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Abstract

A three-dimensional thermo-visco-elastic system for Kelvin-Voigt
type material at small strain is considered. The system involves con-
stant heat conductivity and the specific heat satisfying the Einstein-
Debye (63 + 6)-law. Such nonlinear law, relevant at relatively low
temperatures, represents the main novelty of the paper. The exis-
tence of global regular solutions is proved without small data as-
sumption. The crucial part of the proof is the strictly positive lower
bound on the absolute temperature 6. In case of the Debye #3-law
this still remains an unsolved problem.

The existence of local in time solution is proved by the Banach suc-
cessive approximations method. The global a priori estimates are
derived with the help of the theory of anisotropic Sobolev spaces
with a mixed norm. Such estimates allow to extend the local solu-
tion step by step in time.

AMS subject classification. Primary, 74B20, 356K50; Secondary,
35Q71, 74F05
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1 Introduction

The aim. In this paper we study three-dimensional (3-D) thermo-visco-
elastic system at small strains with constant heat conductivity k& > 0, and
specific heat (heat capacity) c(f) satistying the Einstein-Debye (63 + 6)-
law, c(0) = c16® + 26, where 6 > 0 is the absolute temperature and ¢}, c?
positive constants. The system describes homogeneous, isotropic, linearly
responding materials in the Kelvin-Voigt rheology at relatively low temper-
atures 0 < 0p, below the Debye temperature 6p. According to the Debye
theory the specific heat ¢ depends on 6/6, with 6p as scaling factor for
different materials (known for most materials, see e.g., the monograph by
Kittel [16]).

The present paper continues our previous studies [23], [24], where we
addressed global regular solvability of thermo-visco-elastic systems with the
specific heat of the forms ¢(f) = ¢,8, ¢, = const > 0 in [23], and c(8) = ¢,6°,
o€ (%, 1] in [24]. Such forms of c(0) are relevant at very low temperature
below the range where the Debye law c(d) = ¢,6° is appropriate.

The Einstein-Debye (6% + 0)-law combining the Einstein -law and the
Debye 03-law is typical for metals at low temperatures at which electron
contribution becomes significant.

Prior to discussing mathematical motivations and pointing out the asso-
ciated technical difficoulties for this type of problems, let us add few physical
comments (for more details see section 2).

Specific heat has a weak temperature dependence at high temperatures
0 > 0p above the Debye temperature 6p, but decreases down to zero as
0 approaches 0. The constant value of the specific heat of many solids
is usually referred to as Dulong-Petit law. In 1819 Dulong and Petit [26]
found experimentally that for many solids at room temperature specific heat
is constant.

At this point it is important to emphasize that the global solvability
of 3-D thermo-visco-elastic system with constant heat conductivity k& and
constant specific heat ¢ is in spite of great effort through many decades still
open in dimensions n > 2. In dimension n = 1 it was established already at
the beginning of ninetieth of the last century by Slemrod [31], Dafermos [6],
and Defermos and Hsiao [7]. For detailed references concerning solvability
of thermo-visco-elastic systems we refer to Roubicek [27], [28], [29], author’s
papers [23], [24], and the recent review paper by Zvyagin and Orlov [34].
All known results on multidimensional thermo-visco-elasticity deal with a
modified energy equation. Modifications involve either nonconstant specific
heat or nonconstant heat conductivity. In view of the Einstein and the De-
bye theories it seems natural to consider thermo-visco-elastic systems with
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nonlinear temperature-dependent specific hat. Our primary mathematical
goal in this paper was to admit the Debye 6*-law, c(f) = c,6°. To our best
knowledge such problem has not been so far addressed in mathematical lit-
erature. Unfortunately, in the case of the #3-law we have been faced with
a serious mathematical obstacle to prove strictly positive lower bound for
the absolute temperature. We have managed to prove this after adding a
linear (possibly small) term c26, ¢? = const > 0. In other words, we have
assumed the Einstein-Debye (6° + 6)-law, c¢(f) = c163 + c20. Having proved
the strict positivity of € the existence of global regular solutions to the
thermo-visco-elastic system can be concluded by using similar arguments
as in [24]. These arguments, based on the idea of successive improvement
of energy estimates by the application of the theory of anisotripic Sobolev
spaces with a mixed norm, indicate that the main role plays just the term
clg®. Therefore, all considerations could be repeated provided the lower
bound for @ is established.

Finally, let us remark that apart from the mathematical issues the sys-
tem under cosideration may be of some practical interest in the cryogenic
engineering problems where one needs to understand and characterize the
behaviour of various materials on the basis of the mathematical model and
recorded materials properties.

Thermo-visco-elastic system. The system under consideration has the
following form

(1.1)  uy—V - [Aje;+ As(e —Ba)] =b in QT :=Q x(0,7),

(12) (011,93 + ng)et — kA0 = —H(Aga) c e+ (A]Et) cgg g in gZT,
where

e=e(u) = %(Vu + (V’IL)T), e =e(y) = %(V’ut + (Vut)"r),

and ¢!, c2, k are positive constants.

vy v

Here Q C R3 is a bounded domain occupied by a body in a fixed reference
configuration, and (0,7) is the time interval. The system is completed by
appropriate boundary and initial conditions. We assume

(1.3) u=0, n-V0=0 on ST:=85x(0,7),

(1.4) uli—0 = uo, utl=0 =u1, O=0 =0y in Q,

where S is the boundary of 2 and = is the unit outward normal to S.
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The field v : Q7 — R3 is the displacement, § : QT — R, = (0,00)
is the absolute temperature, the second order tensors e = (€;); =123 and
et = ((€1)ij)ij=1,2,3 denote, respectively, the fields of the linearized strain
and the strain rate.

Equation (1.1) is the linear momentum balance with the stress tensor
given by a linear thermo-visco-elastic law of the Kelvin-Voigt type (cf. [10,
Chapter 5.4])

S = Aje; + Ay(e — Oa).

The fourth order tensors Ay = ((A1)ijki)iki=1,2,3 and
Ay = ((A2)ijkt)ij k=123 are, respectively, the linear viscosity and the elas-
ticity tensors, defined hy

(1.5) e Ame = Aplrel + 2ume, m=1,2,

where A1, p1 are the viscosity constants and Mg, uo are the Lamé constants,
both Ay, gy and Ay, pp with the values within the elasticity range

(1.6) L >0, 3 +2um >0, m=1,2

I = (8i)i j=1.2,3 is the identity tensor, and ¢re denotes the trace of e.

The second order symmetric tensor a = (vj)ij=1,2,3 with constant en-
tries a;; represents the thermal expansion. The vector field b : Q7 - R3 is
the external body force.

Equation (1.2) is the energy balance in which the linear Fourier law for

the heat flux ¢ = —kV@ with constant heat conducitity & > 0, and the
Einstein-Debye law for the specific heat, ¢(6) = c16® + ¢20, with constant
ct,c2 > 0, have been adopted.
The first two nonlinear terms on the right-hand side of (1.2) represent heat
sources created by the deformation of the material due to thermal expansion
and by the viscosity. The field g : Q7 — R is the external heat source. The
boundary conditions in (1.3) mean that the body is fixed at the boundary
S and is there thermally isolated. The initial conditions (1.4) prescribe
displacement, velocity and temperature at ¢ = 0.

We remark that since our main goal is to focus on the existence of global
regular solutions we have assumed the simplest homogeneous boundary con-
ditions (1.3). However, with some additional technical complications, other
types of nonhomogeneous boundary conditions can be considered as well.

The system (1.1)-(1.2) can be derived by various arguments of ther-
modynamics, see e.g., [13], [21], [27], [3]. In section 2 we summarize its
thermodynamic basis. As a main point we emphasise there the Debye and
the Einstein-Debye laws of the specific heat.

4 2120 3-10-2016



Above and hereafter the summation convention over the repeated indices
is used. Vectors (tensors of the first order), tensors of the second order
(veferred to simply as tensors), and tensors of higher order are denoted
by bold letters. A dot designates the scalar product, irrespective of the
space in question, e.g., for u = (’U.i)1'=1'2,3, v = ('Ui)i=1,2,3) S = (Si')i,j=l,2,31
R= (Rij)i,j=l,2,3y A= (Aijkl)i,j,k,l:1,2,3> e = (Eij)i,j:1,2,3> we have

Y
wev=1uv;, S:-R=58;R;, Su=(Siuj)i=123,

Ae = (Aijrier)ij=1,23, (Ae) e = Ajjnenes,

where the summation convention is used.

The term field signifies a function of a material point = € R® and time ¢.
For convenience we use the notation u; (instead of ) for the material time
derivative of the field u (with respect to ¢ holding z fixed). The operators V
and V- denote the material gradient and the divergence (with respect to x
holding ¢ fixed). For the divergence we use the convention of the contraction

over the last index, e.g.,

V- (4e) = (%(Aijkl5k1)>

i=1,2,3
We write
of ) af
f,i = %> 1=1,2,3, ft = E’ €= (Eij)i,j=l,2,3y
OF (¢,0) OF (&, 0)
= F )= ——=
F’E(E’ 9) ( 85ij )zj:l,...,B) YO(S’ ) a0 )

where space and time derivatives are material.

For simplicity, whenever there is no danger of confusion, we omit arguments
(,0) of function f(e,@). The specification of tensor indices is omitted as
well. For vector b = (bi)i:],2,3 and tensor B = (Bij)'i,j=l,2,3 we denote

bl = (b))%, |B| = (Bi;Bij)'"".

Linear elasticity and viscosity operators., For further analysis it is
convenient to formulate problem (1.1)—(1.4) in terms of the linear viscosity
and elasticity operators, Q; and Q,, defined by

(17) u Quu = V. (Ams(u)) = /J’mAu+ (/\m +Mm)v(v 'u): m= 1: 2)

with domains D(Q,,) = H?(Q) N H(Q).
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For notational simplicity we introduce also the second order symmetric ten-
sor B = (B;;) defined by

(1.8) B = —Aja = —((Ag)ijk[(xkl).
Then system (1.1)—(1.2) takes the form

ug — Quug = Quu+ V- (0B) + b in O,

1.9
( ) (0;93 -+ C%g)gt — kA0 = 0B - et + (Alst) s+ g in QT,

with boundary and initial conditions (1.3), (1.4).
Assumptions and their implications. Throughout we shall assume that

(A1) © c R® is a bounded domain with the boundary S of class at least
C?, T > 0 is an arbitrary finite number;

(A2) a = (ay;)i,j=1,23 s & second order symmetric tensor with constant
entries a;j;

(A3) The fourth order tensors A; and A, are defined by (1.5) with the
coefficients fim, Am, m = 1, 2, satisfying (1.6).

We list the implications of assumption (A3) which are used in further
analysis. The conditions (1.5), (1.6) ensure the symmetry of tensors Ap,

(1.10) (An)igit = (Am)jikt = (Am)iij, m=1,2,
and their coercivity and boundedness

(1.11) asle)? < (Ape) e < allel?, m=1,2,
where

Arme = MIn{3Ny + 20, 2m b, ary = max{3A\m, + 2fim, 20m }-
Moreover, (1.6) ensures the following properties of operators Q,,, m = 1, 2:

e Q,, are strongly elliptic (property holding true under weaker assump-
tion i > 0, A + 2um > 0, (see [25, section 7])) and satisfy the
estimate (see [20, Lemma 3.2]):

(1.12) Cm”u”HZ(Q) < “QmuIle(Q) for wu € D(Qm), m=1,2,
with positive constants ¢,, depending on (2. Since clearly,
IlQmulng(Q) < Em”u“HQ(Q); Cm > O;

it follows that the norms ||Q,,ullz,) and |lu| z2(q) are equivalent on
D(Qﬂl)'
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e The operators Q,,, are self-adjoint on D(Q,,):
(1.13)
(Qm, v)1a() = —Hm(V, V) 1y0) = (Am + s )(V -4, V - 0) 1@
= (u, va)LE(Q) for u,v € D(Q,,).

e The operators — @, are positive on D(Q,,):

(—Qmu, u)ry0) = /imnvu”i,m) + (Am + sV - u”%g(ﬂ)

14
i) >0 for we€ D(Qy,).

Hence, there exist fractional powers QM? with the domains D( i 2) =
H}(Q), satisfying

(Qnu, QL) La(0) = (—Qmu, V) 1) = (%) —Qm¥)1a(0)

1.15
( ) for w,v € D(Q,).

Let us also notice that by (1.11) and the Korn inequality
(1.16) dl/g”“”iﬂ(ﬂ) < lle(w)llzay for we Hé(Q)) a>0,

it follows that
(1.17)
IIin(z“Il%z(Q) = :um”vu”ig(n) + (A + /U'm)”V ’ u”ig(ﬂ)
= (Ame(u), £(u)) () 2 Amlle(w)||7,) > am*d”u”iﬂ(n)-

Thus, the norms |IQ3,{2u|lL2(9) and [|ul| g1 (o) are equivalent on D(Q).

Main result. This result is analogous to that proved in [24].

Theorem 1.1 (existence). Let the assumptions (A1)-(A8) formulated above
be satisfied, and

b E L10+(QT) n Ls’m(QT), ug € W§+ (Q),
w € By (Q), g€ Lsi(0,T; Loo()), 920,
B0 € H'Q) N B ()N Lo(), 028> 0,

where 0 1s a constant. Then there exists a global solution to problem (1.1)-
(1.4) such that

w, € W2HQT) and 0 € WEHQT),
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where 5+ ia any number larger than 5 but close to 5. The spaces used above
are defined in section 8. Moreover,

0(t) > Oexp(—at) = 0,(t) for t < T,

where a is a positive constant given by a = m‘i—?{m.

Plan of the paper. In section 2 we present the thermodynamic basis
of system (1.1)-(1.2). In section 3 we define spaces used in this paper, in
particular the anisotropic Sobolev spaces with a mixed norm. We recall the
corresponding imbeddings and interpolations as well as the trace and the
inverse trace theorems for the Sobolev-Slobodetskii spaces with a mixed
norm. Moreover, we present auxiliary results on the solvability of linear
parabolic initial-boundary value problems in such spaces. Section 4 is de-
voted to the proof of a global positive infimum of temperature. In section
5, applying the Banach method of successive approximations, we state the
local existence of solutions such that u, € W2 () and 6 € W2 (), where
t > 0 is sufficiently small. In the proof we can use exactly the same argu-
ments as in [24, section 5]. In section 6 we derive a priori global estimates
such that u, € W2 () and 6 € W2 (Q) where ¢ > 0 is arbitrary finite.
In this case the derivation is much shorter than in [24].

Combining the results of sections 5 and 6 in section 7 we conclude the global
existence of solutions.

2 Thermodynamic basis

We recall (see [23], [24]) the thermodynamic basis of the thermo-visco-elastic
system (1.1)—(1.2) with the special emphasis on the Debye §*-law and the
Einstein-Debye (6% + 6)-law of the specific heat.

The system (1.1)-(1.2) represents the local forms of the balance laws for
the linear momentum and the internal energy in a referential description,
with the referential mass density assumed constant, normalized to unity,

0o = L:
utt—V~S=b,

2.1
( ) 6g+V'(I—S'Et=g‘

Here S is the stress tensor, g is the referential heat flux, and e is the specific
internal energy.

The system is governed by two thermodynamic potentials. The first one
is the specific free energy f = f(e,6) which by a thermodynamic require-
ment is strictly concave with respect to & > 0 for all e. The second one
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is the dissipation potential D = @(et, V0;e,6), which by a thermodynamic
requirement is nonnegative, convex in (e;, V@) — variables and such that
D(0,0;¢,0) = 0 for all (,6). In [14], [3] D is referred to as pseudopotential
of dissipation.

The free energy. For system (1.1)-(1.2) it has the form

(2.2) f(e,0) = fu(0) + W(e,0),
where
c} c?
(2.3) fu(0) = —1—;04 - 5“92, ek, c = const > 0,

is the thermal (caloric) energy associated with the Einstein-Debye law of
the specific heat. The case ¢2 = 0 corresponds to the Debye law. We point
out that the form (2.3) is relevant at low temperature range; see comments
below.

The second term in (2.2) represents the elastic energy

1 52
(2.4) Wie.6) = 5(6 — fa) - Ag(e — ba) - Ol (Agar)

1
= 55 Y (Aze) - 06 . (Aga).

We remind that A, stands for the fourth order elasticity tensor given by
(1.5), and « for the second order thermal expansion tensor. In case of
isotropic material

(2.5) a=aol,

where a > 0 is the thermal dilatability coefficient, and I = (;;) is the unit
matrix. Thus, in isotropic case the thermal expansion contribution to the
elastic energy (2.4) reduces to

(26) —0fe - (Aga) = —9a(3/\2 + 2/1.2)t1"€.

According to the thermodynamic Gibbs relations, the entropy 7, the internal
energy e and the specific heat ¢ are related to the free energy f by the
equations

(2.7) n=—fo, e=[f+0n c=eo=0ns=—0f.
For free energy (2.2) this yields
n=—fo(e,0) = 7u(0) + ¢ - (A20x),
(2.8) e = f(e,0)+ Onle,6) = e (6) + 5e - (dac),
c=eg(e, 0) = c.(0),
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where the thermal free energy f, is given by (2.3) and the associated entropy,
internal energy and specific heat are

1
m(0) = —fup = 0% + 30,

ca(0) = eng = 20 + 20,

which according to (2.1), and (2.8)3 gives rise to the term (c}0°® + ¢20)0; in
energy equation (1.2).

Remarks on the theories of spcific heat. There exists extensive liter-
ature in solid state physics on the theories of specific heat (see, e.g., [2], [5],
(16], [19], [30], [12]). It seems to be of interest to compile some basic facts
on the four well-known models of the specific heat:

e — the classical Dulong-Petit model (1819) [26];
e — the quantum mechanical Einstein model (1907) [11];

— the Debye model (1912) [8] expanding the Einstein model;

- the Finstein-Debye model for metals at low temperatures.

In the Dulong-Petit model the specific heat is constant. It is known to
show poor agreement with experiment except at high temperatures. The
Einstein model yields good agreement with experiment at very high and
very low temperatures, but not inbetween. The Debye theory provides more
accourate model. The thermal energy expression from the Debye theory of
specific heat is of the form (in our notation)

o 0p/0 3

T
2.10 O = [ T g
( ) € ( ) CoaD O/ exp:c—ldm

where 0p is the Debye temperature and ¢ a positive physical constant. Thus,
the Debye specific heat is the function of the ratio & = 6/0p, given by

(2.11) c.(0) =ewp=2D <~6—) )
fp
where
e 1 1
— A3 —
(2.12) D(&) = 4¢ O/exp:c—ldm fepl/e = 1)
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is known as the Debye specific heat function. Even though the integral in
(2.10) and (2.12) cannot be evaluated in closed form, the low and high
temperature limits can be assessed.

For the high temperature case where @ > 6p, the value of z is very small
throughout the range of integral. This justifies using the apprximation to
the exponential by the exponential series exp = 1 + z. This reduces the
energy expression (2.10) to (see, e.g., [30, Chapter 7])

0 e e\t e
(2.13) e(f) = 09—?) -0/ aide = 3@(—9—> = 50.
Hence, in this case
(2.14) ce(0) = ewp = g

which yields the constant Dulong-Petit specific heat.

For low temperatures where § < 6p, the exponential in the denominator
becomes very large before reaching the limit, implying that the integrand
in (2.10) is very small near the upper limit. This makes it plausible to
approximate the integral by increasing the limit to infinity to make use of

the standard integral
[oe]
3 m
—_—dr = —.
/ expr — 1 1

0

=

Then the energy becomes

ert 04
2.1 (0) = ——
(2.15) l0) = Trgy

so that the corresponding specific heat is
0 3
(2.16) (@) =eo=0c1 <%) , Wwhere ¢ = Ec_

This yields the Debye 6-law for the specific heat (see e.g., [2, section 4.3]).
This #3-form of the specific heat at low temperatures is known to agree with
experiment for nonmetals. For metals the electronic specific heat becomes
significant at low temperatures and results in the additional linear term in

0

3
(2.17) c(0) = ¢ (ei) -+ caf), ¢y = const > 0.
D
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Such form of the specific heat is referred to as the Einstein-Debye specific
heat. The 62 term arises from lattice vibrations, and the linear term from
electrons conduction. The Einstein contribution ¢, becomes dominating
at very low temperatures.
The dissipation potential. For system (1.1)—(1.2) it has the form (see,
e.g., [23])
2

= —é%et (Agey) + gIVIn 6%,

1

(218) D= == °* (AIEt) + = 02 9

29

where A4; is the fourth order viscosity tensor given by (1.5), and k£ > 0 is
the constant heat conductivity.

As a consequence of the second law of thermodynamics expressed by the
Clausius-Duhem inequality, the stress tensor S and the heat flux ¢ satisfy
the following relations (see e.g., [21])

af oD oD

Q _ — = —_—
(2.19) S 8€+ e, q BV%'

For f defined by (2.2)—(2.4) and D by (2.18) the formulas (2.19) yield the
standard forms of the stress tensor and the heat flux

(2.20) § = Ag(e — Ba) + Ayes, q= /w?v% — _kV0.

The relations (2.20) show that the stress tensor S is composed of two terms:
the nondissipative elastic term determined by f and the dissipative one
determined by D. The dissipative heat flux q is entirely determined by D.
Inserting the relations (2.8)q, (2.9), and (2.20) into balance laws (2.1)
we arrive at the thermo-visco-elastic system (1.1)-(1.2).
The system (1.1)—(1.2) complies with the Clausius-Duhem inequality

)

(2.21) n+ V- 0 Z 5

To see this (formally) let us note that on account of the identity
of
(2.22) et = (f+0n) = fe + 0+ On = O, + 26

along with the relation (2.19);, the energy balance (2.1); admits the form

(2.23) O, + V-

12 7120 3-10-2016



For D defined by (2.18) this leads to the following equivalent form of (1.2)
(224) 01’],5 — kAl = (AIEt) ‘et g.

Let us also note that assuming # > 0 and using the relation (2.19),, equation
(2.23) may be expressed as

a_ .9
(2.25) n+V 9—J+0,
where
oD _1 0D |1 1
— Vor o = k2 VS| + 2 g >
(2.26) o 0V% Vo + oe, e =k Vt9 + H(Alet) e >0

is the specific entropy production. Hence, the Clausius-Duhem inequality
follows. This inequality together with the positive lower bound for tem-
perature constitute the basis of energy estimates in the existence proof, see
sections 4-6.

3 Notation and auxiliary results

For readers convenience this section recalls basic facts from [24, section 3]
and adds new ones.

Notation. Let & € R", n > 1, be a domain in R™ with boundary S.
Let Q7 = Q x (0,T), S = § x (0,T) with T > 0 finite. By WEF(Q),
k€ NU{0} = Ny, p € [1,00), we denote the Sobolev space with the finite

norm y
g P
lullws@ = <Z / ID;L‘.'u]”drc> ,
lol<k
where @ = (a1, ,ay) is a multi-index, a; € Ny, || = o + ag + - ay,

D =092t ...9%n. Let H¥(Q) = W§(Q).
Next, we introduce anisotropic Lebesgue spaces
Lippo (27) = Lo (0, T Lp(2)), p,po € [1,00], with the finite norm

2 1/po
[l mory = [ IO i)
]

Moreover, I/V,ff;ff,/z(QT)‘ k,k/2 € No, p,po € [1,00] are Sobolev spaces with
a mixed norm, which are the completion of C*°(Q7)-functions under the
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finite norm
po/p 1/po
HU"IH/;;"O/Z(QT) = (/ ( z /ID 8 ulpd’L‘) dt) .
lal+2a<k

By I/V,f,‘,f({Z(QT), s € Ry, p,po € [1,00], we denote the Sobolev-Slobodetskii
space with the finite norm

”u“IfV,f,';;’éz(QT) = Z “D"i‘rafu”[*prpn(QT)

|al+2a<|s]

IDf(c);‘u(;L,t) - ;’.‘/at“u(:c’,t)lp y Po/p 1/po
{/ (// ]’E _ :E’l"+P(5~[S]) dzdz dt
0

0 0 lal+2a=[s]

|Dedfu(a,t) ~ Didgu(a, ) , NP1
([ 2 et aa] "

|a]-+2a=(s]

where a € Ny and [s] is the integer part of s.
For s odd the one before last term in the above norm vanishes whereas for
s even the two last terms vanish.

We use also the notation L,(QT) = L,,(Q7), Wa**(QT) = Wes/*(QT),
and so on.

By B. (Q),1 € Ry, p,po € [1,00) we denote the Besov space of func-

P\Po
tions making the following norm finite

|A™(h, Q)0% u||'£‘;(n) dh) 1/po

I
g0 = Wl + (3 / A

where k € Ng, m € N, m > 1 —k > 0, Al(h,Qu, j €N, h € Ry, is the
finite difference of the order j of the function u(z) with respect to x;, with
Al(h, Qu = Ai(h, Qu = w(x1,. .., Tic1, Tith, Tiga, ..+, Tn) —u(T1, .. ., Tn),
A (h, Q)u = Ay(h, AT (A, Q)u and Al(h, Q)u =0 for z + jh & Q.

From Golovkin [15] it is known that the norms of the Besov space
Bﬁ, 20 (§2) are equivalent for different m and k satisfying the condition m >
I—k>0

By C*%/2(QT), a € (0,1), we denote the anisotropic Hélder space of
functions making the following norm finite
lu(@’,t) — u(z”, t)|

.’C",O’

”u”(‘ﬂ wa/2(QTy = SUPI’U.('E t) ‘ + Sup :
Py [z —

‘ (:Eat)_ ( »t”)lA

t— t//la/Q

+ sup
a,t! ¢ l
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By § we denote a small positive number, and by ¢ a generic positive
constant which changes its value from formula to formula and depends at
most on the imbedding constants, constants of the considered problem, and
the regularity of the boundary.

By ¢ = ¢(01,...,0%), k € N, we denote a generic function which is a
positive increasing function of its arguments o7, ..., o, and may change its
form from formula to formula.

Boldface L, W, B are used for the corresponding spaces of vector and
tensor valued functions.

Auxiliary results. We use the following interpolation lemma

Lemma 3.1. (see [1, Chapter 4, section 18]) Let u € Wepl*(Q7), s € R,
p,po € [1,00], @ C R Let 0 € Ry U{0}, and
3 2 3 2
w=-4——=-——+|a|+2a+0c<s.
P Po 49 4o

Then D20fu € Wael(QT), ¢ > p, qo > po, and there ezists € € (0,1) such

4,90
that
”Dgafu”W‘;"%/'Z(QT) < Es_xi|ull‘,‘/g:’~:é2(g?‘) + Cs_x”u”L,,,po(QT)-

As a special case of Lemma 3.1 we need

Lemma 3.2. (see [1, Chapter 4, section 18]) Let u € W3(Q2), s € Ry,
p € [l,00], Q CR3. Let 0 € Ry U{0}, and

3 3
x=——5+la|+a<s.

Then Dgu € W7 (2), ¢ > p, and there ezists € € (0,1) such that
| DZullwe ey < e [lullws) + ce™||ull ).
We also need the following interpolation result

Lemma 3.3. (see [1, Chapter 3, section 15]) Assume that u € W}, (Q) N

Ly, (Q), Q C R3, and
§—r=(1—a)3+0(3-1).
P

P1 P2

Then there exists a constant ¢ such that

Z | DZull L0y < C”““W’ Q)”“”Lm(g)-

laj=r
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We recall from [4] the trace and the inverse trace theorems for Sobolev-
Slobodetskii spaces with a mixed norm

Lemma 3.4. (i) Let u € Wapl2(Q7), s € Ry, s > 2/po, p,po € (1,00).
Then u(z, to) = u(@, t)|i=s, for to € [0,T] belongs to B;,;f/p"(ﬂ), and
Ilu(WtO)IIB;";g/PO(Q) < C”u”‘,;/;:;éz(g’r))

where constant ¢ does not depend on u.

(it) For a given @i € Byp!™(Q), s € Ry, s > 2/po, p,po € (1,00), there
exists a function u € Wepl(QT) such that uls—, = i for t € [0,T)], and

”ullw;'%z(g'z‘) < C”'G'NB;%/PO(mr

where constant ¢ does not depend on u.

Lemma 3.5 (see [1, Chapter 3, section 10.4 and Chapter 4, section 18]).
Let u € Wesl2(QT), s € Ry, p,po € (1,00), @ C R3. Let o € Ry, and
»= 3 + 2 +o <s.
P Do
Then fort < T, u € C*°/*(Q), and
lullgeor ey < € llullyarz ey + 6™l 2y poc00)-
Lemma 3.6 (imbedding between Besov spaces [1, Chapter 3, section 18]).
Let w € BI™(Q). Thenu € B 2/™(Q), Q C R?, if

172

where
ri>r, i=1,2, and o >0,

Let us consider the problem
w—Qu=7f in QF,
(3.1) u=0 on ST,

ultzo = ug in Q,

where 2 C R* and
Qu = pAu+vV(V - u)

with x> 0, v > 0. Let us notice that Q replaces Qy, so it = 1, v = A+ py.
Hence assumption (1.6) implies that x> 0 and v > 0.
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Lemma 3.7 (parabolic system in w22 (Q7) [17], [22], [32], [33]).
(i) Assume that f € Lype(Q7), uo € Bjpe™ (), p,po € (1,00), and S € C2.
If2—-2/po—1/p > 0 the compatibility condition uols = 0 is assumed. Then

there exists a unique solution to problem (3.1) such that w € W2 (Q7) and

(3.2) lull g2

PP

@) S CFllzppo@r) + llwoll 22170 )

with constant ¢ depending on 2, S, p, po.
(i) Assume that f =V - g+b, g = (gi), b = (bi), 9,b € Ly (QF), and
ug € B;l,;,g/ P0(Q). Assume the compalibility condition

wls =0 if 1—-2/pp—1/p>0.
Then there ezists a unique solution to (3.1) such that u € Whsl*(QT) and
(3'3) ”uuwllx',ll:éz(ﬂ'r) = c(“g”LP.po(QT) + ”b”LP-PD(QT) + ”uo”B;;’f)/ﬂom))
with a constant ¢ depending on §2, S, p, po.

Let us consider the problem

alz,t)d, — A8=f in QF,
(3.4) n-vVf=0 on ST,
Olt=0 = o in Q.

Lemma 3.8 (see [18, Chapter 4], [24], [33]). Assume that f € L, (Q7),
0 € Bﬁ,;Z/”"(Q), p,po € (1,00), Q € R*, S € C?. Assume that 0 <
ap < a < a, < oo, where ag and o, are constants, @ € C*/2(QT), oy €
Layap1/a-w(QT), p € (0,1). Then there exists a solution to problem (3.4)
such that 0 € W2i (QT) and the following estimate holds

”9||x,v,,2;,',0(m) < ¢(1/ao, as, “a“C"-"/Z(QT)r ”all|L3/2u,1/(1_“)(QT))'

(3.5)

(N f N 2y 0my + “90”}3'2’;(2)/?0(9))-

Remark 3.9. The above result is a special case of the more general theorem
due to Denk, Hieber, and Priss [9, Theorem 2.3].

Remark 3.10. The constant ¢ in (3.2), (3.8) and the fucntion ¢ in (8.5)
do not depend on T'. For T small the proof of these facts is evident.

For T large it can be deduced by applying the arguments of the proof of
Theorem 3.1.1 in [35, Chapter 3].
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4 Lower bound for temperature

The existence of the lower positive bound on temperature ensures not only
the thermodynamic correctness of the model but is also of basic importance
for the proof of global estimates of the solutions. To show such property we
use the ideas of the proof of Lemma 4.1 [23].

Lemma 4.1. Assume that equation (1.2), boundary condition (1.3)y and
initial condition (1.4)3 hold, g > 0, 6 > 6 > 0, where § is a constant,
as well as k, c, ¢ are positive constants. Assume that the coercivity and
boundedness condition (1.11) hold for viscosity tensor Ay. Then there exists

a positive constant
|B|

e e
2a;.. min{c}, 2}’

where B = — Ay, and ay. 1s defined in (1.11), such that
(4.1) 0(t) > Gexp(—at) = 0,(t) for t€[0,7].

Proof. Form € R+ we define the trunacation 8, = max {0, L } and Q,,,(t) =
{z €Q:6(z,t) > L} Multiplying (1.2) by —0;,¢ with ¢ > 4 (admissible
test function) and mtegratmg over 0, (t) gives

- [C,ﬁ / 0°6,6,,dz + / oota;n‘-’dz] +k / N

Qm(t) Qe (t) Qn(t)

+ / (Arey) - e00,,0de + / g0, bdz = / 00,°(Azex) - erdz.

Qn(t) Qm (t) Qm (t)

(4.2)

Now we examine the terms on the left-hand side of (4.2). The first term is

equal to
- [cll, / Gf,ﬂmﬁ;f’d:v+cf, / Hmﬁm,tB;fdz}

Qm(t) Qm(t)
B 9,0%°d
(4.3) —p—2 m 0T
Q
ct d
= 62-2d:
Q—4dt/ 0 — 2dt/ =

because 9,042 = 9,022 =0 for z € Q\ Q(t) = {z € Q: O,(t) = 1/m}.
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The second term equals

(4.4) A/09A0mfl%—’»/9 e 4kg /' ( )

Qm(t)

since Vb, = V0 for z € Q,,(¢) and V6, = 0 for z € Q\ Q,(¢). On account
of (1.11) the third term is bounded from below by

2
(4.5) Q14 @dm.
Om

Qm(t)

The fourth term is nonnegative because g > 0.
In view of the boundedness of tensors A4, and « the integral on the
right-hand side of (4.2) is estimated by the Cauchy inequality

gm
/ 9 Aza Etdl' = / 05)/2( er) 69/2 —dx

Qin Qm
(4.6) S ek L] o
S~2- 99 dex + — /9 gdb B = —Asa.
Qm(t) Qm(t)

Setting 6 = ay, and incorpording (4.3)—(4.7) into (4.2) we arrive at

o d £+cﬁi/dm_4k9/
o—4dt) 65" o—2dt) 657 (o—1)?
0

we [ lal, 18] [ IBI
+7 051 dx < 2 Bnl gde 99_27

Qm (L) Qm(t)

(4.7)

where in the last inequality we taken into account that 6, > 0 in §.
Let us introduce the positive quantities

¢ Q

y (4.8) we infer from (4.7) the inequality

c}, d x 2 d ., B
(4.9) S X0+ =SS X < Pl ),
Let us set now
c’ll} o0—4 612; 0—2
(4.10) Y(o,t) = le (t)+ mxz (t).
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Then (4.9) yields

(411) £¥(0) < alo—2)Y (1),

where a = |B|/(2a1. min{cl,c?}). Integrating (4.11) with respect to time
from 0 to ¢ leads to

(4.12) Y (o,t) < expla(o — 2)t]Y (0, 0).

Hence, using the form of Y (p, t), we get

413)  Xalt) < explat) - [(£) - (3) = x4 X0

or equivalently,
(4.14)
107" ()] - a(e2

AT (- 2\77, . _
<enp(at)|(2)7(£22) WO oy + 107 O |
Letting o — oo, (4.14) implies the bound
(4.15) O (t) > 0,,(0) exp(—at) for te[0,T].

Further, letting m — oo and noting that for sufficiently large m, 6,,(0)
max {fo, =} > 8 > 0, we conclude the bound (4.1).

oo

5 Local existence

To prove local existence of solutions we use the following Banach successive
approximation method:

(51) u(n+l),tt - V . (A1€<’u.(n+1),t)) = V . [Azé‘('lt(n)) + Bg(n)] +b in QT,

[Cil;@?n) + ZOmlOmr1), — kAOni1) = Omy B - e(tinyt)

(5.2) '
+ Ale(u(n),t) . E(U(n)’t) +g 1n QT,
(5.3) Umi1) =0, n-VOre) =0 on ST,
(5.4) Unt1)|t=0 = %0, U(nt1)t = v1, Omin)l=o =0 in £,
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where u(y, 0y, n € NU {0} are treated as given.
Moreover, the zero approximations (u(g), 6(0)) are constructed by on exten-
sion of the initial data in such a way that

(5.5) u(o)i=0 = uo, u(o)tli=o = u1, foli=0 =0 in Q,
and
(5.6) up) =0, n Vg =0 on ST

We note that problem (5.1)-(5.6) and that analysed in [24, section 5] dif-
fer only by the presence of the additional term c},@f‘n) in (5.2) which has
the same properties as c20(,). For this reason in order to prove the uni-
form boundedness of the sequence {u(n), ()} We can use exactly the same
arguments as in Lemma 5.1 [24].

We have
Lemma 5.1 (Boundedness of the approximation).
Let Xo(t) = ]|u(0),t”Wg:}1)0(Q¢) + “9(0)”""«;2.?.10(0‘)’ where w(), Oy are introduced

by (5.5), be finite. Let 6y > 8 > 0. Further, let
D(t) = |luollwza) +u1“3§,};§/”°(9) + ”90”53;13/%(9)
+ 16llz0020) + 1911200029
be finite, and
3/p+2/po <1, 3/q+2/q <1+3/p+2/p0.
Assume that there exists a constant A and time t sufficiently small such that
Xo(t) <A, @(tA,D(¢)) < A4,

where o« > 0 and the nonlinear function ¢ appear in the proof of Lemma 5.1
[24, equation (5.22)], and ct’’*A <, § > 0. Then

(57) Xﬂ(t) = “u(n),t”vyz-l

p.po

@) + ”6(17,)”}:‘qul';o @y <A forany neN.
To show convergence of the sequence {u(n),0(n)} Wwe introduce the dif-
ferences
(5.8) Un(t) = u(n)(t) - “(n~1)(t)> ﬁn-(t) = e(n)(t) - e(nfl)(t))
n € N, which are solutions to the problem
Uniiy — V- (A16(Unt1y)) = V - [A2e(U,) + BY,] in QF,
(5.9) U77_+] =0 on ST,

Un—}-‘l[t:O = O, Un—H,t’t:O =0 ill Q,
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and
(ea0ny + €20 ) Ont1e — KAyt = —C3(03y — 08 1))0n)t
— 00(n)t + OB - e(ugny) + On-1)B * €(Un))
(510) -+ Ale(Un,t) : E(U(n),i) + AIE(U(n_l),g) . €(Un,t) in QT,
n Vi1 =0 on ST,

7-9n+1]t=0 =0 in Q

Let

(5.11) Yn(t) = I'Un,tll‘xrz;l () + ”1911“WQ;1, -
?'\pg a'af

Like for the uniform boundedenss we can repeat the arguments of the cor-
responding proof of the convergence of approximation of [24, Lemma 5.3].
This lemma required (see, [24, equation (5.30)]) several technical restric-
tions on the indices p, po, ¢, q, P, Py, ¢, g5 of the involved Sobolev spaces
with a mixed norm W21 (QF), W2 (), W;}’lpa (0, I/Vlf,’,;é(ﬂt). As noted
in [24, Corollary 5.5] these restrictions and the restrictions of Lemma 5.1
can be satisfied for the following special choice:

p=po=5", ¢=q =5%, p=py=5 ¢ =q,=>5 where5"

5.12
5 is any number larger than 5 possibly close to 5.

Then we have

Lemma 5.2 (Convergence of the approximation). Let the assumptions of
Lemma 5.1 be satisfied and (5.12) holds. Then there ezist a positive constant
d=d(A) and a > 0 such that

(5.13) Yopu(t) < dt*Y,(2).

From Lemmas 5.1 and 5.2 it follows

Theorem 5.3 (Local existence). Let the assumptions of Lemmas 5.1 and
(5.2) hold. Then there exists a local solution to problem (1.1)~(1.4) such
that u; € W;L}(QT), 0 e T/V;Jrl(QT), where T is sufficiently small.

6 Global estimates

In this section we prove global estimates on an arbitrary finite time interval
(0,T) for a regular local solution. All estimates use the regularity of local
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solutions. By Lemma 4.1 we know that there exists the lower positive bound
on temperature

(6.1) 0(t) > 0, :=0,(T) >0 for t<T.
Throughout we assume that assumptions (A1)-(A3) of Theorem A hold.
Lemma 6.1 (Energy estimates). Assume that

ug € Hl(ﬂ), wm E LQ(Q), Oy € L4(Q),
be Ly(Q), g€ L), g>0, t<T.

Then solutions to problem (1.1)-(1.4) satisfy the estimate

()1 @) + lue(@lZu@) + 10 Lu0) < ct)(luollz g

(6.2)
+ Jlug ”%2(9) + “‘QOHL(Q) + [IBl1Z, 00y + “9”%,(9!)) = ¢ (1),

where ¢(t) is an increasing positive function.

Proof. Multiplying (1.1) by u; and integrating over § yields

1d ,
5@”1@”12(9) + /(Alf'?t) 2 std.'E o /[v . (AQS)] . 'u,tdfli +/6B : Etd.'l;
Q Q Q

(6.3)
= /b ‘ ’U,tdfb',
Q
where we remind (see (1.8)) that B :== Aza. Integrating (1.2) over 2
implies
¢, d 4 ¢ d 2
4) 22 52 -
(6.4) 4dt/€d +2dt/9dr /6’B stdm—i-/(Alet std.c+/gd"c
Q Q

From the properties of the operator 4, (see (1.5)) we have
[V . (AQE)] ' U,gd(U = — /[/JQA’LL cup + ()\2 + ,U»Q)V(v . ’U.) . ut]d:C
(6.5) n Q
= 2 ol Vulyy + O+ w2V - ulla)
where the boundary condition (1.3); was used. Applying (6.5) in (6.3) gives

1d
EEl—tHIu‘”i?m) + uzlqull%2<m + (A2 + )|V u”%z(ﬂ)]
6.6 »
( ) + /(Alal) . Etdfc + /HB g Etd(L' = / b- 'U,td.'E.
Q Q

Q
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By adding (6.4) and (6.6) we have
dfc}

y c? 1
T {z”enh(n) e 3“”‘9”%2(52) + §||Ut“iz(n) + 2| VullZ, )

(6.7)
+ 0+ w9 -l = [o-wdo+ [ gdo
0 Q

Integrating (6.7) with respect to time, using the lower bound (1.17) for
the sum of the last two terms in the squared parenthesis, and eventually
applying the Gronwall inequality we get (6.2) which concludes the proof. [

To derive "stronger” estimates for u and 6 we apply the regularity theory
of parabolic systems in Sobolev spaces with a mixed norm, stated in Lemmas
3.7 and 3.8. Let us first consider viscoelasticity system (1.1), (1.3)1, (1.4)1,2,
expressed in the form

uy — Quuy =V - (Age +6B)+b in Q7
(6.8) u =0 on S7,
Ugltmo = u1, uli=o = ug in Q.
We have
Lemma 6.2. Assume that
0 € Ly (), b€ L, (Y,
ug € W;,(Q), u] € B;;z/r(ﬂ), p,r € (l,00), t<T.

Then for solutions to problem (1.1)-(1.4) the following inequality holds

(6.9)
lewlz, ) < c(&)(10]l2,.0t) + Ibllz,.20) + H“OHW,‘,(Q) + [lua ”B,’,;’/’(Q))

= ca(t,p,7) + ()0l 2, . (t)-

Proof. Applying Lemma 3.7(ii) to problem (6.8), using the boundedness of
tensors A, B we have

lleellzpri@ty < cllwwllyrare gy < cllleliz,,q @)

+ 116112y, p(00) + [0llzp, (00 + luall gpz2re gy)-
Using the Gronwall lemma to the latter inequality we conclude (6.9). O
Now, using (6.2) in (6.9) implies the estimate
(6.10)  [levllzanan < c(®)et(t) + ot 4,7) = calt,r), T € (1,00).

We have also the following
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Lemma 6.3. Let V0 € L, (), b € L, (), w € Bz /"(Q2), uo € W2(2),
p,7 € (1,00), t <T. Then for solutions to problem (1.1)-(1.4) the following
inequality holds

llevlly a2y < ellwellyziay < c(OUIVOr,. @0
(6.11) + ol 2,0ty + lluollwzy + ||ull|Bg;2/r(g))
= c(@)IVOl 2,1 + calt,p, 7).
Proof. Applying Lemma 3.7 (i) to problem (6.8) and the boundednes of As,

B yields
levllw a2y < c(Vellzy @0

+ VOl 200 + 10l p n0e) + Nl gz-2rr ).
Hence, by the Gronwall lemma, (6.11) follows. ]

On account of (6.10) we obtain "better” estimates on 6.

Lemma 6.4. Let (6.10) for v = 2 holds true and the assumptions of Lemma
6.1 be satisfied. Let 0y € Ls(2) and g € Lyja1(¥). Then the following
inequality holds
(6.12)

1624 e + 16(2)]

5/4
+ “9”4,,4,,(96) + 1

To F IVOlZ, @y < [ (t)ea(t, 2) + ¢ (£)c3 (¢, 2)
Bollf5 () = es(t).

Proof. Multiplying (1.2) by 0, integrating with respect to time and using
(1.3)2, (1.4)5 gives

/05d$+ /03d$+/[V9|2d.7:dt’ < c/02[et:]dmdt’
Q at ol

(6.13)
+c/t9]str|2d:cdt'+c/g&dxdt'-JrC/Hgdz+c/03d$.
I3 Ot Q Q

The first term on the right-hand side of (6.13) is bounded by

;5

11 i
[t [#rentas < [ 10 o leolamat < A7) [levlomd
Q 0 0

0
< e P (8)8 24 (2, 2),
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and the second one by

i t
/ gt / bley Pz < / 18l say v, oy’ < B3 2).
0 0

Q

The third term is bounded by

/ ”6”115(9)”g“lls/J(ﬂ)dtl < Sltlp Hellbs(ﬂ)”g”Ls/A,l(Q‘)

C
< 01100 zage) +

5/4 , 6>0.

Applying the above inequalities in (6.13) we conclude (6.12). This completes
the proof. ]

Let us note that from (6.9) and (6.12) it follows that
(6.14)  lew|lzs e < ca(t,5,7) + c(t)e*(t) = co(t,7), 7 € (1,00).
We continue with further estimates for 6.

Lemma 6.5. Let the assumptions of Lemma 6.4 be satisfied, and estimate
(6.14) holds. Moreover, assume that 0y € L15(Q), g € Lagjas,12(2), t < T
Then

16 + / IOl et + / vo°ar

< c(ch(t, 12) + cg*(t,12) + ”9{|L36,25,12(nt) + 100l B y) = ca(t).

(6.15)

Proof. Multiplying (1.2) by 8271, where o > 1 is a finite number, integrating
the result over 2, taking into account the boundedness of tensor B, A; and
the boundary condition (1.3)s, we obtain

Cy a+3 63 a-+1 1) 2
a+3dt/6 +1dt/6 d /'Wz de
(6.16)
0/0"‘|et|dac+c/ﬁ"_1|et|2d:c+/gt9“"ldx.
Q Q Q

26 2120 3-10—2016



Integration of (6.16) with respect to time gives

a+3

! /0"”(1 +—/6’°‘+1d +———

/ V0% Pdzdt’

(6.17) < c/6“|stz|dmdt’+c/ Ha_lle,zlzdmdt’+/g0"_ldwdt’

O ot Qt
a+3
) +

La+3($2

[ ey

a+1

Prior to deal with the terms on the right-hand side of (6.17) we first estimate
from below the third term on the left-hand side by applying a Sobolev

imbedding. Setting u = #%/2 this term takes the form

t
—1
A1) / / |Vu[dudt.
(%
0 0

Now we add to the both sides of (6.17) the term

t
a—l / / wldzdt’,
0 Q

Then we have

g(il:_l)/t/(Wulz + u?)dwdt >

«Q
0 Q

(6.18) t
2¢(a—1 o
= T)/Heﬂmn(n)dt'-
0

t
e
0

The additional term on the right-hand side of (6.17) equals

/ 69722 dzdt’ = / / 0%dadt’,

so by applying the Hélder and the Young inequalities is bounded by

5 stlp/9“+3d:c+c(1/51,a, t), & >0.
t

Q
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Consequently, employing (6.18) in (6.17) gives

(6.19)
t
o 1 a 2C(O.’ — 1) a '
o A U P e A T
0
2(a—1 a
+ ETJ / V6% Pdzdt’
(07
ot

/HBHLMI(Q)”Et’”L,\Q(Q)dtl+C/HOHL(H D ( @llevlZ,,, @d!

fe / ol @01, oy + s 005, 0y + — 1605

where 1/Ai+1/ Q0 =1,1/p1 + 1/pg =1, /vy + 1/ = 1.
On account of (6.14) we can assume that Ay = 5, so \; = 5/4. Setting
5a/4 = a+ 3, we get a = 12. Then the first term on the right-hand side of

(6.19) is bounded by
¢
5 / 1025 oyt + c/baci™ (1,12), 8 > 0.
0

In the second term on the right-hand side of (6.19) we assume that py = 5/2,
p1 = 5/3 and (@ — 1)py < 3a, so (@ — 1)2 < 3a. We note that the latter
inequality is satisfied for any o > 1. Hence the second term is bounded by

b / 1010 eyt + </ / JevlfSndt < b / 101, ey +<f5sc(112),

where (6.14) is used.
In the third term on the right-hand side of (6.19) we assume that v, = 3%

Then this term is bounded by

80U = 2a+1

t t
b [ 100yt + /s [ gl , @dt, 8>0.
i 4 TatT

From the above considerations it follows that we can take o = 12. Employ-
ing the obtained estimates in (6.19), choosing &, £ = 1,--- ,4, appropri-
ately, in particular assuming that d, — d3 is sufficiently small, we arrive at
(6.15). This concludes the proof. O
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Let us note that using (6.15) in (6.9) yields
(6.20)  lewllosmiry < calt,15,7) + c(t)ey ™ (8) = cs(t,7), 7 € (1,00).

We proceed now to prove that § € Ly(0,t; La(2)) for any finite . For
this purpose we repeat and improve appropriately the arguments of the
proof of Lemma 6.5.

Lemma 6.6. Let (6.15) and (6.20) with r = a € (1,00) hold. Moreover,
assume that

00 S La+3(Q) and g€ L%xﬁ’a(ﬂt), t<T.
Then
T 3”9 5@ + ot Nzt

+~—————a;1)/[\79“/2|2dxdt’
(6.21) a

< c(er(t), es(t, o)) +C“g”LT—‘h @)t +3l| OollzE o)
=c(t, @), a<oo.

Proof. Let us turn to the inequality (6.17) from the proof of Lemma 6.5.
We proceed now as follows. The first term on the right-hand side of (6.17)

we express in the form
¢
//Hn—lé’[et«[cl:cdt/.
0 Q

On account of (6.15) and (6.20) it is estimated by

t
/ 19157 g lOlzsse ot assord
of 1/15 t)/ “9” 15 (Q)”Et’”lzls(ﬂ)dt
< / 1615yt +(1/51,¢3"*(0) / oo it

<5, / 16113, et + c(1/61, /P (8), (6, @), 6 > 0,
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where we used the relation (o — 1)%3"é < 3a, holding true for any finite a.
Similarly, the second term on the right-hand side of (6.17) is bounded by

/wu ol M<&/wmwwwdum/mmm@w

<6, / o]

Finally, the third term on the right-hand side of (6.17) is bounded by

et +c(1/8)c3%(t,a), 8> 0.

/wmmﬁmnhnw

i
o ! 1 (o3
s%/wmmw+5/wmﬁywx&>a
0 0

Employing the above estimates in (6.17), and setting ¢, sufliciently small,
we arrive at (6.21). This proves the lemma. O

Let us note that from (6.21) it follows in particular that
1
(6.22) [10]leso,t: ey < [(@+ 3)eg(t, @)]5 = cip(t, @) for any a < oco.

We obtain now an estimate on 6;.

Lemma 6.7. Let the assumplions of the previous lemmas be satisfied, in
particular the lower bound (6.1) holds, 0y € H'(S2) and g € Ly(Q), g > 0,

t<T. Then
(6.23) 16117620 + 10117 oo 0,11 ) < €(1/65, €1o(t,4), c3(t,4))
+ 0(1/9*)”9”%2(91) + 0”90”%11(9) = i (t).

Proof. Multiplying (1.2) by 6,, integrating over Qf, ¢t < 7', using boundary
condition (1.3), the boundedness of tensors A;, B = —Aza, and the global
lower bound (6.1) for 6, we get

k c
10e s + E170O ey < g5 | [ oleel Beldoat
*Qt

(6.24) i
+ [ leoPi0cidaat + [ Il 0eldoar | + S16oliy o
Ot Ot
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Therefore, by the Young inequality, we have

k
llgtll'%g(nt) -+ §]|V0(t){]%2<g) < 6)6 !:/02|Eg/i2d'[3df/

(6.25)
+ [levttasae + [ lgfasar | + S1oolls
Ot ot

Hence, on account of estimates (6.20) and (6.22) we conclude (6.23). This
completes the proof. O

We shall apply now the elliptic regularity result. In view of estimate
(6.23) we express (1.2), (1.3)y in the form of the following elliptic problem

EAO = (cL0® +c20)0, — 6B -6 — (A1er) e, —g in Q, t<T,

.2
LE n-Ve=0 on S, t<T.

We have

Lemma 6.8. Assume that estimates (6.20), (6.22), (6.23), and the lower
bound (6.1) for 6 hold. Then for problem (6.26) the following estimate is

satisfied

6
161l Lo, wzc) < o <t» ﬁ) en(t) + cio(t, 4)cs(t, 2)

+ c4(t,4) + cllgll ooy = cr2(t, 0)

(6.27)

for 0 < 27, where 27 stands for a number less than 2 but very close to 2.

Proof. We estimate the terms on the right-hand side of (6.26);. First, by
the Holder inequality, using (6.22) and (6.23) we have

? 1/2 ¢ 1/2
([ [owaetravyiear) ™ < ( [0, llelar)
0 Q 0

6o
3 3 .
< B “9“1,25:%(Q)H9z/ a0ty < clo (t, 5 Q)m(t),

where o < 2 but very close to 2. Similarly,

t 1/2 t 1/2
([ [osteavyioar) ™ < ( [0t , altelz.ar)
0 Q 0 ‘

20 6o
< ).
- Q>Cll(t) < cio (i» . Q>Cu( )
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Finally, using the boundedness of tensors B, 4y, and applying (6.20), (6.22)
yield

t

1/2 : 1/2
([ [1om-corasar) < cswplolan ([ oot
Q 0

0
< cio(t, 4)cs(t, 2),

k 1/2 ¢ 1/2
(//I(Alet,).stljzdfcdt'> < c</||eu]|‘;4(mdt’>
0 Q 0

= cllevll] ) < E(t,4).

On account of the above estimates we conclude (6.27) and thereby complete
the proof. O

and

From (6.23) and (6.27) it follows that
(6.28) HHHH,:',;(Q,) < en(t) + cia(t, 0) = cis(t, ) for p<27.

Hence, by the imbedding (see Lemma 3.1) it follows that V8 € Ls,/3(Q),
o < 2. Consequently, due to (6.11),
(6.29)

”Etlnwé;,l/;(ﬂ‘) < e(t)(e1s(t, 0) + calt, 50/3,50/3)) = c1a(t, 0), 0 <27.

Further, by the imbedding, we have the estimates

(6.30) levllz 0 < c(cia(t, 0)) for g <10, o <27,
and
(6.31) lleellaoiszes (@) < clcra(t, ),

which holds for 3/2 < p < 27. The latter estimate plays the key role in
getting Lo (Q7)-norm bound for 6.

Lemma 6.9 (Le(Q7)-nporm bound on 6). Assume that 0y € Loo(S2), g €
L1(0,t; Lo (), g > 0, t < T, and estimate (6.51) holds. Then

(6.32) 100l Lootrry < c(c1a(t, 27), 191l 1 0,620 ())) = C15(t).
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Proof. Multiplying (1.2) by 8¢, 7 > 1, integrating over , and using (6.31),
we get

ﬂwmmmﬁwmﬂm+&wmz@ﬂwLm
(6:39) S /nw ‘Pz < clled a1, o

+ ”Q“Lm(ﬂ)”e”Lr(Q) F 19l oo @) 1%, 0]

Taking into account that § > ¢, > 0 we deduce from (6.33) that

T [y d
CIHHHLtiq(Q) dt 16z, .. @+ 02”9”[:12 E;”g“Lrw(Q)
(6.34) < c(1/0.) et ooty + lleelZ ) + gl L@ ION5,

= a5 -

Expressing (6.34) in the form

d 0r+4 Cﬁ g +2
dtlr {_4” er(ﬂ)_‘_ —.—“ “Lr+z(ﬂ)
<o) . "
W+ )| S0+ =200
and introducing the notation
T+Jmum@+ 10Ol
we have
d a(t)(r+4)

6.35 —Y(t) L ———= .
(6.35) ROER S

Integrating (6.35) with respect to time yields

t
4
Tt /a(t’)dt’), t<T
C'U
0

From the above inequality we get

Y(t) <Y(0)exp (

n(mﬁmmsymnm(rgffmww)

r+4
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Hence,

16C Lrsatey < ( o Y(0)>%6Xp <E%/ta'(t')dt’>

< (10l + 2 (T ) 10l ) 0 / att)at )

Now, letting r — oo in (6.36) we conclude (6.32). The proof is complete. [

(6.36)

To prove the Holder continuity of @ we follow exactly the considerations
in [24, Lemma 6.14 and Corollary 6.15] related to thermo-visco-elasticity
with the specific heat ¢ = ¢,67, o € (1/2,1]. Consequently, we have

Lemma 6.10 (Hélder continuity of 8). Assume that 6(t) > 0, > O for
t <T. Let M = ||0)|oty < cs(T) (see (6.32)), |0ollrei) < k, and
M —k < § for some sufficiently small § > 0. Let g € Ly(Q), ey € Loa(QF),
where \ = 172(11-—1»‘)’ %—f—% = %, g, v are positive numbers, and » > 0. Then
(6.37) 6 e CPPXQY), Be(0,1), t<T,

where B depends on Oy, M, 8, », r

To prove global existence of solutions to problem (1.1)—(1.4) we need the
existence of local solutions and a global estimate in the norms in which the
local existence is proved. More precisely, we are going to obtain a global
estimate for u; € W2y (QF) and 0 € W2 ().

Lemma 6.11 (global a priori estimates compatible with estimates for lo-
cal solution). Assume that b € Lig+(Q) N Ls12(), ug € W2, (), u1 €
B (), 9 € L (0,6 Loo(€2)), 9 2 0, 60 € HH(Q)NBE YT ()N Leol( ).
Then solutzons to problem (1.1)-(1.4) satisfy the estimate

(6.38) lluellwz oy < (8 1/6., d(2))
and

(6.39) 190wz ey < w(t1/64,d(2)),
where

d(t) = ”b“Lm (@4nLs1a(0t) + |f“u”w;+ @+ ”u1”32;25/i+ ) + ”9”L5+ (0.tiLoo ()

100l oyt @iy ES T
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Proof. Firstly, let us note that by (6.32), 6 € Ly, (Q2), and so 6 € L, ()
for any p,r € (1,00). Hence, applying the bound (6.32) in (6.9) we obtain

levllzyniey < c@)(Ufollzyq@) + lluollwy@ + lwall g gy)

(6.40)
+c(t)ers(t) for p,r e (1,00),

where, by the definitions of the bounds ¢ (+), k = 1,...,15 (see (6.1), (6.9)-
(6.12), (6.14)(6.15), (6.20)—(6.23), (6.27)—(6.29), (6.32)),

(6.41) c(t)cl5(t) < (p(t) 1/6*7 ”b”LS.lz(Q‘)v “'U'O”Wé(ﬂh ””1|IB§;§/”(Q)’
1911 220,6:Leo (2)s 100l 1 (@)1 Lo (2)) = C16(2)-

The assumptions of Lemma 6.10 are satisfied due to (6.32) and (6.31). In-

deed, by (6.31), setting ¢ = 2, r = 6 and » = (£)* we get A = 5%, and so

g € Lg+(Q), ey € L+ (Q2F). Moreover, by (6.23), 0y € Ly(2'). Therefore,
we can apply Lemma 3.8 to problem (1.2), (1.3), (1.4)s.
Let us set in (6.40) p =r = 10", Then
”5t’”Lm+ ) < SO(L! 1/9*1 “b”l'm+(9')ﬂlzs,12(ﬂt))
(6.42) Follwiyy @2 sl szt sty

91122 0tiLoo(2)> 160l 1 (@)L (@) = Cr7(2).

Hence, by Lemma 3.8, § € I/V:;I(Q‘) and satisfies the estimate

190wz oy < @(1/65, 16]| 2oy, 1€l cmsr @iy, 160l 22t

(6.43) (1M oo @) ety 0y + llewllZ, o @y + N9llg )
+ ”90“32;'25/;5+ (Q))'

Consequently, on account of the bounds (6.32), (6.23) and (6.42), we have
60y < (6116, 15(0),exr(2)

< p(t,1/6., ”b”L10+ (Q4)NLg,12(2) “""OHW}O+ (DR

6.44
( ) ”ul “B:;f,/:g:r(QnBé’—lg/lz(m): |"J“L5+(0,t;Lm(rz));

“00“Hl(fl)ﬂlzoo(ﬂ)nB:,:i,/f+ (Q)) = ClB(t).
By the imbedding the above estimate gives

(6.45) V0L, 1) < c(cs(t)).
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Then Lemma (6.3) applied to problem (1.1), (1.3)1, (1.4); 2 yields
lluellwzi oy < elers(t) + [lbllzg @) + lluollwe, @) + ||u1HB:;‘25/'§+(Q))-

Summarizing the estimates on the data and using the imbeddings between
the Besov spaces (see Lemma 3.6)

- + - + - + -
Biri (@) € Biglior (@), By (9) € By (@),
and the imbedding W2, () C W)+ (), we conclude the assertion. O

7 Global existence

Proof of Theorem 1.1. Theorem 5.3 provides the local existence of solutions
to problem (1.1)—-(1.4) such that u; € ng(Qt) and § € W' (Q), where ¢ is
sufficiently small. By virtue of Lemma 6.11 we have global a priori estimates
for problem (1.1)-(1.4) such that u; € W2 (Q!) and 6 € W2 (Q2!) for any ¢
finite. These estimates are compatible with the estimates for local solutions
on the time interval of the local existence. This implies a possibility of
extension of the local solution for any finite time. O
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