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The influence of nonlinear couplings on the behaviour of the solution 
of the equations of motion of a mechanical system 

R. GUTOWSKI (WARSZAWA) 

THE SUBJEcr matter of this anaJysis is the influence of nonlinear couplings on the behaviour of 
the solution of the equations of motion of a mechanical system which may be subdivided into 
sub-systems non-linearly coupled. The conditions for the motion of the sub-systems to be bound
ed and capable of being made arbitrarily small are established. Another subject of discussion 
are bands which can be constructed making use of the solution of a suitable set of linear differ
ential equations, and which contain solution of the subset considered. The width of these bands 
depends on the estimated values of the nonlinear coupling functions. For synthesis these bands 
can be made arbitrarily narrow, which means in practice rejection of the nonlinear couplings~ 
The results discussed have been obtained by methods of integral inequalities. 

W pracy zbadano wplyw nieliniowych sprz~Zeti na zachowanie si~ rozwhtzan r6wnan ruchu 
ukladu mechanicznego, kt6ry moi:na rozdzielic na poduklady sp~zone nieliniowo. Ustalono 
warunki, przy spelnieniu kt6rych ruch poduklad6w jest ograniczony i moi:e bye uczyniony do
wolnie malym. Ponadto wskazano pasma, kt6re moi:na zbudowac za pomo~ rozwi(lZan odpo
wiednio dobranego ukladu r6wnan r6Zniczkowych liniowych, w kt6rych przebiegaj~ rozwi~
zania rozwai:anych poduklad6w. Szerokosc tych pasm zalei:na jest od wlasno8ci nieliniowych 
funkcji sp~gaj~cych, wyrai:onych za pom~ oszacowan tych funkcji. Z punktu · widzenia 
syntezy ukladu pasma te moi:na uczynic dowolnie w~skimi, co odpowiada mo2:liwo8ci prak
tycznego pomini~ia sprz~i:en nieliniowych. Przedstawione rezultaty uzyskano stosuj~ metody 
nier6wno8ci calkowych. 

B pa6oTe HCC.Tie~OBaliO BJIHHHRe HeJIHHeiillbiX CBH3eH Ha nose~eHHe peweHHif ypaBHeHHH 
,I:UJIDKeHHH MexaHHtieCKOH CHCTeMbl, KOTOpyiO MOmHa pa3~eJIHTb Ha UO~CRCTeMbl C HeJIHHeH
HbiMH B3aHMHbiMH cBH3HMH. Bbme~eHbi ycJIOBHH, npu BbWOJIHeHHH KOTOpbiX JUJlPI<eHHe 
no~cHCTeM orp:umqeHo H MO)f(eT 6h1Tb npuse~eHo K npoH3BOJibHO MaJIOH BeJIHliHHe. YKa3aHo, 
liTO fiPH UOMOIIUI peweHHH, COOTBeTCTBYJOIIUIM o6pa30M UO~OOpaHHOH CHCTeMbl mmeihlbiX 
~<il<ilepeHIJ;HaJibHbiX ypasHeHHH, MO>KHO UOCTpOHTb UOJIOCbi, B KOTOpbiX npoXOMT peWeHHH 
paccMaTpHBaeMbiX no~CHCTeM. IIIHpHHa 3THX noJioc 3aBHCHT oT HeJIHHeiillbiX CBOHCTB conpH
rmollUIX <i>YHKlUfH, Bblpa)f(eHHbiX npH nOMOIIUI O~eHOK 3THX 4>~. C TO'tiKH 3peHHH CHH
Te3a CHCTeM ~aHHbie UOJIOCbl MO >«HO llOCTpOHTb fiPOH3BOJibHO y3KHMH, liTO COOTBeTCTBYeT 
B03MO>KHOCTH npai<mqecKoro npeHe6pe)f(eHHH HeJIHHeHHbiMH CBH3HMH. llpe~CTIUUieHHbie 
pe3y JThTaTbl llO.rrytleHbl DO MeTO~ HHTerpaJibHbiX HepaseHCTB. 

1. The statement of the problem 

THE OBJECT of the present paper is to analyse the motion of a complex mechanical system 
which can be separated into sub-systems with nonlinear couplings, with special reference 
to the influence of the nonlinear couplings. Sufficient conditions will be established for 
the solution of the equations of motion to be bounded and capable of being made arbi
trarily small. In addition, some linear equations will be discussed, by means of which 
neighbourhoods can be constructed containing the solutions of the sub-systems with non
linear couplings under consideration. The extent of these neighbourhoods depends on 
the properties of the nonlinear coupling functions expressed in terms of appraisals of 
such functions. 
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Let us consider a mechanical system with n differential equations. Let us assume in the 
interests of lucidity that this system can be separated into two sub-systems having I and m 
(l+m = n) differential equations, respectively, and coupled in a linear manner. The consid
erations quoted below and concerning this case can be immediately generalized to the 
case of a system splitting up into an arbitrary number of sub-systems coupled nonlinearly. 

Let us consider, therefore a set of differential equations of motion having the form 

( 1.1) 

(1.2) 

where 

y = A(t)y+f(t,x,y)+p(t), 

x = B(t)x+cp(t,x,y)+n(t), 

x(to) = Xo, y(to) = Yo, 

x = col[x1 , . . ,x,], y = col[Y1 , ... ,y,J, l+m = n; 

B(t) is a square matrix of order I and A(t}-a square matrix of order m. These matrices 
are real and continuous for t e[t0 , ex:>). The matrices f(t, x, y) = col [/1 , ••• ,/m], 
cp(t, x, y) = col [cpb ... , cp1] are real and continuous for t e[t0, ex:>) and llxll + IIYII < oo 
01·11-denotes the norm). The matrices p(t) = col[p1 , •.. , Pm], n(t) = col[n-1 , ... , n,] 
are also real and continuous for te[t0 , ex:>). 

2. Analysis of the properties of a solution of the equations of motion (1.1) and (1.2) 

Together with Eqs. (1.1) and (1.2), let us consider the linear differential equations 

(2.1) 

(2.2) 

(2.3) 

(2.4) 

~ = A ( t)17 + p( t) , 

; = A(t)r, 

~ = B(t)~+n(t), 

q = B(t)q, 

where 1J = col[1] 1 , •.• , 1Jm], r = col[r1 , .•. , rm], ~ = col[~1 , •• . , ~,], q = col[q1 , ••. , q,]. 
Let the initial values of these functions satisfy the relations 

y(to) = 1](to) = r(to) = Yo, x(to) = ~(to)= g(to) = Xo. 

Let us denote by R(t) the fundamental solution matrix of Eq. (2.2) and by Q(t) the funda
mental solution matrix of Eq. (2.4). 

Let us make the following assumptions: 

1) !IR(t)R-t(s) 11 ~ Ct.t e-Pt(t-s>, JJQ(t)Q-l(s) 11 ~ a.2e-f1z(t-s>, 

where a.1, /31 , a.2 , {32 are real positive constants; 

2) !!1J(t)Jl ~ c1 <ex:>, ll~(t)ll ~ c2 <ex:> for t eft0 , ex:>) 

where c1 , c2 are real positive constants; 

3) ilf(t,x,y)ll ~ ktgt(llxll + IIY!I), llcp(t,x,y)J! ~ k2g2(JJxll + IIYII), 
for te[t0 , oo) and llxll + IIYII < oo. The symbols k1 , k 2 denote real non-negative constants 
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and Kt (u) and K2(u)--continuous, non-negative, non-decreasing functions for u ~ 0 and 
Kt (0) = K2(0) = 0. 

The set of integral equations corresponding to the differential Eqs. (1.1) and (1.2) 
have the form 

t t 

(2.5) y = R(t)R-t(t0 )Y0 + J R(t)R-t(s)ffs,x(s),y(s)]ds+ J R(t)R-t(s)p(s)ds, 
to to 

t t 

(2.6) x = Q(t)Q- 1 (t0)x0 + J Q(t)Q-t(s)q>fs, x(s),y(s)]ds+ J Q(t)Q-t(s)n(s)ds. 
to to 

The solutions of the differential Eqs. (2.1) and (2.3) ha we the form 

t 

(2.7) 'YJ = R(t)R-t(t0 )'YJo + J R(t)R-t(s)p(s)ds, 
to 

t 

(2.8) ~ = Q(t)Q-t(t0)~0 + J Q(t)Q- 1(s)n(s)ds. 
to 

Since it has been assumed that rJ{t0) = 'Y)o = y0 and ~(10) = ~0 = x0 , therefore, the set 
of integral Eqs. (2.5) and (2.6) takes the form 

t 

(2.9) y = 'Y}+ J R(t)R-1(s)f[s,x(s),y(s)]ds, 
to 

t 

(2.10) x = ~+ J Q(t)Q-t(s)q>fs,x(s),y(s)]ds. 
to 

Taking the norm of both members of these equations, we obtain, by virtue of the assump
tions 1 ), 2), 3), 

I 

(2.11) IIYII ~ C1 + J kt CX1 e-P1<t-s)KtCII XII+ IIYII)ds' 
to 

t 

(2.12) llxll ~ C2 + J k2cx2e-P2<t-s)K2CIIxll + IIYII)ds. 
to 

Let us denote 

llxll + IIYII = C, kcx = max(kt cx1, k2cx2), fJ = min(f3t, !32), c = Ct + Cz, 

g(C) ~ max{g t , K 2), K(O) = 0 and K is a continuous, non-negative, non-decreasing 
c;;;;.o 

function for C ~ 0. 
By adding the inequalities (2.11) and (2.12), we obtain 

t 

(2.13) C ~ c+ J kcxe-fl<t-s>g(C(s))ds. 
t6 
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Let us denote the right-hand member of this inequality by u(t)-that is, 
t 

(2.14) u = c+rxke-Pt J eP5g(C)ds. 
to 

On differentiating with respect to time, we obtain 

u = -{J(u-c)+rxkg(C(t)). 

Hence, by virtue of (2.13) and (2.14) and the properties of the function g, we obtain the 
inequality 

(2.15) it~ {Jc-flu+rxkg(u). 

Let us change variables by setting e = _!_u-1-that is, u = (1 + e)c. For t = t0 we have 
c 

Uo dT 
u = Uo = c, therefore eo = --1 = 0, T = {Jt. Fort = to we have To = flto and -d = {J. 

c t 
Thus, the inequality (2.15) takes the form 

du de dT 
dt = c dT dt ~ -flee+ rxkg£(1 +e) c}, 

(2.16) 

We assume that there exists a A.0 such that 

(2.17) rxk 
pcg[(1 +A.o)c]-A.o = 0, 

(2.18) 
rxk 
{Jc g[(1 +A.)c]-A. > 0 for A.e[O, ..4.0 ). 

Since eo = 0, therefore, by virtue of (2.18), there exists a T* > To such that the right-hand 
member of the inequality (2.16) is positive for T e [To, T*) and we can divide in this in-

~~ g(c) 

FIG. 1 
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terval both members of the inequality (2.16) by its right-hand member. Thus, we obtain 

(l(T) 

(2.19) G(e) = J rxk dr; ::( r-r0 for re[r0 , r*). 
o Tcg[(l +s)c}-s 

However, (cf. Fig. 1), we have 

rxk 
{Jc g[(l + l)cJ < A0 

for A. < ),0 , therefore 

(2.20) 
e<T> ds Q(T) ds 

J -- ~ J ::( 'l'-To. 10 -s-...-::: rxk 
o o {Jcg[(l+s)c}-s 

Let us assume that for r = r* < oo we have e( r*) = 10 • Then, by virtue of (2.20), we have 

Ao 

(2.21) J ds * -A--::( 'l' -To, 
o o-S 

which is impossible, because the integral on the left-hand side of the inequality (2.21) 
is divergent and the right-hand side is finite. Therefore the functions e( r) satisfying the 
inequalities (2.19) satisfy for r e[r0 , oo) the inequality 

(2.22) 

and the equation e( r) = 10 holds for r = oo only (that is r* = oo ). Thus, 

(2.23) llxii+IIYII = C(t):::;; u(t):::;; (l+A.o)c. 

Hence, the following appraisals: 

(2.24) llxiJ ::( (1 +Ao)c, IIYII ::( (1 +Ao)c. 

It will be shown that llxll and IIYII can be made arbitrarily small if rxk / {J and c are suffi~ 
ciently small. 

Indeed, by virtue of (2.17), we have: 

(2.25) 
rxk 1 

Ao = T cg[(1 +Ao)c]. 

If c = const > 0, then, for rxkf{J ~ 0, we have A.0 ~ 0. In other words, if rxkf{J is suffi
ciently small, which depends on either the matrices A(t) and B(t) (the ratio rxf{J), or the 
functions J, and q; being small (constant k), then, 10 can be made arbitrarily small for 

c = const > 0. 
Let us assume, in addition, that the function g satisfies the condition: 

(2.26) 
. g( {}) 

hm·- - = Q. 
140 f} 
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By virtue of (2.25), we have: 

10 (Xk g[(1 + l 0 ) c] 
.1 +lo = T (1 +l0 )c · 

If c ~ 0, then, by virtue of (2.26), we obtain: 

(Xk 

T 
(Xk 

1---il 
fJ 

for (Xk Q < 1 
fJ 

R. GuroWSKI 

and c~o. 

If, therefore, (XklfJ ~ 0, we have also A0 ~ 0 for c ~ 0 and ((Xki{J)Q < 1. It results, by 
virtue of (2.24), that Jlxll and IIYII can be made arbitrarily small if (Xk I fJ and c are suffi
ciently small and ( rxk I {J)D < 1 . 

We shall now determine the neighbourhoods in which the solutions for the sub-systems 
considered are contained, coupled in a nonlinear manner by the functions f and q;. 

By virtue of (2.9) and (2.10), and the assumptions 1) and 3), we have 

t 

!IY-'711:::; k1(1.1 f e-Pt<t-s>gt(\\xii+IIY\\)ds, 
to 

t 

1\x- ~I I :::; k2(1.2 J e-P2 <t- s>g2(11x!l + 1\Y\I)ds · 
to 

By virtue of (2.23), these inequalities take the form: 

t 

IIY-'7\1:::; kt(1.tgt[(1+l0)c] J e-Pt<t-s>ds = kp~1 g1[(1+l0)c](1-e-Pt<'-to>), 
to 

t 

1\x-~11 :::; k2(1.2g2{(I +lo)c] J e-P2<t-s>ds = k{J2rx2 g2[(1 +l0)c] (1-e-Pz<t-to>). 
~ 2 

Hence, 

- that is, if for instance the norm is assumed to be a sum of absolute values of the elements 
of the matrices, 

(2.27) 

(2.28) 

f}t(t)- t5t :::; y,(t) :::; 1Ji(t) + t5 1 i = 1, ... , m, 

~J(t)- t52 :::; xJ(t) :::; ~j(t) +t52 , j = 1, ... , I, 

where x1, ~1 , Yt, '7i (j = 1 , ... , I, i = 1 , ... , m) are elements of the column matrices x, 
~' y, 1]. 

From the above considerations it is seen that we can determine the neighbourhoods 
(2.27) and (2.28) in which the solution x(t), y(t) is contained if we have information con-
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tained in the assumptions 3) on the coupling functions f and q;. From the point of view 
of synthesis of a system, the results of the considerations above show how the matrices A 
and B, the coupling functions f and q; and the functions p and n should be selected in order 
that the neighbourhoods (2.27) and (2.28) may be arbitrarily narrow. In other words, 

,. 
/ 

t 

F'Io. 2 

----------;(t) 

-----

t 

the above results provide conditions sufficient for determining the manner in which the 
synthesis is to be performed for a system - so that nonlinear couplings may in practice 
be rejected. 
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