 1) + ﬁ%ee(ekg_l) (ek5 — 1) =r*.

(14)

In (14) the parameters with * are defuzzified using one of the maximum methods

(e.g. Mean of Maximum Method) for L-R numbers. The existence of solution for
(14) follows from the same argument as in the proof of Theorem 2.

Applying Proposition 1, we can calculate the o-level set of (C’o)a = {CN’(’):OC, C«é{l] ,

L

using corresponding combinations of 72 or 7, iL or p¥ , 5L or 5U, k:fm or

l?:i{z ., and /%lL 90, OF /%[1{2 > respectively. From the Resolution identity

% (c) = sup al/z c
Ky (c) Ogalg)l (co)a (c)
we obtain the membership function of Co. If cis the option price and fi5, (c) = q,
then the value of the membership function may be treated by a financial analyst
as the belief degree of c.

Remark 2. We can extend the considered model of the underlying asset to the
case of the linear combination of K > 2 independent Poisson processes, i.e.

Y = pt + oWy + k1 NJ + ko N2 + .+ kg N[K| (15)

where Wy is Brownian motion, ¢ > 0, u, k € R, N['*, Nj2,..,N;"¥ are Poisson
independent processes with the intensities k1 > 0 and ko > 0,...,kx > 0. Then
the pricing formula has the analogous form and Monte Carlo simulations can be
applied. Moreover; this model can be equivalently treated as the model with the
compound Poisson component

N

Yo =pt+oWi+ > &, (16)

i=1
where N[ is Poisson process with the intensity kK = K1 + kg + ... + K and
independent random variables {&;} =12, take value k; with probability p; =
Sj=12,...K.
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6 Applications of Monte Carlo simulations

The fuzzy pricing formula for European call option may be numerically calculated
for lower values of N. However, Monte Carlo simulations can be a better pricing
method for more complicated derivatives.

In this section we discuss the possibility of application the simulation method
to option pricing in the fuzzy framework. We conduct simulations in similar way
as in [14].

We fix an «a-level. For L-R fuzzy parameters i, 7, 7, 1231, 12:2, K1, ko,we find a
solution 0y of (14) using their defuzzified counterparts p*, o*, r*, k7, k3, k] and
K3.

Simulations may be derived from the iterative version of process (12), which
is analogous to formula known as Euler scheme in Black-Scholes model (see [10,
13]). In the considered case we have

Siiiy = S, exp ((u +0002) 5t + o/Ste; + kan + kmi) . a7

where i = 0,1,...,m for t;, = Oand ¢;,, = T, 6t = t;41 — t; = const,
€0, - - - Em—1 are iid random variables from standard normal distribution, v, ...
Vim—1 and vog, . .. Vo, are iid realizations from Poisson processes with inten-
sity ) and k% (compare with (12)). The value m is the number of steps in each
trajectory.

We generate n trajectories via the formula (17), picking randomly value of
each fuzzy parameter, treating the appropriate a-level set as an interval for uni-
form distribution. The derivative price is then computed as discounted (to the
moment zero) mean value of payments from the considered financial instrument.

The Monte Carlo method can be also used instead of fuzzy pricing formula,
obtained in Section 5.

7 Conclusions

In the paper a stochastic model for the underlying asset was introduced. The
proposed process is a Levy process and it describes positive and negative jumps of
the financial instrument prices. The combination of stochastic analysis and fuzzy
theory enabled to obtain the pricing formula for European call option. Moreover,
appropriate simulation techniques were described for the considered model. We
also discussed a generalization of the obtained formulas for models with greater
numbers of independent jumps.
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