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Abstract. A classical 3-D thermoviscoelastic system of Kelvin-Voigt type is considered. The 
existence and uniqueness of a global regular solution is proved without small data assumption. 
The existence proof is based on the successive approximation method. The crucial part constitute 
a priori estimates on an arbitrary finite time interval, which are derived with the help of the theory 
of anisotropic Sobolev spa.ces with a mixed norm. 
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1. Introd uction. 

1.1. Motivation and goal. This article is concerned with the existence and 
uniqueness of global regular solutions to a classical 3-D thermoviscoelastic system 
at small strains. The system describes materials which have the properties both of 
elasticity and viscosity. Such materials are usually referred to as Kelvin-Voigt type. 

As noted in the recent paper on this subject by Roubfcek [21] - and according to 
aur best knowledge as well - the existence of global solutions to a thermoviscoelastic 
system with constant both specific heat and heat conductivity is, in spite of great 
effort through many decades, stili open in dimensions n 2: 2. In dimension n = I it 
was established in the pioneering papers by Slemrod [22], Dafermos [5] and Defermos
Hsiao [6]. 

The loca! in time existence and global uniqueness of a weak solution to 3-D ther
moviscoelastic system with constant specific heat and heat conductivity has been 
proved by Bonetti-Bonfanti [3]. Other known results on multidimensional thermo
viscoelasticity deal with a modified energy equation. Modifications involve either 
nonconstant specific heat or nonconstant heat conductivity. A thermoviscoelastic 
system with temperature-dependent specific heat has been addressed by Blanchard
Guibe [2] where the existence of global, weak-renormalized solutions has been proved, 
and recently in [21] where the existence of a very weak solution has been established. 
We mention also that the framework of renormalized solutions has been applied in 
[26] for 3-D thermoviscoelastic system arising in structural phase transitions. 

In a mare generał setting allowing for large strains a 3-D thermoviscoelastic sys
tem has been studied under small data assumption by Shibata [23] and recently by 
Gawinecki-Zaj<}czkowski [Il]. 

For thermoviscoelastic problems with a modified heat conductivity we refer to 
Eck-Jarusek-Krbec [8] and the references therein. 
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In the present paper we consider a thermoviscoelastic system with specific heat 
linearly increasing with temperature and with constant heat conductivity. Such set
ting is a particular case of systems addressed in [2] and [21]. 

The novelty of the existence result presented in this paper concerns the regularity 
of a 3-D global solution corresponding to sufficiently smooth but arbitrary in size 
initial data. The proof of the existence theorem is based on the successive approxima
tion method. The key regularity estimates are derived with the help of the parabolic 
theory in anisotropic Sobolev spaces W,;,;,,(OT), or= O x (O,T), p,p0 E (l,oo), 
with a mixed norm with respect to space and time variables. Such framework has 
been previously applied by the authors [19] to the thermoviscoelastic system arising 
in shape memory alloys. It allowed to generalize the farmer results on this subject in 
127]. 

As known 1 in deriving a priori estimates for a solution of a system of balance 
laws it is common to begin with estimates arising from the conservation of a total 
energy. Such estimates provide L00-time regularity for the conserved quantities. To 
take advantage of such time regularity in deriving subsequent regularity estimates it is 
desirable to work in Sobolev spaces with a mixed norm, for example W,;,~, (OT), where 
the space exponent p is determined by the energy structure and the time exponent Po 
may be arbitrarily large. This is the idea behind using the framework of Sobolev spaces 
with a mixed norm to the thermoviscoelastic system under considerations. The theory 
of IBVP's in Sobolev spaces with a mixed norm is the subject of recent theoretical 
studies. We apply the generał results due to Krylov [13] and Denk-Hieber-Prilss 17]. 

1.2. Thermoviscoelastic system. The system under consideration has the fol
lowing form: 

(I.I) Utt - \I· IA1e:, + A2(e: - fo)] = b, 

{1.2) cv00, - k!:,,0 = -0(A20) · e:, + (A1e:,) · e:, + g in OT= O X (0, T), 

where 

I T e:, = e:(u,) = 2(Vu, + (Vu,) ). 

Here O c IR3 is a bounded domain occupied by a body in a fixed reference con
figuration, and (O, T) is the time interval. The system is completed by appropriate 
boundary and initial conditions. Here we assume 

(1.3) u= O, n· \10 = 0 on Sr = S x (0, T), 

(1.4) ult=O = uo, utlt=O = UJ, Blt=O = Bo in o, 

where S is the boundary of O and n is the unit outward norma! to S. 
The field u: or-, IR3 is the displacement, 0 : or -, IR+ = (O, oo) is the absolute 

temperature, the second order tensors e: = (e:,,),,,=1,2,J and e:, = ((e:,),,k,=1,2,3 
denote respectively the linearized strain and the strain rate. 

Equation {1.1) is the linear momentum balance with the stress tensor given by 
a linear thermoviscoelastic law of the Kelvin-Voigt type (cf. IBJ, Chap. 5.4) 

S = A1e:, + A2(• - 0a). 
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The fourth order tensors A1 = ((A1)i;k1),,;,k,l=1,2,3 and 
A2 = ((A2),;k1),,;,k,l=1,2,3 are respectively the linear viscosity and the elasticity ten
sors, defined by 

(1.5) et-> Ape = Aptrel + 2µpe, p = l , 2, 

where >-,, µ, are the viscosity constants, and >- 2 , µ2 are the Lame constants, both >- 1 , 

µ1 and >-2, µ, with the values within the elasticity range 

(1.6) µP > O, 3>-p + 2µp > O, p = l, 2; 

I= (o,;),,;=1,2,3 is the identity tensor. 
The second order symmetric tensor a= (a,;),,;=1,2 with constant a,;, represents 

the thermal expansion. The vector field b : nr -+ IR3 is the external body force. 
A bove and hereafer the summation convention over the repeated indices is used, 

vectors and tensors are denoted by bold letters, and the dot denotes the inner product 
of tensors, e.g. 

Moreover, 

Ae = (A;;klEkl)i,j=l,2,3 and "J · (Ae) = (a~ . (A;;klEk1)). . 
J i=l,2,3 

Equation (1.2) is the energy balance in which the linear Fourier law for the heat 
flux, ą = -k"v0 with constant heat conductivity k > O, and temperature-dependent 
specific heat, c,,0 with Cv > O, have been adopted. The first two terms on the right
hand side of (1.2) represent heat sources created by the deformation of the materiał 
and by the viscosity. The field g : nr -+ IR is the external heat source. 

The boundary conditions in (1.3) mean that the body is fixed at the boundary S 
and thermally isolated. The initial conditions (1.4) prescribe displacement, velocity 
and temperature at t = O. 

The system (1.1)-(1.2) can be derived by various arguments of thermodynamics, 
see e.g. [9, 3]. In Section 2 we summarize its thermodynamic basis. 

1.3. Linear elasticity and viscosity operators. Assumptions. For further 
analysis we formulate problem (1.1)-(1.4) in terms of the linear viscosity and elasticity 
operators, Q, and Q2 , defined by 

(1.7) ut--> QPu = "v · (Ape(u)) = µpt;.u + (>-p + µp)"v("v · u), p = 1, 2, 

with domains D(Qp) = H 2(n) n H&(n). 
Then system (1.1), (1.2) takes the form 

(1.8) 
Utt - Q1u, = Q2u - "v · (0A2<>) + b, 

c,,00, - kf:;.0 = -0(A2a) • e, + (A1e,) • e, + g in nr, 

with boundary and initial conditions (1.3), (1.4). 
Throughout we shall assume that 

(Al) n c IR3 is a bounded domain with the boundary S of class at least C2 ; T > O 
is an arbitrary finite number; 
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(A2) a= (a-iJ)i,J=I,2,3 is a second order symmetric tensor with constant Oij; 

(A3) The fourth order tensors A 1 and A 2 are defined by (1.5) with the coefficients 
µp, Ap, p = 1, 2, satisfying (1.6). 

We list the implications of assumption (A3) which are used in further analysis. 
The condition (1.6) ensures the symmetry of tensors Ap: 

(1.9) (Ap)ijkl = (Ap)jikl = (Ap)klij, P = 1, 2, 

and their coercivity and boundedness 

(1.10) 

where 

ap•= min{3Ap + 2µp, 2µp}, a;= max{3Ap + 2µp, 2µp}

Moreover, (1.6) ensures the following properties of operators Qp, p = 1, 2: 
- QP are strongly elliptic (property holding true under weaker assumption µP > 

O, ),P + 2µp > O, (see [20], Sect. 7)) and satisfy the estimate [17], Lemma 3.2: 

(1.11) cpllullH•(n) ~ IIQPullL,(O) for u E D(Qp), p = 1, 2, 

with positive constants c, depending on n. Since clearly, 

IIQPullL,(n) ~ cp[[ullH'(n), 

it fellows that the norms IIQPullL,(O) and llullH'(O) are equivalent on D(Qp); 
- the operators QP are self-adjoint on D(Qp): 

(Qpu, v)L,(n) = -µp(v'u, v'v)L,(n) - (Ap+ µp)(v' · u, v' · v)L,(n) 

= (u, QPvh,(n) for u, v E D(Qp); 
(1.12) 

- the operators -QP are positive on D(Qp): 

(1.13) 
(-Qpu, u)= µpllv'ulli,(n) +(Ap+ µp)llv' · ulli,(n) ~ O 

for u E D(Qp)-

Hence, there exist fractional powers Q;12 with the domains 

D(Q;f2 ) = HMO), satisfying 

(1.14) 
(Q;12u, Q;12v)L,(n) = (-Qpu, vh,(n) = (u, -QPv)L,(n) 

for u,v E D(Qp)-

Let us also notice that by (1.10) and the Korn inequality 

(1.15) d112 llullH•(n) ~ IIE(u)IIL,(0) for u E Hi(n), d > O, 

it fellows that 

IIQ;12ui1L(n) = µp[[v'ulli,(n) + (>,p + µp)llv'. ulll,(n) 

= (ApE(u),E(u))L,(O) ~ ap,llec(u)lli,(n) ~ ap,dllullt,(n)· 
(1.16) 

Thus, the norms IIQ;12ullL,(O) and llullH•(n) are equivalent on D(Q;12 ). 
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1.4. Main result. 

THEOREM A. (Existence) Let the assumptions {A1)-{A3) hold, SE C2, T > O 
finite and 

uo E Wi2(fl), 

g E L00,12(flr), 

u1 E Bg;162(fl), Bo E B~;63(fl), 

b E L12(flr), g 2: O, 00 2: fi.> O, 

where fi. is a constant. Then there exists a solution to problem {1.1)-(1.4) such that 
u E C(IO,T];Wi2(fl)), u, E wf,'(fłT), 0 E w;-1(nT) and B(t) 2: f!.exp(-coT) = 
0, > O, where the positive constant co depends on a1„ a;, lol, c,,. 
Moreover, the following estimates are satisfied 

llullc([O,TJ;w/,(0)) ~ ciiudlw:;'(OTJ• 

lludlw;;'(W) + IIBllw;·'(nr) ~ ,p(T, lluollw/,(n) + 1łu1IIB:::.',(n) 
+ IIBollB!;,'(n) + llbllL.,(O) + llgllL=,.,(nr)), 

where <p is an increasing positive Junction of its arguments. 
THEOREM B. (Uniqueness) Let us assume that tensors Ap, p 

{1.10). Then any solution (u,0) to problem (1.1)-(1.4) satisfying 

(1.17) 

is uniquely defined. 

e:, E L,(O, T; L3(fl)), 

BE L2(O, T; L00 (fl)), B, E L2(O, T; L3(fl)), 

O< B, < B, 

1,2, satisfy 

CoROLLARY 1.1. The regular solution in Theorem A is uniquely defined. 

1.5. Relation to other results. We comment on the connections of our result 
to the two other global existence results in three space dimensions. Firstly, we mention 
the result by Roubicek 121] who proved the existence of a very weak solution to the 
thermoviscoelasticity system (1.1 )-(1.2) involving monotone viscosity of a p--Laplacian 
type, (A1e:,) · e:, ~ ie:dP, and the specific heat having (w - 1)-polynomial growth, 
c,(0) ~ cvew- 1 • This result, based on the Galerkin method, was obtained for L 1-data 
under the conditions p 2: 2, w 2: 1 and p > 1 + f;; (in 3-D). In the case of linear 
viscosity, p = 2, the latter condition implies that w > 3/2, that is the growth of the 
specific heat is greater than 1/2. 

Our result concerns the case p = 2 and w = 2. We have to restrict ourselves to 
the linear viscosity, p = 2, because the proof relies on the results by Krylov 113] and 
Solonnikov 124] on the solvability of the linear problem 

with the boundary and initial conditions (1.3), (1.4) (see Lemma 3.4). 
Concerning the specific heat growth exponent, w - 1, it seems that after some addi
tional technical effort it would be possible to admit w < 2. However, in the case of 
a constant specific heat, i.e., w = 1, we have been faced with a serious mathematical 
obstacle. 
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As already mentioned in Subsection 1.1, the !ocal existence result in sucha case was 
obtained by Bonetti and Bonfanti [3]. 

Secondly, we recall the multidimensional result by Blanchard and Guibe [2] who 
addressed problem (1.1)-(1.2) equally in the prototype case p = 2 and w= 2, and in 
the more generał setting involving linear viscosity, p = 2, specific heat with (w - 1)
polynomial growth and a nonlinear thermoelastic coupling; more precisely, the term 
'il0 in {1.1) was replaced by V /(0) with f hawing an a-polynomial growth. The 
existence of solutions in the weak-renormalized sense was proved there by the Schauder 
fixed point theorem. It is worth to remark that in the case of the linear thermoelastic 
coupling, a= l, the result in [2] requires the specific heat to have growth of the order 
greater than 1/2, as in the result by Roubicek [2lj. 

1.6. Outline. In Section 2 we present a thermodynamic basis of system {1.1), 
{1.2). Section 3 recalls basie results on the Sobolev spaces with a mixed norm and 
on the solvability of boundary-value problems for linear parabolic equations in such 
spaces. In Section 4 we derive a priori estimates for problem (1.1)-(1.4). The pro
cedure consists in a recursive improvement of the basie energy estimates. The main 
tool in this procedure are the results on the solvability of linear parabolic problems 
in Sobolev spaces with a mixed norm. Section 5 presents the proof of Theorem A, 
which is based on the successive approximation method. The proof of the uniqueness, 
stated in Theorem B, is given in Section 6. 

Since a priori estimates in Section 4 are crucial for the proof of the global existence 
we advertise here the main steps of the procedure of deriving such estimates. First 
we prove the energy type estimate (see Lemma 4.2) 

{1.18) 

In Lemma 4.6 we show the estimates 

and 

The norms of 0 will be later removed by same interpolation inequalities based on 
estimate (1.18). 
In Lemma 4. 7 we obtain the estimate 

(1.19) [[BIIL~(O,T;L,(O)) + [[0[[L,(O,T;H'(O)) + [[ó,l[v,(nT) S data, 

and next in Lemma 4.8, 

To deduce the boundedness of 0 we first prove in Lemma 4.10 the estimate 

(1.20) 

and in Lemma 4.17, 

(1.21) 
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To get (1.21) we make use of the important inequality (see Lemma 4.9) 

lle,IIL,,.(nT) ~ c(t)([[BIIL, .• (nr) + data), p, a E (1, oo), 

and the fact that the coeflicient near 0, in (1.2) is proportional to 0. 
To establish the continuity of 0 (proved in Lemma 4.10) we need (1.21), estimates 
[[et[IL,(O,T;L~(n)J ~ data (see Corollary 4.16), and 

l[Bllw;•'(nr) ~ data (see Corollary 4.18). 

Having the previous estimates for f:t and the continuity of 0 we finally prove in Lemma 
4.23 that 

2. Thermodynamic basis. System (1.1), (1.2) represents balance laws for the 
linear momentum and energy in a referential description, with the referential mass 
density assumed constant, normalized to unity, Po= 1: 

(2.1) 
Utt -'v' s = b, 

e, + 'v · q - S · e:, = g, 

where S is the stress tensor, ą - the referential heat flux, and e - the specific interna! 
energy. 

The system is governed by two thermodynamic potentials: the free energy f = 
j(e:, 0), which by a thermodynamic requirement is strictly concave with respect to 
0, and the dissipation potentia! (called pseudopotential of dissipation in [10], [31) 
'D = V(e,, 'v0; ,:, 0), which by a thermodynamic requirement is nonnegative, convex 
in (,:,, 'v0) and such that 'D(O, O;,:, 0) = O. 

In the case of (1.1), (1.2) the free energy is specified by 

(2.2) J(,:, 0) = f.(0) + W(,:, 0), 

where 

(2.3) 1 2 J. (0) = - 2cv0 , Cv = const > O, 

is the caloric energy, and 

(2.4) 

1 02 
W(e, 0) = 2 (c: - 0o.) · A2(e - Bo.) - 2 o. · (A20.) 

= !,: · (A2c:) - 0e · (A20.) 
2 

is the elastic energy; we recall that A2 stands for the fourth order elasticity tensor 
and o. for the second order thermal expansion tensor. 

The caloric energy (2.3) is associated with temperature-dependent caloric specific 
heat 

(2.5) c.(0) = -0J;'(0) = Cv0, 

which gives rise to the term cv00, in energy equation (1.2). 
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We remark that in the ca.se /. is given by the standard formula 

(2.6) J.(0) = - cvB log f + Cv0 + c, 

where c,,, 01 , C are positive constants 1 the caloric specific heat is constant 

(2.7) c. = -0/;'(0) = Cv-

This gives rise to the usual parabolic term cv0, in (1.2) in place of cv00,. As mentioned 
in Section l, in the ca.se of a constant caloric heat there are serious mathematical 
obstacles in the proof of the global existence. 

A thermoviscoela.stic system with the specific heat c.(0) given by (2.5) has been 
considered in [9), [2] and [21], where also mare generał forms of c.(0) have been 
analysed. Moreover, we mention that a fourth order thermoviscoela.stic systems with 
temperature-dependent specific heat, arising in shape memory materials, have been 
studied in [27] and [19]. 

The dissipation potentia! corresponding to system (1.1), (1.2) is given by 

where A 1 is the viscosity tensor and k > O the constant heat conductivity. 
In accord with the ba.sic thermodynamic relations the interna! energy e and the 

entropy TJ are related to the free energy f by the equations 

(2.9) e = f + 0TJ, TJ= -f,o. 

For the free energy f defined by (2.2)-(2.4) this gives 

(2.10) 
1 2 1 

e = 2cv0 + 2c: · (A2c), 11 = Cv0 + (A2a) · c. 

As a consequence of the second law of thermodynamics expressed by the Clausius
Duhem ineqC1ality, the stress tensor S and the heat ft ux q satisfy the following rela
tions: 

(2.11) 
{)TJ 

q = avr 
For f given by (2.2)-(2.4) and TJ by (2.8) the formula.s (2.11) yield the standard 

forms of the stress tensor and the beat flux 

(2.12) 
1 

q = k02V 0 = -kv'0. 

Thus, S consists of two terms: the nondissipative equilibrium term determined by 
/, and the dissipative one determined by TJ. The dissipative heat flux q is entirely 
determined by TJ. 

Inserting the relations (2 .lO)i and (2.12) into balance laws (2.1) one arrives at 
the system (1.1)-(1.2). 

For further purposes (see Lemma 4.2) it is of interest to notice that on account 
of the identity 

8/ 
e, = (f + 01)), = f, + 0,11 + 011, = 011, + oc: · c:,, 
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along with the relation {2.11) 1 , the energy balance (2.1)2 admits the form 

{2.13) 
f}TJ 

0T/t + 'v · q = 0 OEt ·Et+ g. 

For TJ given by {2.8) this leads to the following equivalent form of equation (1.2): 

(2.14) 0T}t - kl:,.0 = (A1 E,) ·Et+ g. 

Let us also notice that assuming 0 > O and using {2.11),, the equation {2.13) may 
be expressed as 

(2.15) 

where 

a=::½ · 'v~ +i~· Et= k021'v~r + ~(A1Et) · Et e'. 0 

is the specific entropy production. From (2 .15) it follows that system (1.1), {1.2) 
complies with the Clausius-Duhem inequality 

{2.16) 
q g 

T/t + v. o e: o· 
3. Notation and auxiliary results. 

3.1. Notation. Let n C Rn be an open bounded subset of ntn, n ;:: 1, with 
a smooth boundary S, and nr = n x (O, T), sr = S x (O, T), T > O finite. 
We introduce the following spaces: w;(n), k E N U {O), p E [1, oo) - the Sobolev 
space on n with the finite norm 

where a: = {0:1, ... , a:n) is a multiindex, a:, E 111 U {O}, [a:1 = 0:1 + 0:2 + .. . + O:n, 
D'; = &';,> .. . &';:;; Hk(n) = w;(n); Lp,p,(nT) = Lp,(0,T;Lp(O)), P,Po E [1,oo) -
the space of functions u : {O, T) _, Lp(O) with the finite norm 

V2 (!1r) = L=(0, T; L2 {!1)) n L2 (0, T; H 1(0)) - the space of functions u : (O, T) -, 
H 1 (!1) with the finite norm 

llullv,cnT) = ess sup llu{t)IIL,(n) + IIVullL,(nT); 
tE[O,T) 

V2
1•0 (nr) = V2 (OT) n C{[O, T); L2 (!1)) - the space with the finite norm 

llullv,'·'(W) = t~fi-I llu(t)IIL,(n) + IIVullL,(nT); 
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w;,,;/2 (0T), k,k/2 E NU {O}, p,p0 E [l,oo) - the Sobolev space with a mixed norm, 
which is a completion of C 00 (rJT)-functions under the finite norm 

w;;;t2 (0T), s E IR+, p,p0 E [l , oo) - the Sobolev-Slobodecki space with the finite 
norm 

llullw;:,'.,;'(W) = L IID~8ful1L,,ro(OT) 
l<>l+2•Sl•l 

[ IT ( / / ID"8"u(x t) - D" 8"u(x' t)I" ) ••I• ] I/p + :z:= ::t t I x' t ' dxdx' dt 
o n n l<>l+2a=l•I lx - x'ln+p(,-1,)) 

[!TIT(/ ID"8"u(x t) - D"8"u(x t')I" )"•1• ] I/po + L x t ' x t' ' dx dtdt' ' 
o o n l<>l+2a={s! it-t'il+P{½-[½]} 

where a E l\lU{O} and [s) is the integer part of s. Fors odd the last term in the above 
norm vanishes whereas for s even the two last terms vanish. 

Bt,,,(O), l E IR+, p,p0 E [l, oo) - the Besov space with the finite norm 

where: 

k E 1\1 U {O}, m E N, m > ł - k > O, 

L',f(h,O)u, j E 1\1, h E IR+, is the finite difference of the order 

j of the function u(x) with respect to x;, with 

L',!(h, n)u = L',,(h, fl)u 

= u(x1, ... ,X,:-1,Xi + h,xi+Ii ... ,xn) - u(x1 1 ••• ,xn), 

L',f (h, fł)u = L',;(h, fł)L',{- 1 (h, fł)u, 
and 

L',f(h,fł)u = O for x + jh i fl. 

In [12) it has been proved that the norms of the Besov space Et,,, (fl) are equiv
alent for different m and k satisfying the condition m > l - k > O. 

By c we denote a generic positive constant which changes its value from formula to 
formula and depends at most on the imbedding constants, constants of the considered 
problem and the regulari ty of the boundary. 

By <p = <p(<71 , •• • , ak), k E N, we denote a generic function which is a positive 
increasing function of its arguments a1 1 ••• 1 O"k 1 and may change its form from formula 
to formula. 
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3.2. Auxiliary results. We need the following interpolation lemma 
LEMMA 3.1. (1, Chap. 4, Sect. 18/ Let u E w;;;t'2(f!T), s E IR+, p,p0 E [l, oo], 

fl C IR3 . Let a E IR+ U {O}, and 

"' = ~ + 2_ - ~ - 2_ + 1<>1 + 2a + a < s. 
P Po ą ąo 

Then D';8'tu E w;::;;/2(f!TJ, ą c: p, ą0 c: Po, and there exists,: E (O, 1) such that 

We recall from [4] the trace and the inverse trace theorems for Sobolev spaces 
with a mixed norm. 

LEMMA 3.2. {Traces in w;;;;2(f!T)j 

(i) Let UE w;;;;2 (f!T), SE IR+, P,Po E (l,oo). 

Then u(x, to)= u(x, t)lt=to Jor to E [O, Tl, belongs to B;~1''(f!), and 

where constant c does not depend on u. 

(ii) For a given ii. E B;:;,~1' 0 (f!), s E IR+, s > 2/p0, p,p0 E (l,oo), there exists 

a Junction u E w;;;;2 (f!T) such that ul,=t, = ii. for to E [O, Tl, and 

where constant c does not depend on ii.. 
We recall also (see [li) that if ł > 1/p then every function from B~,Po (fl) has a 

trace on the boundary S belonging to B~:;,~1• ( S), and 

We apply the following imbeddings between Besov spaces. 
LEMMA 3.3. (25, Theorem 4.6.lj Let n c !Rn be an arbitrary domain. 
{a) Let s E IR+,,:> O, p E (l,oo) and 1 $ ą1 $ ą2 $ oo. Then 

s;~(fl) C B;,1 (fl) C s;,ą,(fl) C B;,ą,(f!) C B;,00 (fl) C s;~•(f!). 

{b} Let oo > q c: p > l, 1 $ r $ oo, O$ t $ s < oo, and 

n n 
t + - - - < s. 

p ą -

Tlten 

We recall naw from [19] a result on the solvability of a linear parabolic system 
with elasticity operator Q in Sobolev space with a mixed norm. This result will be 
repeatedly used in Section 4 in deriving a priori estimates for viscoelasticity system 
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{1.1 ). lt generalizes the result by Krylov [13] from the single parabolic equation to 
the following parabolic system 

{3.1) 

u, - Qu = f in nT = n X {O, T), 

u= O on ST= S x (0, T), 

ult=D = Uo 

where n C IR3 , S = 8l1, f = (!,), and 

in n, 

Qu = µ6.u + vv'(v' • u) 

with µ > O, v > O. Let us notice that letting 

QaeQ1 , µaeµ 1 , vae,\ 1 +µ 1 , 

the assumption {1.6) implies that µ > O and v > O. 
LEMMA 3.4. (Parabolic system in W;:;,.(flT) /13, 19, 24}) 

(i) Assume that f E Lp,p,(l1T), Uo E B;:;;;1•0 (l1), P,Po E {l,oo), SE C2 . ff 
2 - 2/po -1/p > O the compatibility condition uols = O is assumed. Then there exists 
a unique solution to problem (3.1) such that u E w;:!0 (l1T) and 

{3.2) IJullw~:~,(nr) S c(llfllLr.PO(nr) + lluoll 8 ;:;,~l"(O)) 
with a constant c depending on n, S, p, p0 • 

{ii) Assume that f = v' · g + b, g = (g,,), b = (b;), g,b E Lv,v,(l1T), u 0 E 

B;:;;;IP0 (l1). Assume the compatibility condition 

uols = O if 1 - 2/po - 1/p > O. 

Then there exists a unique solution to (3.1} such that u E W!:!~2 (l1T) and 

llullw;:;~'(nr) S c(ll9IIL,..,(nr) + llbllL"·"'nr) 
{3.3) 

+ IJuoll 8 ;:;,~1"(n)) 
with a constant c depending on n, S, p, Po-

In the proof of Theorem A we shall apply also the following regularity result for 
a linear parabolic equation. This result is the special case of a mare generał theorem 
due to Denk-Hieber-Priiss [7, Theorem 2.3]. 

LEMMA 3.5. (Parabolic equation in W,;,;;, (flT)J Let us consider the problem 

{3.4) 

0, - {!6.0 = g in flT, 

n· v'0 = O 

01,=o = 0o 

where {!(x, t) is a continuous Junction on nT such that inf n{! > O. Assume that 
g E Lp,p,(flT), 00 E B~:;,;1• 0 (l1), p,p0 E {I, oo), S E C 2 , and the corresponding 
compatibility condition is satisfied. Then there exists a unique solution to problem 
(3.4) such that 0 E W,;,~, {l1T) and 

{3.5) IJ0łlwJ;;,(nr) S c(llgllL,.ro(nT) + ll0oll8;:;,~l"(n)) 

with a constant c depending on n, T, S, inf0 r {! and sup0 r (!. 

REMARK 3.6. The constants c in Lemmas 3.4 and 3.5 do not depend on T. For T 
small the proof of this /act is evident whereas Jor T large it can be deduced by applying 
the same arguments as in the proof of Theorem 3.1.1 in {26, Ch. 3/. 
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4. A priori estimates. In this section we derive a priori estimates for solutions 
of problem {1.1)-(1.4) on an arbitrary finite time interval {0,T). The estimates are 
essential for the existence proof by the successive approximation method, presented 
in Section 5. 

The procedure of deriving a priori estimates consists in a recursive improvement 
of the basie energy estimates. The main tool used in this procedure is Lemma 3.4 
which provides the solvability of the viscoelasticity system {1.8)i in the Sobolev space 
w;,;;. (OT). The applied procedure is aimed to establish the continuity of temperature 
0 and finally to apply Lemma 3.5 on the solvability of parabolic equation in Sobolev 
space w;), (OT). 

Throughout this section we assume that assumptions {Al)-{A3) (see Sect. 1.3) 
hold, and 

(4.1) 0o ;:,: f!. > O in 0, g ;:,: O in OT, 

where H_ is a positive constant. 
First we prove the !ower bound on 0 by using similar arguments as in [16, Lemma 

3.7], [27, Lemma 3.3j. 
LEMMA 4.1. (Lower bound on 0} Let us assume that (4.1} holds. Then there 

exists a positive constant c depending only on parameters a1„ a2 (from (1 .10}, lol 
(see A2}, Cu (see 1.2}}, such that 

(4.2) 0(t);::: f!.exp{-cT) = e. > O far t E [O, TJ. 

Proof. For m E IR+ let us define the truncation 

and 

Om(t) = { x E O : 0(x, t) > ~}. 

Multiplying (1.2) by -0;;! with Il> 2 (admissible test function) and integrating over 
Om(t) gives 

J J J (A1e,) · "' 
- Cu 00,0;;.,"dx + k e;;,_• 6.0dx + &!:, dx 

flm(t) n_(t) n_(t) 

+ J 0~ dx = J 0~ {A2o) • ,e,dx. 

(4.3) 

n_(t) n_(t) 

The first term on the left-hand side of (4.3) is equal to 

(4.4) 



14 I. Pawłow and W. M. Zajczkowski 

because 8,0;,-• = 0 for x EO\ Om(t) = {x EO: Bm(t) = ;!,}. 
The second term on the left-hand side of ( 4.3) equals 

(4.5) k j 0;;,•Mmdx=kf0;;,•Mmdx=(e~~)2 Jlv( ~)l'dx, 
~W n n ~ 

because 'v0m = 'v0 for x E Om(t) and 'v0m = O for x E O\ Om(t). On account of 
(1.10) the third term on the left-hand side of ( 4.3) is bounded from below by 

(4.6) J (A1e,) · e, j le,1 2 

0~ dx ~ ai. 0~ dx, 
n_(t) n_(t) 

and the fourth one by 

(4.7) J B~, dx?. O. 
n_(t) 

In view of the boundedness of A2 and a, the integral on the right-hand side of ( 4.3) 
is estimated as follows: 

J Bm ( ) e, · e,dx = 0, 12 A2a · 0,12 dx 
n,..(t) m m. 

li j le,1 2 c j 0;. 
$ 2 0/h dx + U 0/h dx' 

(4.8) 
/j > o. 

n_(t) n_(t) 

Naw, setting ó/2 = ai. and incorporating {4.4)-(4.8) into {4.3) we arrive at 

c,, d j 2_, 4ke j I ( 1 ) 1
2 

~dt Bm dx + (e _ !)2 'v 0~ dx 
n n m 

$ c j 0;.-•dx $ c j 0;,-•dx, 

n_(t) n 

where in the last inequality we used the fact that Bm > O in O. Hence, by the Gronwall 
inequality, it follows that 

j 0;.-•(t)dx $ j 0;.-•(o)dx exp [ c(ec~ 2) t] for t E [O, T), 
n n 

that is, 

(4.9) 110;;.1 (t)i1L,_,(n) $ ll0;;.1 (0)IIL,-,(n) exp(cT) 

with a constant c independent of{! and m. Letting {!-+ oa, (4.9) yields the bound 

0m(t) ?. 0m(O) exp(-cT). 

Further, letting m -+ oo and noting that for sufficiently large m, Bm(O) 
= max {Bo,;!;} ?. fi., we conclude the bound (4.2). O 
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LEMMA 4.2. (Energy estimates) Let us assume that (4-1) holds, 0 > O, and 

UQ E H 1(!1), u, E L2(!1), 0o E L2(!1), b E L2,1(!1T), g E L,(nT). 

Then a sufficżently smooth solution (u, 0) to (1.1)-(1.4) satisfies the estimate 

(4.10) 

llu,,[[L,,=(n') + ll 0 IIL,,=(n•) + [[0[[L,,=(n•) 

+ 110-1V0[[L,(n') + 110-112e-,•IIL,(n') 
$ c([[e-(uo)IIL,(n) + [[ud[L,(nJ + ll0ollL,(n) 

+ [[b[[L,,,(n•) + [[g[[L,(n') + 1) = cAo, 

where t $ T. 
Proof Note that the positivity of 0 is ensured by Lemma 4.1. Multiplying (1.1) 

by u,, integrating over l1 and integrating by parts using boundary condition (1.3)i, 
gives 

~ fi J [ut[ 2dx + J (A 1e-,) • e-,dx + J A 2 (e- - 0a). e-,dx 
n n n 

= J b-u,dx. 

(4.11) 

n 

Further, integrating (1.2) over l1 and by parts using (1.3)2 yields 

(4.12) ~ fi J 02dx + J 0(A2 a) • .-,dx - J (A 1e-,) • e,dx = J gdx. 
n n n n 

Next, multiplying {1.2) by 1/0, integrating over l1 and integrating by parts leads to 

(4.13) fi j[cv0 + (A,a) • e)dx - k Jl~:[' dx - J (A,,l e, dx = J ~dx. 

n n n n 

Adding by sides (4.11) and (4.12) gives 

(4.14) d J [l 2 1 1 '] / dt 2cv0 + 2(A,e)-e+ 2[u,[ dx= (b· u,+ g)dx. 

n n 

Now, multiplying {4.13) by a positive constant /3, and subtracting by sides from (4.14), 
we get 

_:!. J [!c 02 + !(A,e-) · e + !1ut12 - /3ev0- /3(A,a) · e]dx 
dt 2 " 2 2 

n 

+ k/3 Jl~:[' dx + f3 rA,et e, dx = J [b, u,+ ( 1 - i)+x. 
n n n 

(4.15) 

Integrating (4.15) with respect to time, noting that by the boundedness of A2 and a, 

l [ ' · e- + 2 ut[ - c, 
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and using the coercivity of A 1 (see {1.10)), we get 

IIB(t)lll,(n) + ll 0 (t)IIL(n) + llu,(t)IIŁ,(n) + 11e- 1 v'BIIL<n') 

+ 110-•12e,•lli,(n•) S c(ll0olll,(n) + lle(uo)lll,(n) + lluilli,(n)) 

+ lludL,.~(n•)llbllL,,1(0') + ll9IIL,(n•) + c 

fort ST, with a constant c depending only on parameters. 
Naw, applying the Young inequality to the second term on the right-hand side of the 
above inequality yields (4.10). D 

REMARK 4.3. By integrating the identity (4 .14) with respect to time one can 
immediately conclude that 

(4.16) 

which is a part of inequality (4.10). 
On the contrary to (4.10) this inequality does not require the assumption 0 > O. We 
point out that in deriving further estimates we shall use just the bounds in (4.16} loos
ing the information contained in the two dissipative terms of (4.10). This information 
may be of importance in the analysis of the long time behaviour of solutions. 

REMARK 4.4. We complement Lemma 4.2 by same physical interpretations. In 
view of {2.10)., (2.12) and boundary conditions (1.3), identity (4-14) represents the 
balance equation for the total energy 

ft J (e + ~lu,1 2)dx + f 1-(Sn) ·u,+ n· q]dS = j(b ·u,+ g)dx. 
n n n 

On the other hand, in view of (2.lO)z, {2.12), and the boundary condition {1.3)z, 
identity (4.13) represents the balance eąuation for the entropy 

ft jr,ax + j n· ias = j adx + j ~dx 
n s n n 

with the entropy production 

Equation (4.15) represents the so-called availability identity 

ft j (e + ~lu,12 - (317)dx + j [-(Sn)· u,+ (1 - :)n-+S 
n s 

+(3/Bdx = J[b•u,+(1-:)g]dx, 
n n 

(4.17) 

where (3 = const > O. Hence, since a 2: O, it follows that if the extemal sources vanish 

b = O, g = O, 

and if the boundary conditions on S imply thai 

(4.18) (Sn)•u,=0, (1-:)n·ą=O, 
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then 

This provides the Lyapunov functional fn (e + ½lu,12 - fJTJ) dx, which is nonincreas
ing on solutions paths. Let us notice that the boundary conditions (1.3} ensure (4.18}. 
The identity (4.17} has been used in deriving energy estimates in Lemma 4.2. 

Our goal naw is to derive further regularity properties from the energy estimates 
(4.10). To this purpose we use the regularity results for parabolic systems in Sobolev 
space with a mixed norm, stated in Lemmas 3.4 and 3.5. 

Let us consider the viscoelasticity system (1.1) with boundary and initial condi
tions (1.3) 1 , (1.4)i, expresses in the form: 

(4.19) 

Utt - Qu, = 'v · [A2{0 - 0o)) + b in or, 
u=O 
ui,=o = uo, u,lt=D = u, 

on sr, 
in n, 

where Q = Q1 is the viscosity operator {1.7). 
Applying Lemma 3.4 (i), (ii) to system (4.19) we deduce, in view of the bound

edness of A 2 and o, the following 
COROLLARY 4.5. Let us assume that 

u, E B;;21"(!1), b E Lp,,(l1r), p,a E (l,oo), 

and if 2 - 2/a - 1/p > O then the compatibility condition uols = O holds. 
(i) ff,: E Lp,,(l1T) and 0 E Lp,,(07), p,a E (l,oo), then the solution u to 

problem (4.19} satisfies 

11°,,IIL en•)$ cllu,,llw'·'l'cnr) $ c(ll 0 IIL en•)+ ll0IIL en•) ( 4.20) ,,, ,,, ,.• P,• 

+llbllL,,.cn•) + llu1ll 8 ;~.'1•cn)l 

fort E (O, Tj, with a constant c depending on !1, S, T, p and a. 
{ii) If'v,: E Lp,,(l1T) and 'v0 E Lp,,(07), p,a E (l,oo), then the solution u to 

(4.19} satisfies 

lle,,llw'·'l'cn•) $ cl!u,,llw'·'cn•) $ c(ll'vel!L .(n')+ ll'v0IIL .(n') (4.21) P,• P,• p, P, 

+llbllL, .• cn•J + llui!IB;~.'1•cn)) 

Jor t E (O, Tj, with a constant c depending on !1, S, T, p and a. 
Using (4.10) in (4.20) for p = 2 and a arbitrary finite we have 

lle,,IIL, .en•)$ c(Ao + 1łudl8,-,1•cn) + llbllL, .en•)) 
{4.22) ' ,,. ' 

es cA 1 (a), a E {l,oo), t $ T, 

where Ao is defined in {4.10). 
For further purposes (see the proof of Lemma 4. 7) we prepare naw same inequal

ities between the norms of u and 0. 
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Let us consider viscoelasticity system ( 4.19) rewritten in the form 

(4.23) 

Utt - Qu, - Qu = 'v · [(A2 - Ai)o - 8A2a) + b 

u=O 

ul,=o = uo, u,lt=O = u1 

where Q aaa Q1 . 

LEMMA 4.6. 

in nr, 

on ST, 

in n, 

(i) Let uo E H5(0.), u 1 E L2(0.), b E L 2(0.T) and 0 E L 2(0.r). Then a 
solution u to system (4.23} satisfies 

(4.24) 
llu,,IIL,.-(n') + ł1Q 112ul!L,.-(!l') + IIQ 112u,,IIL,(!l') 

$ c(t)(IIBIIL,(!l') + IIQ112uollL,(!l) + llu1IIL,(!l) 
+ llbllL,(!l')) for t $ T, 

with a constant c(t) exponentially depending on t. 
(ii) Let uo E H 2(0.) n H5(0.), u1 E H5(0.), b E L2(0.T) and 'v0 E L2(0.) . 

Then a solution u to system (4.23} satisfies 

(4.25) 

IIQ 112u,,IIL,.-(n') + IIQullL,.-<n•) + IIQu,•IIL,(!l') 

$ c(t)(ll'v0IIL,(!l') + IIQ112u1IIL,(!l) + IIQuollL,(!l) 
+ llbllL,(!l')) for t $ T, 

with a constant c(t) exponentially depending on t. 
Proof (i) Multiplying (4.23)i by u,, integrating over n and using the boundary 

condition ( 4.23)2 gives 

~~ j(lu,12 + IQ1f2ul2)dx + j IQ1f2utl2dx 

(4.26) n n 

= j[(A1 - A2)0 + 0A2a) · o,dx + J b · u,dx. 

n n 

Using the estimate 

j [(A1 - A2)0 + 0A2a) · o,dx $ Ó1 j IQ 112utl 2dx + c(l/ó1) j (lcl2 + 02)dx, 

n n n 

which results on account of the Young inequality and (1.16), we conclude that 

fi j ([u,[2 + IQ1f2ul2)dx + j [Q1f2u,l'dx 

n n 

$ c j (0 2 + lbl 2 )dx + c, j (lutl2 + IQ112ul2)dx, 
(4.27) 

n n 

where we distinguished the constant c1. 

Hence, omitting the last integral on the left-hand side, it follows that 

fi [j(lutl2 + IQ 112ul2)dxe-'''] $ ce-"' j(02 + lbl2)dx, 
n n 
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which after integrating with respect to t' E {O, t) gives 

(4.28) 

j (lud2 + JQ112ul 2)dx :S cec,t j (02 + lbl 2)dxdt' 

n n• 

+ ec,t j(lu112 + IQ 112 uol 2)dx. 

n 

Now, using (4.28) in {4.27) and again integrating the result with respect tot' E {O, t) 
leads to 

j (lud2 + JQ 112ul 2)dx + j IQ 112ud2dxdt' 

n w 

:S c(tec,t + 1) j(02 + lbl 2)dxdt' + (tec,t + !) j(luiJ2 + JQ 112u 0 J2)dx, 

n• n 

which proves {4.24). 
{ii) Multiplying {4.23)i by Qu,, integrating over l1 and integrating by parts yields 

~¾ j(IQ 112u,12 + 1Quj2)dx + j JQud 2dx 

{4.29) n n 

= jcv · l(A1 - A2)ó + 0A2a]) · Qu,dx - J b · Qu,dx ee R. 

n n 

In view of the boundedness of A 1, A2 and o, 

R :S ó2 j JQutJ 2dx + c{l/'52) j (l'v'ól2 + J'v0J2 + lbl')dx. 

n n 

Hence, choosing ,52 suffciently small and recalling the ellipticity of the operator Q, we 
get 

¾ j(IQ1/2ud2 + JQul2)dx + J JQut/2dx 

n n 

:S c j (l'v01 2 + lbl2)dx + c2 j (IQ 112ut/2 + 1Qul2)dx, 

(4.30) 

n n 

where we distinguished the constant c2. Omitting the last integral on the left-hand 
side the latter inequality leads to 

fi [j(IQ112u,J 2 + JQul 2)dxe-c,t] :S ce-c,t j(l'v012 + lbl 2)dx, 

n n 

which after integrating with respect to t' E {O, t), leads to 

{4.31) 

j (IQ 112utł2 + 1Qul2)dx :S cec,t j(J'v012 + lbJ2)dxdt' 

n w 

+ ec,t j(IQ112u11 2 + 1Quol2)dx. 

n 
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Inserting (4.31) into (4.30) and again integrating the result with respect tot' E (O, t) 
gives 

j(IQ112ud 2 + 1Qul2)dx + J 1Qu,,l 2 dxdt' 

n n• 

:S c(tec,t + 1) j(IV0l2 + lbf)dxdt' + (tec,t + 1) j(IQ112uil 2 + 1Quol2)dx, 

~ n 

which proves (4.25). O 
From (4.24) we conclude that 

{4.32) 
llu,,IIL,.=(n') + llullL=(O,t;H'(n)) + llu,,IIL,(O,t;H'(n)) 

:S c(t)(ll0IIL,(n') + lluollH'(n) + llui!IL,(n) + llbllL,(n')), t :ST. 

Similarly, from (4.25) it fellows that 

(4.33) 
Ilu,, IIL=(O,t;H'(n)) + fiu,,IIL,(O,t;H'(n)) + llullL=(o,t;H'(n)) 

:S c{t)(IIV0IIL,(n•) + lluollH'(n) + llu1IIH'(n) + llbllL,(n•)), t :ST. 

Hence, by the definition of e:, 

(4.34) 
lle:,,flv,cn•) = ile:,,IIL,.=<n') + lle:,,IIL,(o,,;H'(n)) 

:S c(t)(IIV0IIL,(n') + lluollH'(n) + 1łu1IIH'(n) + llbllL,(n•)), 

where t :S T. With the help of this inequality we prove 

LEMMA 4.7. Assume that u 0 E H 2 (f!), u 1 E Bt~~15 (f!), 00 E L3 (f!), b E 
L2,10(fl'), g E L2,1 (fi'), t :ST. 
Then 

(4.35) ll0(t)f!L,cn) + fl0IIL,(O,t;H'(n)) + Ile:,, llv,cn•) :S cA2, t :ST, 

where 

with A,(·) defined in (4.22) and Ao in (4.10). 
Proof Multiplying (1.2) by 0 and integrating over n• we get 

t 

ll0(tl11LcnJ + j IIV0(t')lll,cnJdt' 

{4.37) 
o 

t t t 

:Sc// 02 le:,,ldxdt' + c j j 0le:,,l 2 dxdt' + c j j Ofgldxdt' + IIBollLcnJ· 

on on on 

With the use of the Holder inequality the first term on the right-hand side of ( 4.37) 
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is estimated by 

t 

j ll0IIL,(nJ ll0IIL,(nJll 0 ,, IIL,(n)dt' 
o 

t 

'.S s~p ll0(t)IIL,(n) j ll0(t')IIL,(n)llc,,(t')IIL,(n)dt' 
o 

'.S s~p l10(t) IIL,(n) ll0IIL,.,(n') 11°,, IIL,(n') 

'.S ó1 s~p ll0(t)11'l,,cn) + c(l/ó1)ll0llt~,(n')llc,,ll%~n•) = fi. 

Using ( 4.22) for a = 2 yields 

The second term on the right-hand side of ( 4.37) is estimated by 

t 

j ll0IIL,(n) 11°,, IIL,(n) 11°,, IIL,(n)dt' 
o 

'.S 11011 Lo,,(n') 11°,, IIL,,,, (O') 11°,, IIL,,,, (O') 
'.S ó2l1011Lco,,,H'(O)) + c(l/ó2)11cdL .• , cn•JAi(a1), 

where (4.22)was used with a= a 1, t + t = ½, s1 > 2 but close to 2, because a 1 can 
be an arbitrary positive finite number. 
Now we examine the integral 

t si/3 1/si t l/s1 (Jlf lc,,l 3dxl dt') ~ (jllc,,(t')ll~:'c~llc,,(t')ll~',~;;)dt') 
o n o 

t l/s1 J..1 t I/ s1J..,. 

:<:: (! ll 0 ,,(t')ll~:'c;'/3dt') (! ll 0 ,,(t')ll~',1;/23dt') = h 
o o 

where l/>-1 + l/>-2 = l. Setting s1>-1 = 3, s1>-2 =~.we obtain 

t 1/3 t !=..!.J.. 1/3 

I2 = ( j llc,,(t')IILcn,dt') [ (! 11°,,(t')ll~Jdt') ., ] . 
o o 

Naw, using (4.22) with a=~ gives 

for any s1 E (2, 3). 
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Finally, the third term on the right-hand side of ( 4.37) is estimated by 

Inserting the above estimates into ( 4.37) and assuming that 61 , 62 are sufficiently 
small, we arri ve at 

ll0(t)lli,cn) + IIBIILco,t;H'(n)) $ 110111,cn•) + cA:12 (2)110llz'.~o,,,H•(n)) 
(4.38) 

+ cAf(al)Ai13 ( 3 ~1,J ł1°,•ll1':~o,t;H'(n)) + cAoll9IIL,,,(n') + IIBolli,cnJ, 

where -k + -;h = ½, 2 < s1 < 3. 
Let us choose s 1 = ½- Then ~ = 5 and a1 = 10. Since A1 (a) is an increasing 
function of a it fellows from ( 4.38) that 

(4.39) 
IIB(t)lli,cnJ + IIBIILco,,,H•(n)) $ IIBIILcn•J 

+ c(Af(łO) + A~13 (10)lle,,ll1':~o,t;H'(n)) + Aoll9IIL,,,(n•)) + ll0olli,,n), 

where we used the Young inequality in the second term on the right-hand side of 
(4.38), 

By virtue of (4.34) and (4.10) we obtain from (4.39) the inequality 

(4.40) 
lle,•llv,(n•) $ c(t)(Ao + Ar(10) + A1(10) + A~12 ll9llt,(n') 

+ ll0ollz'.~n) + lluollH'(n) + Jlu1IIH•(n) + IJblJL,(n•))-

Employing (4.40) in (4.39) yields (4.35). This completes the proof. • 
Using (4.35) in (4.33) implies 

llu,,IIL~(D,t;H'(O)) + llu,,IIL,(D,t;H'(n)) + IJuilL~(D,t;H'(n)) 

$ c(t)(A, + lluollH'(n) + lludlH'(n) + llbllL,(n•)) $ c(t)A3, 
(4.41) 

with A3 defined in (4.36). 
From what it has already been proved we deduce 

LEMMA 4.8. Assume thai uo E H 2(fl), u 1 E B;~~/5 (fl) n B;-:;>/u(fl), 00 E 
H 1 (fl), b E L2,10(fl') n L2,u(fl'), g E L2(fl'), a> 4. , , 
Then 

(4.42) ll0dlL,(n•) + ll'i70IIL~(o,,,L,(n)) $ cp(A4(a)), er> 4, 

where 

{4.43) 
A4(cr) = lluollH'(n) + 1łudl 8;:;;1•,n) + 1łu1ll 8;:;,'1•,n) 

+ ll0ollH•(n) + llbllL,,,o(O') + llbllL,,.(n•) + IIYIIL,(n')· 

Proof. Multiplying {1.2) by 0, and integrating over fl gives 

J k d J Cv 00;dx + 2 dt l'i70l 2dx 

{4.44) 
n n 

$ c j 0łe-,l l0ddx + c j led 2 10ddx + j 191 l0tldx. 
n n n 
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Applying the Holder and the Young inequalities the first term on the right-hand side 
of (4.44) is estimated by 

( ) 
1/2 ( ) 1/2 j 00;dx j 0le,l 2dx :,; Ó1 j 00;dx + c(l/ói) j 0le,l 2dx, 

n n n n 

where on account of (4.35) the second integral is bounded by 

( ) 1/3 ( ) 2/3 
c j 03dx j le,l 3dx :,; cA21łedlL(n)· 

n n 

The second term on the right-hand side of (4.44) can be estimated by 

Finally, the third term on the right-hand side of ( 4.44) is bounded by 

ó3110t11Lcn> + c(I/ó3)1iglll,cn>· 

Employing the above estimates in (4.44), assuming ó,, i = I, 2, 3, sufficiently small, 
recalling that 0 2: 0. > O, and integrating the result with respect to time, we conclude 
on account of ( 4.41) that 

(4.45) 
ll0t11Lcn•) + llv'0(t)11Lcn) :,; cA2A~ 

+ cA~lle,,11Lco,t;L3 (0J) + cll911Lcn•) + cllv'0ol1Lcn)· 

In view (4.41) and (4.45), applying Corollary 4.5 to problem (4.19) we conclude 
that 

Ilu,, llw!:; (O') :,; c(A3 + A~12 A3 + A31łe,•IIL=(o,t;L,(n)) 
(4.46) + ll9IIL,(O') + llbllL,,.(fł') + IIBollH'(fl) + lludl 8 !~''"(n)l 

:,; cA31łe,,IIL=(o,t;L3 (n)) + c,p(A4(0-)), 

where u is an arbitrary finite number. 
By the definition of the tensor e, inequality ( 4.46) implies 

(4.47) 

In view of the interpolation inequality 

which holds for o-> 4, it follows from (4.47) and (4.35) that 

(4.49) 

(4.50) 
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Applying (4.50) in (4.45) gives (4.42). This completes the proof. O 
Let us note that since t is finite, estimate ( 4.49) in conjunction with the Holder 

inequality implies that 

(4.51) 

where u> 4 and u0 c". 1. 
Similarly, by (4.46) and (4.50), it fellows that 

(4.52) Ilu,• Ił w):;. (O') S ,p(t, A3, A4(u)), 

where u > 4 and u0 ;:,: 1. 
LEMMA 4.9. Assume that 0 E Lp,u(fl'), b E Lp,u(fl'), uo E W!(fl), u, E 

B;~2fu(fl), p E (l,oo), u E (l,oo). 
Then 

(4.53) 

where 

As(p,u) = lluollw;(n) + llu1ll 8 ;~.'/•(n) + llbllL,,.(n•J• 

and the constant c(t) depends exponentially on t. 
Proof Let us consider system (4.19) and apply the inequality (4.20). Representing 

,: by 

(4.54) 

t 

e(t) = j e,,(t')dt' + e(O), 

o 

and using the generalized Minkowski inequality, we obtain 

t t 1 t 

llellL, .• (n') Sc j li j o,,,(t")dt'f dt' + c j lle(uo)IIL,(n)dt' 
O O L,(n) O 

t t' 

Sc J (! lle,,,(t")IIL,(O)dt") u dt' + ctlle(uo)IIL,(O) 
o o 

t t' 

Sc j ( / lle,,,(t")IIL,(n)dt") (t'iu- 1 dt1 + ctlle(uo)IIL,(O)· 
o o 

Consequently, denoting 

t 

a(t) = lle,•llt .• (n•) = J lle,,(t'm,(n)dt', 
o 

we deduce from ( 4.20) the inequality 

t 

a(t) S j a(t')a(t')dt' + A(t), 

o 
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where 

a(t) =etu-I, 

A(t) = c(il011L, .• (n') + llbllL, .• (n') + tlle:(uolilL,(n) + 1lu1il;;:;,'1•cn)). 

Hence, by the Gronwall inequality, it follows that 

Thus, 

(4.55) 

t 

a(t) :<; A(t) + j a(t')A(t')ef.', a(t")dt" dt' 

o 

:<; A(t)(l + 0!1(t)ea,(t)), 0!1(t) = ta(t). 

lle:,,IIL, .• ,n•> :<; c(t)(IIBIIL, .• ,n•> + tlle:(uo)lltcn> 
+ lludl;;:;,'l•cn) + llbllL, .• (n•)l 

= c(t)(IIBIIL, .• (n•) + D"(t)) 

with c(t) = c(l + a 1(t)ea,(t)). 
Using (4.55) in (4.54) yields the analogous bound on lle:IIL,,.(n•)· Consequently, on 
account of (4.20) the corresponding bound on Jiu,,llw~Y'(n') follows as well. The 
proof is completed. O 

On the basis of Lemma 4.9 we prove now 
LEMMA 4.10. Assume that uo E W~(!1), u1 E B~-;:2/r(n), Bo E Lr(!1), b E 

Lr(!1T), g E Lr(!1T), r E (1, oo). , 
Then 

(4.56) IIBIIL., .. (fl') :<; As(r, r, t), r < oo, 

where 

(4.57) As(r, r, t) = c(t)(ll0ollL.(n) + v'rA,(r, r) + IIYIIL.(fl') + 1), 

and A,(p,o-) is defined in (4,53}. 
Proof Multiplying (1.2) by er, r > 1, and integrating over n gives 

Cu d Jl0Jjr+2 4kr J jve= 12 dx 
r+2dt L.+,(n)+ (r+l) 2 ' 

(4.58) 
n 

= - j er+1(A2a) · e:,dx + j er(A1e:,) · e:,dx + j ergdx. 

n n n 

Hence, after integrating with respect to time, 

(4.59) 
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Here Jet us recall Lemma 4.9 which provides the inequality 

(4.60) Ile:,, [[L,(!l') $ c(t)(l[0[[L,(!l') + As(r, r)) 

for r E (1, oo). 
On account of (4.60) the second integral on the right-hand side of (4.59) is esti

mated as fellows 

(4.61) 

J ar[e:,, [2dxdt' $ 11011'.i,.,(n•) l[e:,, IIL.,rn•) 

n• 
$ c(t)[[0[['.i,+,(n•/l[0[1L+'(!l') + A~(r + 2,r + 2)) 

$ c(t)([[0[[L;!,rn•) + A;+2(r + 2, r + 2)). 

Naw, using (4.61) we estimate the first integral on the right-hand side of (4.59) by 

J ar+I[e:,,[dxdt' = J 0•+ 10•[e:,,[dxdt1 

Ot Ot 

:s; ll 8•+1IIL,(!l') ll0•[e:,,IIIL,(!l') = 1[0[[t,(!l')[[0r[e:,,[2 [l?'.~n•) 
42 !:il Lil 

$ c(t)l[0[[L,+,(!l')([[0[[L;+,(!l') + A5 ' (r + 2,r + 2)) 

$ c(t)(l[0[[L;!,(n') + A;+2(r + 2,r + 2)). 

Finally, with the use of Hiilder's and Young's inequalities the third integral on the 
right-hand side of ( 4.59) is estimated by 

J 0rgdxdt1 $ 11011L,+,(!l')l[g!!L,,+,)/,(!l'):; cl[01[L;:,(!l') + c(llgl[L;:,rn•) + 1). 
!1' 

Inserting the above estimates into ( 4.59) leads to 

t 

1[0(t)l[L;!,(n) $ r: 2 c(t) (! 1[0(t')IIL;:,(n)dt' + A;+2 (r + 2, r + 2) 
o 

+ l[gl[L;:,(!1') + 1) + ll0o!IL;:,(n)· 

Hence, by the Gronwall inequality, we conclude that 

[[0(t)l[L;!,(n) $ l!!BollL;;,(n) + (r + 2)c(t)(A;+2(r + 2,r + 2) 

+ ![g[[L;!,rn•) + 1)) exp(c(t)(r + 2)) 

$ A~+2(r+2,r+2,t) 

fort E (0,T), with A6 defined by (4.57). This gives (4.56). The proof is completed. O 
COROLLARY 4.11. Taking into account that {/i' is bounded let us define 

(4.62) 
A1(r,r,t) = c(t)(lluollw,(n) + l[u1[l 8 ;;*(n) + IIBollL,(!1) 

+ l[bllL,,,(!1') + l[gllL,(!1'))-
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Then, according to (4.56} and the definition of As(r, r) in Lemma 4.9, 

(4.63) IIBIIL,,=(n') $ A1(r,r,t), r E (l,oo), t $ T. 

Moreover, by (4.53) and (4,63), 

(4.64) 
lle:t•IIL,,.(n') $ cllut,llw);;l'(n') 

$ c(t)A1(r,r,t), (r,u) E (l,oo). 

Let us consider naw the elliptic problem resulting from (1.2) and (1.3),: 

(4 .65) 

We have 

- kt:,0 = -cv00t - 0(A2a) ·ot+ (A1e:t) ·ot+ g in fl, 

n- 'v0 = O on S. 

LEMMA 4.12. Asume that uo E H 2(l1) n Wł.!,(!1) n B;::,2/a(f!), 

9/5 ł!.-=1 1 u, E B2 10(!1) n B _,_;_ ,. (!1), 0o EH (!1) n L= (fl), 

b E L2,1~(W) n L/:{ń'ij n L,½(f!T), g E L2('ń~) n L,½(f!T). 
Then 

(4.66) 

where 

IIBllw;•'(n') '.S cp(Aa(s, u, t)), t $ T, 

Aa(s,u, t) = c(t)(lluollH'(n) + lluollw' (n) 
i½ 

+ llu11ł 8,;, (n)+ llu1ll8 o-21,(n) + lluill ,,_, 
(4.67) '•'° ,,. B ,½,,½ (n) 

+ IIBollH'(n) + IIBollL,½(n) + llbllL,,,,(n') + llbllL,,.(n') 

+ llbllL,½(n•J + ll9IIL,(n'J + ll9IIL,½(n'J), 

and 1 < s < 2, u > 4. 
Proof On account of (4.42), (4.63) and (4.64) it fellows from (4.65)i that 

(4.68) 

IIMIIL,(n•) '.S c(IIBIIL,½(n•JIIBdlL,(n') 

+ IIBIIL,.(n•Jlle:t,IIL,.(n'J + lle:t> IIL.rn•J + ll9IIL,(n•J) 

$ c(t)( A7c ~ 8 , 2 ~ s' t)cp(A4 (u)) 

+ A~(2s, 2s, t) + ll9IIL,(n')), 

where s < 2 is close to 2, u > 4 and t $ T. 
In view of the estimate 

(4.69) ll0llw;>(n) $ c(IIMIIL,(n) + IIBIIL,(n)), 

which holds for the Neumann problem (4.65), we deduce from (4.68) that 

(4.70) 
( ( 2s 2s ) IIBIIL,(O,t;W;(n)) $ cllBIIL,(n•) + c(t) A1 ~• ~• t cp(A.(u)) 

+ A~(2s, 2s, t) + ll9IIL,(n')), 
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where u > 4, s < 2 close to 2, t :5 T. 
Now, combining (4.70) with {4.42) and using {4.10) we conclude that 

11011w;·'(O') :5 c(t)(Ao + cp(A4(u))) 

{4.71) + c(t) ( A1( 2 ~ 5 , 2 ~ 5 ,t)cp(A4(u)) 

+ A~(2s, 2s, t) + ll9IIL.(n')) :5 cp(Aa(s, u, t)), 

where the latter inequality follows from the definitions of the quantities Ao {see {4.10)), 
A4(u) (see {4.43)), A1(r,r,t) (see (4.62)) and Aa(s,u,t) (see (4.67)). This proves the 
lemma. O 

COROLLARY 4.13. In view of the imbedding 

(4.72) 

where s < p' :5 ~, and the Holder inequality with respect to the integral over n in 

the case 1 < p' < s, we have 

(4.73) 

Jor any v E W.,2· 1(flr), 1 < p' :5 ~-
Applying the imbedding inequality (4. 73} to (4.66} we deduce that 

(4.74) ll'vBIIL,, ,.(n'J :5 c(t)cp(Aa(s, u, t)) 

where 1 < p' :5 ~' s E {1,2), u> 4, and Aa(s,u,t) is defined in (4,61}. 

We shall use {4.74) to get more regularity estimates on ó. To this purpose we 
return to the viscoelasticity system {4.19) and prove the following result analogous to 
Lemma 4.9. 

LEMMA 4.14. Assume that 'v0 E Lp,u(flr), b E Lp,u(flr), 
u1 E B;;'fu(fl), p,u E {l,oo). 
Then 

llót• llw;:~l'(O') :5 cllu,, llw;;~(n•J 

(4.75) :5 c(t){li'v0IIL, .• (n'J + llbllL,,.(n'J + lludl8 ;~.'l•(n)) 

= c(t)(ll'v0IIL,,.(n•) + Ag(p,u)), 

where t :5 T, p,u E {l,oo), and 

Ag(p, u)= lluill 8 ;~.'l•(n) + llbllL,,.(n')· 

Proof Let us consider system {4.19). By inequality {4.21) we have 

ll'vót•IIL, .• (n') :5 Ilu,, llw;;~(n') :5 c(ll'vóllL,,.(n') + il'vBIIL,,.(n') 
(4.76) 

+ lludl 8 ;~.'l•(n) + llbllL,,.(n•)) 

for t :5 T. We use now the formula 

t 

(4.77) 'vó(t) = J 'vó.,(t')dt' + 'vó(0), 'h(0) = 'vó(u0), 

o 
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and repeat the proof of Lemma 4.9 with 'ile, 'i/0 in place of e, 0. In result we conclude 
that 

Using (4.78) in (4.77) implies the analogous bound on ll've[IL,.,(n') and then, by 
(4.76), on [lu,,llw;:~(n') as we!!. O 

COROLLARY 4.15. Applying estimate (4. 74) in (4. 75) yields 

(4.79) lle,,llw:;'.;'(n') $ c(t)(,p(Aa(s, a, t)) + As(P', s)) 

for I < p' $ ~, s E (1, 2), a> 4, t $ T. 
COROLLARY 4.16. Let us consider the imbedding 

(4.80) 

which holds true provided p' > ~. This condition together with 

p' $ Fi implies that • 

5 3 < s < 2. 

Consequently, it follows from (4. 79) that 

(4.81) [le,, [IL~,,(n•) $ c(t)(,p(Aa(s, a, t)) + As(p', s)) = A10(s, a,p', t) 

for~ <p' $ 'Ćj:, s E (j,2), a> 4. 
Estimate (4.81) plays the key role in getting L00 (!1T)-norm bound for 0. 
LEMMA 4.17. Let the assumptions of Lemma 4,12 be satisfied. Moreover, let 

u, E B~~;1'(!1), Bo E L 00 (!1), b E Lp,,,(07), g E L00,,(nr), where 

( 5 2) _3_ <p' < _3_ 4 s E 3' ' 2 - f - ~ - 1, a> . 

Then 

where A10(s,a,p',t) is defined in (4.81). 
Proof Let us consider once mare the identity (4.58). Regarding (4.81), we have 

(4.83) 
r ! 2 fi11011L;!,(n) $ c[l0IIL;:,(n)lle,IIL~(n) 

+ c[IBll1,,(n)lle,IIL(n) + IIBIIL,(n)ll9IIL~(n)• 

Taking into account that 0 2'. 0. > O, and using the inequality 
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and 

/10/lr,,(nJ :O: /!1/#>/[0/lr,,.,(nJ :O: /!1/.h /IO 11
1 /10/1~;:,(nJ 

• Lr+:i(O) 

< 1 /n/*' H0r1 < c/10/lr+i - O: Lr+:z (O) - Lr+2 (O) 1 

where constant cis independent of r, we deduce from (4.83) that 

/10/1~;:,cnJ~/10/IL,.,(nJ :O: c/10/1~;:,(n)(l/c:d/L~(n) + /lc:d/L(nJ + /lg/lL~(n))-

~/10/IL,+,(n) :,'. c(/lc:dlL~(nJ + /lc:,/IL(n) + /lg/lL~(nJ), 

which in conjunction with (4.81) leads to 

/10(t)!IL,.,(nJ :,'. /100/IL,.,(nJ + c(l/c:,, !IL~.1(n'J + /le:,, IIL,,(n'J 

(4.84) + /lg/lL~.i(n•J) :,'. c(t)(A10(s, a,p', t) + A~0 (s, a,p', t) 

+ /100/IL,.,(n) + l/91!L~.1(n•Jl-

Now, letting r-, oo in (4.84) we get the assertion. • 
COROLLARY 4.18. Repeating the proof of Lemma 4-12 with the use of the upper 

bound (4.82} allows us to deduce that 

(4.85) /10/lw;·i(n') :,'. ,p(t, A 11 (s, a,p', t)), 

where t :,'. T, s E (i,2), dr, <p' :,'. 31;_1' a> 4. 
COROLLARY 4.19. Applying (4.82) in (4-53} yields 

(4.86) /le:,, /IL,.,,(n'J :,'. c(t)[A11(s, a,p', t) + As(P, a')], 

where t :,'. T, s E rn,2), dr,< p' :,'. :rl,::-r, a> 4, p,a' E (l,oo), As(p,a) is defined 
by (4.53} and A11(s,a,p',t) by (4.82}. 

The next step consists in obtaining a "bet ter" estimate for 0 by means of the 
parabolic regularity result stated in Lemma 3.5. To apply this result to the quasilinear 
equation (1.2) we need to prove first that 0 is a continuous function on f!T_ We are 
able to prove more, namely the Holder continuity by means of the parabolic De Giorgi 
method in the same way as in [18, Lemma 6.1]. 

Since the above reference concerns much mare generał situation, we present here 
for reader's convenience a direct, simpler proof. 

Following [14, Chap. li. 7] we record the definition of the space 
B2(!1T,M,,,r,ó,K), where nT = !1 X (O,T), !1 C ntn, n E N, and M,,,r,ó, 
K are positive numbers. 
The function u E 82(!1T,M,,,r,ó,11:) if: 

(i) u E v;•0(!1T) := C(O, T; L2(!1)) n L2(0, T; Wł (!1)), 
(ii) esssupnr /ul:,'. M, 
(iii) the function w(x, t) = ±u(x, t) satisfies the inequalities 

,.,;'i',;~+T 1/(w - kJ+IILcs,-,,.(xo)):,: /l(w - kJ+(·, to)IILcs,(xo)) 

+ ,[(a1u)-21/(w - kJ+IIL,o(e,T)) + µ:<i+K)(k, u,r)] 
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and 

ll(w - k)+lltcQ(,-u,,,r-u,T)) 

$ -y{[(o-1e)-2 + (o-2r)- 1]ll(w - kJ+lli,cQ(,,T)) + µW+•l(k, l', r)}. 

Here the following notation is used: 

(w - k)+ = max{w - k,O} - the truncation of w, 

B,(xo) = {x En: lx - xol < e} - a bali in n, 

Q(e, r) = B,(xo) x (to, to+ r) = {(x, t) E nr: lx - xol < l', 
to< t < t0 +r} - a cylinder in nr, 

where {! 1 T are arbitrary positive numbers1 o-11 o-2 are arbitrary numbers from the 
interval (O, 1), and k is an arbitrary number such that 

Moreover 1 

where 

ess sup w(x, t) - k < ó. 
Q(q,T) 

V,(nr) = L 00 (0, T; L2(n)) n L2(0, T; W,'(n)), 

µ(k,{!,r) = 'JTmea.sr/qAk,,(t)dt, 
,, 

Ak,,(t) = {x E B,(x0 ): w(x, t) > k}, 

and positive numbers q, r are linked by the relation 

with the admissible ranges 

q E (2, /~z], 
qE(2,oo), 

q E (2,oo], 

rE[2,oo) 

r E (2, oo) 

r E [4,oo) 

for n~ 3, 

for n= 2, 

forn=l. 

LEMMA 4.20. Let the assumptions of Lemma 4-11 be satisfied, and there exist 
constants e. and M such that 

(4.87) 

e ~ e. > o, 
M = IIBIIL~(nr) $ c(T)A11 (s, o-,p', T), 

11011wJ•'(nr) $ cp(T,A11(s,o-,p1 ,T)), 

lledlL,(nr) $ c(T)[A11 (s, o-,p', T) + A,(p,p)], 
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where p E {l, oo), An (s, cr,p', T) is defined by (4.82} and A 5 (p,p) by (4.53}. Besides, 
let k be a positive number such that 

(4.88) 

and 

Then 

(4.89) 

with 

sup00 (x) < k 
n 

M - k < ó with same ó > O. 

r=ą= ~. 1<E (o,D, 
-y = c(t}(l +Ai1 (s,cr,p',T) +A~(2 }31<, 2 } 31<) 

+ A~ (z ~0
3", 2 ~

0
31<) + ll9IIL,r..',.(nr)). 

s E (~, 2), 2_;1, < p' S: 37;_ 1 , CT> 4. 

Proof Note that the bound {4.87}i is ensured by Lemma 4.1, the bound {4.87)2 
by Lemma 4.17 and (4.87)3,4 by Corollaries 4.18 and 4.19. 
We check that 0 satisfies the conditions (i}-(iii) in the definition of B2{flr, M, -y, r, ó, 11:). 

From [l, Chap. 3, Sec. 10] we have the imbedding 
w,'• 1 (fłT) c v,1-0(nr). Since 0 E w,'•1(flT) the condition (i) is satisfied. 

Condition (ii) is automatically satisfied on account of {4.87)2 . 

Let us check that 0 satisfies the second inequality in condition {iii). By virtue of 
(4.87}i it sufficies to consider (iii} with w(x, t) = 0(x, t). 

Let Q(e, r) = B 0(x0 ) x (to, t0 + r) be an arbitrary cylinder in nr, and ((x, t) 
be a smooth function such that supp((x,t) C Q(l!,r) and ({x,t) = 1 for (x,t) E 
Q(l! - CT1/!, r - cr,r), where cr1, a, E {O, l}. Moreover, let 

Ak,e(t) = {x E Be(xo): 0(x, t) > k}. 

Multiplying equation {1.2} by ( 2 (0 - k)+ and integrating over fl gives 

~ j 0(28,(0 - k)tdx + ko j IV(0 - k}+/2 ( 2dx 

(4.90) n n 

+ 2ko J ((0 - k)+ v'(0 - k)+ · v'(dx = J G(2(0 - k)+dx, 
n n 

where, for simplicity, the right-hand side of {1.2} is denoted by 

G = -0(A,a) · "' + (A 1 ,:,) • "' + g, 

and to avoid the notational collision the letter k for heat conductivity is replaced by 
ko (for this proof only). 
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Let us rearrange the first integral on the left-hand side of (4.90) to the form 

~ j 0(28,(0 - k)!dx = ~ft j 0(0 - k)!<;2dx 

(4.91) n n 

-~ J 0,(0 - k)!(2dx - Cu J 0(0 - k)!((,dx. 

n n 

Further, the term with 0, in (4.91) is rearranged as follows 

-~ J 0,(0 - k)!('dx = - ~ j(e- k)!8,(0- k)+(2dx 

n n 

(4_92) = -~ J 8,(0 - k)!(2dx 
n 

= - ~ ft J (0 - k)!(2 dx + ~ J (0 - k)!((,dx. 
n n 

Inserting (4.91) and (4.92) into (4.90) we obtain the identity 

~ft j 0(0 - k)!<;'dx + ko j l'v(B- k)+l 2 ( 2dx 

n n 

= ~ft j(e- k)!<;2dx - ~ j(e -k)!<;<;,dx 

(4.93) n n 

+ Cu J 0(0 - k)!((1dx - 2ko J <;(0 - k)+ 'v(0 - kJ+· 'v(dx 

n n 

+ j G<; 2(0 - k)+dx. 

n 

Integrating (4.93) with respect to time, taking into account (4.87)i and the fact that 
by (4.88). (Bo - k)+ = O, we conclude that 

Cu:- j(e -k)!<; 2dx + ko J IV(B - k)+l'<;2dxdt' 

n n• 

~ C Jce - k)!('dx + C Jce - k)!l(I l(,,ldxdt' 

(4.94) 
n n• 

+ c j 0(0 - k)!l(I l(,,ldxdt' + c Jce - kJ+ l'v(0 - kJ+I Kl IV( ldxdt' 

ne n1 

+ c j IGl(0 - k)+(2dxdt' = t !;. 
n• 1=1 

Since, by the assumption M - k < ó, it holds 

(4.95) (0 - k)! :,; ó(B - k)! with arbitrary ó > O, 
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the integral J1 can be absorbed by the left-hand side of (4.94). Further, using (4.87)2, 
(4.95) and the bound 1(1 $ 1, 

I2 + h $ M j(0 - k)!l(,,ldxdt'. 

n• 

Next, by Young's inequality 

l4 $ ~ j l'v(0 - k)+l2 ( 2dxdt' + 2~0 j (0 - k)!l'v(l 2dxdt', 
Ot Ot 

so the first integral on the right-hand side of the latter inequality is absorbed by the 
left-hand side of (4.94). In result, incorporating the above estimates into (4.94), we 
arrive at 

j (0 - k)!(2dx + j l'v(0 - k)+l 2 ( 2 dxdt' 

(4.96) 
n n• 

$ c(M + 1) j (0 - k)!(l'v(l 2 + I(,, /)dxdt' + Is, 
n• 

where 

Is = C J IGl(0 - k)+(2dxdt'. 

n• 

By the definition of(, it holds 

M j(0- k)!(l'v(l 2 + l(,,l 2)dxdt' 

(4.97) 
n• 

$ M[(<T11.')-2 + (<T2T)- 1) J (0 - k)!dxdt'. 

Q(,,,) 

It remains to estimate the integral fs. Recalling (4.87)2 again and applying 
Hiilder's inequality yields 

Is = c 7T j IGl(0 - k)+(2dxdt' 

to A1t,o<t') 

to+T l/>. to+r l/>. 

$ M( j j IGl~'dxdt') ' ( / measAk,,(t')dt') ', 
to Ai., 0 (t') to 

where 1/ >. 1 + 1/ >.2 = l. To satisfy the conditions in the definition of the space 
B2(fłr,M,7,r,li,1<) we set 

and r = q with 
1 3 3 
- + - = -. 
r 2r 4 
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Then 

A1 = - 5- E (~,oo) 
2 - 31< 2 

Consequently, 

Is:,'. MIIGIIL,,(nr)µ 1!~,(k,e,r). 

By virtue of ( 4.87)2 and ( 4.87)4 , we obtain 

Hence, 

(4.98) 

IIGIIL,¼.,(nr) :S: c(ll0IIL=(nrJllc:,IIL,¼.,(nr) + llc:dl1~(nT) 

+ ll9IIL,¼.,(nr)):,: c(T) ( Ai1(s, a,p', T) + A~ C: 31<' 2 ! 3,J 

+ A; C ~031<, 2 ~
03,s:) + ll9IIL,¼., (OT)) = 'Yl 

In result, applying estimates ( 4.97) and ( 4.98) in ( 4.96) leads to 

11(0 - k)+llt,(Q(e-o,e,T-u,r)) = ess sup /(0 - k)t(2dx + / lv'(0- k)+l 2( 2dxdt 
<E(O,Tl n nr 

:,'. -y{[(a1e)- 2 + (a2r)- 1)ll(0 - kJ+IILcQ(e,T)) + µW+•l(k, ,?, r)}. 

This proves the second inequality in condition (iii) with the positive number 

(4.99) 

The first inequality in (iii) fellows by multiplying (1.2) by (5(0-k)+, where ( 0 (x) 
is a smooth function such that supp(0(x) C B,(xo), (o(x) = 1 for x E Be-u,e(xo), 
a 1 E (O, 1), and next integrating over fl x (to, t0 +r). Then, by repeating the presented 
above estimates we arrive at the following inequality in place of (4.96): 

j (0 - k)t(Jdx + j lv'(0 - k)+l 2( 0dxdt 

B,(x0 ) Q(e,T) 

(4.100) :,'. c(M + 1) [ j (0(to) - k)t(5dx + j (0 - k)tlv'(ol2dxdt] 

B,(xo) Q(e,T) 

+ c j IGl(0 - k)+(5dxdt. 

Q(e,T) 

The last two integrals on the right-hand side of ( 4.100) are estimated respectively by 
(4.97) with (a2r)- 1 = O, and by (4.98). In result, (4.100) provides the first inequality 
in the condition (iii) with -y defined in (4.99). The proof is complete. O 

COROLLARY 4.21. By viTtue of the imbedding (cf. {14, Thm II. 7.1}) 

B2(D7, M,-y, r, ó, 1<) C C"•"l2(flr), a E (O, 1), 
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it follows from (4.89} that 

(4.101) 

with Holder's exponent a E (O, 1) depending on M, "/, r, ,i and K, where 

M = sup0 ~ c(T)Au(s,a,p',T), 
nr 

1(s, a,p',K, T) = c(T) (1 + A~1 (s, a,p', T) + A~ ( 2 _: 3K, 2 _: 3K) 

+ A~ (z ~03K., 2 ~
03K.) + ll9IIL ,re',-. (OT)). 

s E G,2). 2 _\/s <p' < 3/.3- l' a> 4, KE (o,D. 

In view of Holder's continuity of 0 we can apply Lemma 3.5 and deduce the finał 
estimates on 0 and u. 

PROPOS!TION 4.22. Let the quantity 

A(t) = lluollw:,1,(n)nw;,(n) + 1łu111 8::'.,',(n)nB;~:(•' (n) 
(4,102) + IIBollw~. (n)+ ll9IIL~,.,(n') + llbllLu(n•)nL,,,.,(n•J, 

p. > 3, p', a' E {I, oo), 

be finite. 
Then the following a priori estimate 

(4.103) 

is valid. 

Proof From (4.82), (4.86) and (4.101) it fellows that the estimates on IIBIIL~(n•J, 
11.:,IIL,_.,(n•) and IIBllc•-•1'(0') involve the parameters s E (~, 2) ,p' E ( .-=½r,, 3A'-i], 
a> 4, (p,a') E (l,oo) and 1< E (O, ł)- We select these parameters in sucha way to 
express the above mentioned estimates in an explicit, suf!iciently simple way. 
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Let us recall that the estimates depend on the quantities: 

(4.104) 

Aa(s, ,,., t) = c(t)[JluoJIH'(nJ + 1/uoJlwł'. (OJ+ llui/lBl'..'o<n) 

+ 1/u,JIB,_,t•cnJ + Jlu,1/ , __ , + Jl0oJIH•(n) 
'•• B,½.,½(n) 

+ 1/001/L,½(n) + 1/bJIL,,,o(n') + 1/blJL,,.(n') + IJblJL,½(n•J 

+ JlgJIL,(n•J + JJgJJLł'.cn•JI, 

Ao(p',s) = Jlu,IIB;~;i•cn) + JlbJIL,,, .cn•J, 

A1o(s,<T,p1 , t) = c(t)(,p(Aa(s,<T, t)) + Ag(p', s)), 

A11(s,<T,p1,t) = c(t)(A10(s,<T,p1,t) + A~0 (s,<T,p1,t) 

+ IIBollL~(nJ + JlglJL~.,cn•il, 

-y(s, <T,p', s:, t) = c( 1 + A~1 (s, <T,p', t) + A; ( 2 } 3"', 2 } 3"') 

+ A; ( 2 ~03K:, 2 ~03J + l/9IIL,.-=',. (0'))' 

As( 2 } 3 , 2 } 3 ) =IJuollw'_.,_(nJ+llu1JI ~ 
K: K: ,--=--:,. B,.-=',.,,.-=',.(n) 

+llbllL.-='r.(n•J, 

( 10 10 ) 
As 2 _ 3"', 2 _ 3"' =IJuol/w&(nJ+l/u1JIB½"' (O) 

,¼.-.,¼.-

+ 1/bl/L,¼.-(n), 

As(P, <T') = 1/uollw;(nJ + l1u1 IIB;~y•' (n) + llblJL, .• ,(n•J, 

where s E (i,2), p' E (,:¾-, f-,],,,. > 4, "'E (O, j). 
To have the above quantities finite we need 

(4.105) 

u 0 e H 2(!1) n wł!. (!1) n w~ (!1) n wt(n), 

B9/5 (!1) B2-2/u(l1) B '';' (!1) B2-2/s(l1) 
U1 E 2,10 n 2,11 n -ł!-;,;f!-; n p',s 

~ ~ 2 2/ ' 
nB~,,-:",.,(!1)nB.A-,.,,,.!:'};;-(!1)nBP::.' r (!1), 

Bo E L00 (!1) n H 1 (!1), 

b E L2,10(!1') n L2,u(l1') n L,½ (!1') n Lp•,,(!1') n L~ (!1') 

n Lp,,,(!1'), 

g E L2(!1') n L,½ (!1') n Loo,1(!1') n L,-:>,.,(!1'), 

where s E (P), p' E (,:¾-, f-,],,,. > 4, K: E (O, ł), 
Let us set 

12 I 1 
s = 7' p = 4, "'= 9' O'= 10. 
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Then 22:_, = 12, 2_\K = 3, 2~t = 6, and ( 4.105) takes the form 

(4.106) 

u 0 E H 2(!1) n W;2(!1) n W;(!1), 

u, E B~'.150 (!1) n Bg;,62(!1) n B~;;(!1) n B!;,6217 (!1) n B!-:;,'./u' (!1), 

0o E L00 (!1) n H 1(!1), 

b E L12(!1') n Lp,u'(!1'), 

g E L00,1(!1') n L12(!1') = L00,12(!1'). 

Using the imbeddings 

Wf21s(!1) c H 2(!1) n Wl2(!1), 

Bg:J62(!1) C B;}o(!1) n B!:162/7(!1), 

w;(!1) C L00 (!1) n HJ(!1) for p > 3, 

we replace (4.106) by 

(4.107) 

uo E Wf215(!1) n W!(!1), UJ E Bg;,62(!1) n B;;)lu' (!1), 

0o E w;. (!1), p, > 3, 

b E LJ2(!1') n Lp,u'(!1'), g E Loo,J2(!1'). 

The assumptions (4.107) ensure that the quantity A(t) in (4.102) is finite. Then 
estimates (4.82), (4.86) and (4.101) imply (4.103). Let us note that pis replaced by 
p'. This completes the proof. O 

LEMMA 4.23. Assume that the data satisfy (4.107}, SE C 2 , and moreover, 

(4.108) 

Uo E W~.(!1), 

Bo E B;,~;l•o(!1), 

g E Lą,ą,(!1'), 

UJE B~;,;~i0 (!1) nB;:;,~1•0 (!1), 

b E Lp,p0 (!1') n L2ą,2ą0 (!1'), 

with any numbers p,po,ą,ąo E (l,oo) such that 

3 2 3 2 
-+-----<I. 
ą ąo P PD -

Then 

IIBllwt;;,(n•) ~ ,p(A(t), t) + c(llblll,,_,"(n•) 
(4.109) + lluol/~, (n)+ l/u,l/ 8 ,-,,oo(n) + l/gl/L,,00 (0') 

'2ą 2ą,'2ąo 

+ 1/001/ 8 :.~:'"(n)l = BJ (ą, ąo, t) 

and 

(4.110) 

where A(t) is defined by (4.102}, and t ~ T. 
We remark that, by Lemmas 3.4 and 3.5, the constant c in (4.109) and (4.110) 

depends on p, p0 , ą, ą0 and C 2-norm of the boundary S. 
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Proof In view of the Holder continuity of 0 along with its !ower and upper 
boundedness we deduce from Lemma 3.5 and Proposition 4.22 that 

(4.lll) 

IIBllw;:;0 (0') S c(IIB(A20) · ,:,,IJL,,,0 (0') + ll(A1,:,,) · e,•IIL,,,0 (0') 

+ ll9IIL,,,o(0') + IIBollB;,~:/•oco)) 

S <p(A(t), t) llet• IIL,,,0 (0') + c(ll0 ,, ł11,,,,,0 (O') 

+ IIYIIL,,.,(n') + ll0oll 8 ;:;;'"(0))' t ST. 

From (4.103) with the parameters (r,ro) = (p,a') selected in Proposition 4.22, we 
have 

(4,112) II°.-IIL.,.,(n') S <p(A(t),t), 

where (r, ro) is equal (2q, 2ąo), 
Using (4.112) in (4.111) we conclude (4,109). 

Let us consider now the imbedding 

which holds under the condition 

(4.113) ~ + 2- - i - 2- < 1 ą' 2': ą, ąÓ 2': ąo, 
q Qo q' ąó-' 

Then it fellows from (4.75) and (4.112) that 

(4.114) 

llu,,llw;:~,(0') S c(t)(ll'v0IIL,,,,(n') + llbllL,,,,(n') + lludl8 ;:;,~ro(n)) 

$ c(t)(ll'vBIIL,,,,ó (0') + llbllL,,,o(O') + llu1 IIB;:;,~l•oco)) 

S c(t)(lIBllw;:,'0 (n') + llbllL,,ro(n') + lludl 8 ;:;,~'"(0)), 

where p S q', Po S ąó, and q', ąó satisfy (4.113), Finally, we set p = q', Po= ąó, This 
establishes (4,110) and thereby completes the proof. O 

REMARK 4.24. Since u= J; u,,dt' + Uo, u, E w;:;,(nT), P,Po E (l,oo), and 

u 0 E B;~!1"0 (r!), it follows that u E w;:;,(OT) where o-0 E [l, oo). 
COROLLARY 4.25. Comparing assumptions (4,107) with p = p' and (4.108} we 

deduce that 

uo E w;215 (r!) n w;,(n) n w}.(n), 

u1 E B:f;2 (n) n B!~;!•' (n) n B;;,~t;'(n) n B;:;,~IP0 (r!). 
(4.115) 

Setting p' = 2q, a'= 2ąo, q = Qo = 6, p =Po= 12, we get 

and 

Bo E W,;. (!1) n sg;63 (!1) = sg;63 (!1) for 3 < p, < 6, 

b E L12(!1') n Lp,p,(O') n L2ą,2ą,(!1') = L12(!1'), 

g E L 00,12(!1') n Lą,ą,(!1') = Loo,12(0'). 
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Introducing the quantity 

B(t) = /luollw:,,,(n)nWl,(!l) + lluill 8 :]:,',(n) 

+ [lb[IL,,(n') + IIBoll 8 f,'(n) + IIYIIL-,,,(n'), 

we conclude in place of (4.109} and {4,110) the estimate 

(4.116) llu,llw:;'(!l') + 110llw;·'(n') :S <p(B(t)). 

5. Existence (proof of Theorem A). To prove the existence of solutions to 
problem (1.1)-(1.4) we use the following method of successive approximations: 

u~/1 - V· {A1e(u~+1)) =V· [A2e(un) - (A2a)0n) + b in nr, 

(5.1) 

c,,0n0~+l - k!',,0n+l = 
- en(A2a), e(u~) + A 1e(u~), e(u~) + g 

un+I = O 

Il· "J0n+l = Q 

un+l/t=O = Uo, uf+1lt=O = U1 

en+l lt=O = Bo 

where un, en, n EN U {O}, are treated as given. 

in f2T, 

on ST, 

on sr, 
in n, 
in n, 

Moreover, the approximation (u0 ,8°) is constructed by an extension of the initial 
data in such a way that 

(5.2) u0 1,=o = uo, u~lt=O = u1, 8°1,=o = Bo in !1, 

and 

(5.3) UO= 0, n· "J0o = 0 on ST. 

First we show that the sequence {un,en} is uniformly bounded. 
LEMMA 5.1. {Boundedness of the approximation) Assume that 

D = D(p,po,ą,ąo) = lluollw;(n) + 1łu1/1 8;~.~''•(n) + [100/1 8 :.~;'"(n) 

+ llbllL,,,,(fl') + IIYIIL,,,.(!l•) < oo, 

where P,Po,ą,qo E (l,oo) satisfy the conditions 

3 2 3 2 -+ - - - - - < 1, 
q ąo P Po 

~+~-~-2..<l. 
P Po 2q 2ąo 

Moreover, assume that Bo 2: /!. > O, r > O is sufficiently small, and n E N U {O}. Then 
there exists a constant A independent of n but depending on D, p, Po, q, ąo such that 
solutions to problem {5.1} satisfy the estimates 

llu~llw;:~0 (n•) + IIBnllw,';J0 (!1') :SA, 
(5.4) 1 

21!. :S sipen :SA 

fornENU{O}. 
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Proof Let un E w;;!,(W), en E w;,~0 (W). Then Lemma 3.4 ensures the 
existence of solutions to problem (5.l)i,3 ,5 and the estimate 

(5.5) 
llu~+1llw;:~,(W) $ c(ll'i72unllL,.,,(W) + 11v0n11L,.,o(W) 

+ llbllL,,.,(n•) + 1iudl8 ;:;,~1"(n)l' 

where constant c does not depend on T. 

With the use of the formula 

t 

un(x, t) = I uv(x, t')dt' + uo(x), 

o 

the first term on the right-hand side of (5.5) is estimated by 

t 

{5.6) 
ll'i72unilL,,.,(W) $ li I 'i72uvdt'II • + r 11"0 ll'i72uollL,(0) 

o Lp,,.o(n ) 

$ rll'i72 ufilL,.,o(W) + r'1P0 ll'i72uollL,(n), 

where in the last line the Holder inequality was used. 
The second term on the right-hand side of (5.5) is estimated with the help of the 
interpolation inequality: 

11v0n11L,,.,(W) $ ollBnllw;;;,(w) + c{l/o)IIBnllL,,.,(W) 
t 

(5.7) $ 6ll0nllw;:;,(w) + c(l/o)II / 0vdt' + Bali • 
O Lą,ąo(n ) 

$ oilB"llw;;;,(n•) + c{l/o)(rllB"llw;;;,(w) + r 11•0 IIBollL,(n)), 

where c(l/o) ~ ,5-•, a> O. The interpolation inequality in the first line holds under 
the restriction 

(5.8) 
3 2 3 2 
- + - - - - - < 1, p;::: ą, Po ;::: ąo, 
ą Qo P Po 

where the last two restrictions can be relaxed on account of the Holder inequality 

with r $ a, ro $ ao, 
Applying estimates (5.6) and (5. 7) in (5 .5) leads to 

IJu~+lllw;:~,(n•J $ c[riiu~llw;:~,(W) 

+(o+ c(l/o)r)IIB"llw;;;,(w) + Tl/Poll'i72uollL,(n) 

(5.9) + c{l/o)r11•0 11001IL,(O) + llbllL,,PQ(W) + llu1lla:~.~/PO(n)l 

$ c[r"(llu;llw;:~,(n•) + ll0"1łw;;;,(n•)) 
+ lluollw;cn) + Ilu, 11 8 ;~.~;"(n) + ll0ollL,(n) + llbllL,.,o(W)], 
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where p, Po, q, ąo satisfy (5.8) with p,q,po,ąo E (l,oo), T is sufficiently small, and 
a> O. 

By virtue of Lemma 3.3 there exists a solution to problem (5.1),,4,6, and the 
following estimate holds 

(5.10) 
IIBn+lllw'·' (W)$ <p(sup-0

1 ,sup0n)lll0n,:(u~)IIL (W) 
ą,ąo n.,. n n„ ą,ąo 

+ li le(u,)12IIL,,,0(w) + IIYIIL,,,0(W) + IIBoll 8 ;:;:1•ocn)• 

where <p is an increasing positive function of its arguments and T is sufficiently small. 
By the Holder inequality it follows from (5.10) that 

(5.11) 
110n+I llw;::.cw) $ 'P( sgp fn-, sgp 0n) IIIBnllL,,,,,0(W)llv'u~IIL,,.,,0(w) 

+ ł1Vu~IIL,.,,0 cn•) + IIYIIL,.,0(w) + IIBoll 8 ;:;:1°0cn/ 

We proceed now to estimate the norms on the right-hand side of (5.11). First we 
examine 

sup IIBnllL~(n) $ sup(óll0nll 8 ,-,;,o(n) + c(l/ó)IWIIL,(n)) 
t:$T t:$T ą,ąo 

t 

$ sup [óll0nl1 8 ,_,;,0(n) + c(l/ó)II J B;dt' + Boll ] 
t~T ą,ąo o L.,(n) 

$ sup [óll0nll 8 ,-,;,0 (n) + c(l/ó)t'fą; (!' 110;111,° (O)dt') l/ąo 
t<r '1,ąo ą 

- o 

(5.12) 

+ c(l/ó)IIBollL,(nJ] 

$ (ó + c(l/ó)r 11•;)110nllw;:;.cn•) + c(l/ó)IIBoll 8 ;,~:1,o(n)' 

where c(l/ó) ~ ó-•, a> O, 1/ąo + 1/ąó = 1. The first inequality in (5.12) expresses 
the interpolation inequality which holds for 

(5.13) 3/q < 2 - 2/ąo. 

The last inequality in (5.12) follows from the imbedding 

(5.14) 

with a constant c independent of r, which holds true for any solution of a parabolic 
equation with vanishing boundary conditions and sufficiently smooth coefficients. 

To estimate 0n from below by a positive constant we use the assumption Bo 2: 
fi.> O. Since by (5.13), 0n E W;,;0 (W) c CQ(W) with some c, E (O, 1), it follows that 

0" = 0" - Bo+ Bo 2: fi. - 10n - Boi 2: fi.- sup ll0nllc•l'(O,r)TQl2 . 
aEO 

Hence for T so small that 

(5.15) 
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we have 

(5.16) 

To estimate the first two terms in the square bracket on the right-hand 
side of (5.11) we consider the factors IIB»IIL,,,,,.(lY) and llv'ufllL,,,,.,(n•)· 
We have 

(5.17) 

110n11L,,.,,.(W) $ o-uenllw;:;.cw) + c(l/ó)ll0nllL,,,.(W) 
t 

$ óll0nllw'·' (W)+ c(l/J)II Je~dt' + eo// 
•uo o Lą,ąo(n .. ) 

$ (J + c(l/ó)r)IWllw;:;.cw) + r11 •0 ł1BollL,(n), 

where the first inequality is the interpolation inequality which holds under the condi
tion 

that is 

(5.18) 

Next, 

(5.19) 

3 2 3 2 
-+-----<2 
q Qo 2q 2qo ' 

~ + 2- < 4. 
q ąo 

llv'ufllL,,.,,.(W) $ óllurllw::~.(W) + c(l/ó)llurllL,.,.(n•) 
t 

$ óllurllw'·' (W)+ c(l/o)II J u:';,dt' + u,(o)/1 
P,Po O Lp,po(O.,) 

:;; (ó + c(l/ó)r)llurllw::~.(W) + c(l/ó)r11•0 11uillL,(n), 

where the first inequality holds under the condition 

(5.20) ~ + 2_ _ ~ - 2 < 1 P,Po,ą,qo E (l,oo). 
PPo2q2qo' 

Using (5.12), (5.16), (5.17), (5.19) and choosing appropriately oso that to get the 
factors of ll0"llw'·' (OT) and llurllw'·' (OT) proportional to T 0 with a > o, we infer 
from (5.11) that ,.,,, "'' 

110n+1 llw;;;,cn•) $ cp(r"IIB"llw;::,cn•) + cllBollB;:-;~/•ocn)'ę). [r"IIB"ll~: .. :.cw) 

(5.21) + r"llurll~::i. (W)+ IIBollt,cn) + Ilu, 111,cn) + ll9IIL,,,.(W) 

+ IIB0IIB;:-;~1"(n)l 

for q,qo,P,Po E (l,oo), restricted by (5.13) and (5.20) ((5.18) is inactive). 
Let us denote 

(5.22) 
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and 

(5.23) 
D = lluo/lw;(n) + llui/1 8 ~:;.~'"(n) + ll0oll 8 ;:;;'"(n) + llbllL,,,,(W) 

+ llgllL,,,,(W)· 

Then inequalities (5.9) and (5.21) give 

(5.24) 

and 

(5.25) 

wherep,po,ą,ąo E (l,oo) satisfy (5.8), (5.13) and (5.20), a> O, T issufficientlysmall, 
and c does not dep end on T. 

It follows from (5.24) and (5.25) that 

(5.26) 
Xn+1(r) :'Ó cp(r" Xn(r), D)[r" Xn(r) + (r"Xn(r)) 2 + D + D2] 

for n E N U {O}, 

where 

Xo(r) = llufllw;:~.(WJ + ll0°llw;;J0 cn•J• 

and P,Po,ą,ąo E (1,oo) satisfy (5.8), (5.13) and (5.20). 
Regarding the fact that <p stands for a generic, positive, increasing function of its 
arguments, (5.26) can be expressed in the following simpler form 

(5.27) Xn+1(r) :<ó ,p(r"Xn(r),D) for n E J\!U {O}. 

For r sufficiently small there exists a positive constant A such that 

(5.28) Xo(r) :<ó A and cp(r"A,D) :<ó A. 

Then (5.27) implies that 

Xn(r) s; A for any n EN. 

This establishes (5.4}i. Moreover, in view of (5.15) and the imbedding W,;',l0 (W) C 
ca(S1'), the bounds (5.4)2 hold. Thereby the proof is completed. O 

To show the convergence of the sequence { u", 0"} we introduce the differences 

(5.29) 

which are solutions to the following problems: 

(5.30) 

and 

U~/ 1 - V· (A1o(U~+1)) =V· (A 2o(Un)) - V· (A2a'9") in nr, 
un+I = Q 

un+I lt=O = o, u;+I lt=O = o 

Cv0",9;+1 - kfl,9n+I = -cv'9"0f - 0"(A2a) · o(u;) 

on sr, 

in n, 

-,9"(A2a) · o(u;-1 ) + A1o(Un · o(u~) + A1o(u~- 1) · o(U~) in nT, 
(S.Jl) ii. V,9" = O on ST, 

,9n+llt=O = o in n, 
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e:(u- 1) = O, e:(u, 1 ) = O, 0- 1 = O, 

e:(U0 ) = e:(uo), e:(U~) = e:(u,), i?0 = 0o. 

Let us introduce the quantity 

(5.32) 

where p, Po, q, iio E (1, oo). 
LEMMA 5.2. (Convergence of the approximation) Let the assumptions of Lemma 

5.1 hold. Moreover, let the numbers p,p0 ,q,q0 E (!,oo) satisfy the following condi
tions: 

q = 2q, ąo = 2ąo, 

3 2 3 2 
-= +-=-- - -= - -=-- < 1, 
ą ąo P Po 
3 2 3 2 
fi+ fio - ~ - 2ąo < 1' 

3 2 3 2 
-+-----<l. 
P Po 2q 2ąo 

Then there exists a positive constant d which depends on A, D, f!., p, Po, q, 
ąo, p, Po such that 

(5.33) 

where n E N U {O}, a> O, and 

Y0 = llu0 11w;:~.(W) + ll0°llw;::0 (w)· 

Proof By Lemma 3.4 the solutions to problem (5.30) satisfy the estimate 

(5.34) 

where c1 does not depend on T. 

The first term on the right-hand side of (5.34) is estimated by 

t 

11v2un11L,.,.(W) = li J v'2 U~dt'II s cr11u;11w'·' (0')' 
O L;,-,;,o(n.-) fl,fio 

and the second one by 

llv'i?nllL,.,,0 (0') S ólWllw;_-;0 (W) + c(l/J)IWIIL,.,0 (W) 

S (ó + c(l/ó)r)IWllw;::,cn•)• 

where c(l/6) = ,5-•, a > O, and the interpolation inequality in the first line holds 
under the restriction 

(5.35) ~ +.;.. - ~ - .;.. < l, j5,j5o,ii,iio E (l,oo). 
q ąo P Po 
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(5.36) 
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11u~+1 llw;:~,(W) S cr"(IIU~llw;:~,(w) + lli?nllw:,-;,cwJ) 
S cr"Yn(r). 

For the solutions to problem (5.31) we have 

11,1n+Illw'·' (W) s <p(sup0n,sup -0:) [1w0~11L,., (W) 
4,4o 0 ... 0 „ o 

(5.37) + 110n1vu~1 IIL,.,,(w)IWl'vu~-ll llL,.,,(n•) 

+ li lv'U~l l'vu~I IIL,.,,(W) + li l'vU~l l'vu~-ll lk,.,0 (wJ]· 

By virtue of Lemma 5.1 the arguments of the function <p are estimated by A and fl./2. 
The successive terms under the square bracket on the right-hand side of (5.37) are 
estimated as follows. 

The first term by 

This estimate follows on account of (5.4)i and similar arguments as in (5. 7) under the 
restrictions 

(5.38) 
q = 2ij, ąo = 2ijo, and 

~+2--~-~<2 
ij iio 2ij 2iio ' 

3 2 
SO -+- <2. 

2ą 2iio 

The second term is estimated by 

110n11L,,,.,,,,(n•)ilv'U~IIL,,,,,,(W) s 110n11L,,.,(W) 'r"IIU~llw;::,cn•) 

S ,p(A)r"IIU~llw;:),(W)• 

where we assumed that 

(5.39) 
3 2 3 2 
-+-----<!. 
P Po 2ij 2ijo 

The third term is estimated by 

lli?nllL,.,,.,(W) ll'vu~-I IIL,,,,.,(W) S ,p(A)r"lli?nllw;;J,(n•)• 

where we assumed (5.38) and applied (5.4) under the condition 

(5.40) 
3 2 3 2 
-+-----<!. 
p Po 2ij 2ijo 

In view of (5.39) and (5.40) the fourth term is estimated by 

A similar estimate holds for the last fifth term. 
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Using the above estimates in {5.37) yields 

{5.41) 

Prom (5.36) and {5.41) we conclude {5.33). The proof is complete. O 
Lemmas 5.1 and 5.2 imply the existence of a loca! solution. 
LEMMA 5.3. (Loca! existence) 

Assume that u 0 E w;(n), u 1 E B;:;;/P,(fl), 00 E B; .• ;'"'(fl), 
b E Lp,p0 (l1r), g E Lą,ą,(flr), 00 ;::: Il.> 0. > O, where 0. is given by (4,2), and 
P,Po,ą,ąo E (l,oo) satisfy 

3 2 3 2 -+ - - - - - < 1, 
(5.42) ą ąo P Po 

~+2.-~_.2_<1 
PPo2ą2ąo' 

~ + 2. < 2, 
P Po 

~ + 2. < 2. 
q ąo 

Then for r sufficiently small there exists a solution to problem {1.1}-(1.4} such that 

u, e w;:!,(W), 0 e wi.;,(w), u e C([D,r]; w;(n)), 

and 

(5.43) 

where 

(5.44) 

llu,llw;:\,(!JT) + ll0llw;;;,(w) + llullc(fo,rJ;W~(n)) 
~ <p(D,0.,P,Po,ą,ąo), 

D =D(p,po,ą,ąo,r) = lluollw;(n) + 1łu1IIB;:;,!''°(<'l) 

+ 11 6ollB;~:/•o(n) + flbllLp,p0 (<'l') + llglJL,,,0 (!1T)· 

Proof To satisfy the assumptions of Lemmas 5.1 and 5.2 we choose q = 2q, 
ą0 = 2q0 and j + f, ;::: ~ + f.. Moreover, the assumptions of Lemma 5.1 imply that 

¾ +?, < 4, ~ + f. < 2, and Lemma 5.2 gives ¾ +?, < 2, j + f, < I. Hence, we choose 
~ + f. < 2, j + fo < 1, ¾ +?, < 2. Then the sequence (uf,0n), n EN, of solutions 
to the approximate problem (5.1) is for sufficiently small r uniformly bounded in the 
space w;:!0 (W) x Wf:i,(W) and convergent in w;:},(nr) x Wi.'l,(W). 
Hence, by virtue of the well known result (see the proof of Lemma 2. 1 from [15, Ch. 
21) we conclude that the limit 

(u,= J_i_.11!, u~ ,0 = J_i_.11!, 0n) E w;:!,(W) x w;),(W) 

and satisfies problem (1.1)-(1.4). O 
REMARK 5.4. Under the assumptions 

u e C([o,T);w;(n)), 

8 E C([O, T); B~,;:l•0 (S1)) , 

g E Lą,ąo (fl x (t, t + r)), 

Ut E C([O, T); B;:;;IP,(fl)), 

b E Lp,p,(fl x (t, t + r)), 
0(t);::: B. > O, t E [O,T), 

with p,p0 , q, q0 satisfying (5.42}, the assertion of Lemma 5.3 holds true for the interval 
[t, t + r), where r is a sufficiently small number depending on the data. 
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LEMMA 5.5. {Global existence) Assume that 

Uo E W;(fl), UJ E B;:;;/ro(fl), 0o E B~;~/ao(rJ), 

g E La,a,(flT) nL00,r0 (rJT), b E Lr,r0 (flT), 

with r ~ max{l2,p}, ro~ max{l2,po}, a~ max{6,ą}, rro ~ max{6,ąo}, where 
(p,p0 ) and (q, ąo) satisfy {5.42). Then there exists a solution to problem {l.J)-(1.4) 
such that 

u, E w;),(nr), 0 E w.;;,!, (nr), u E C(IO, TJ; w;(n)), 

satisfying the estimate 

(5.45) 
llu,llw;},(nT) + llu[[c([o,TJ,w;(n)) + [[0llw:;!,(nT) 

Ś ip(D(r, ro, u, ao, T), a., rl ro, 0'1 O"o, T), 

where D(r, ro, a, <Io, T) is defined by {5.44) and cp is a generic Junction. 
Proof To extend the loca! solution from Lemma 5.3 step by step we choose 

parameters P,Po,ą,ąo in sucha way to satisfy simultaneously the restriction (4.115) 
required by a priori estimate ( 4.116) and the assumptions of Lemma 5.3. Then, in 
accord with (4.115) we assume that 

(5.46) 

lluollw;,,,(n)nW;(n) $ clluollw;(n) 

for r ~max{~•+ 

l[ui[f B;:;,~'"' (n)nB:)::,(n) $ c[[ui[[B;,-;.;1·• (n) 

for r ~ max{12,p}, r0 ~ max{12,po}, 

11 90 li B:;;;!'" (n)nB!:; (n) $ c[[ 9o li B!:;,:,'•• en) 

for a~ max{6,ą}, rro ~ max{6,ąo}-

For rand" specified in (5.46), the conditions (5.42) are satisfied, because ~ + f,- $ f, 
and¾+!,$¾-

Let t E [O, TJ. By (4.116) in Corollary 4.25 and by the direct trace theorem we 
have 

(5.47) 

Moreover, 

(5.48) 

llu,(t)[IB;;-;;'"•(n) + ll0(t)11B!:;,:,'"(n) 

$ cp(D, 0„ r, ro, a, rro, T). 

t 

[[u(t)llw;(n) $ j llu,,(t')llw;cn)dt' + lluo[lw;(n) 
o 

T 1/ro 

$Tl-I/ro(! [[u,,(t')llw;(n)dt') + [luollw;(n) 
o 

$ r•-J/rollut[lw;;:,(nT) + lluollw;(n) 

$ cp(Do, 0„ r, ro, a, <Io, T) 
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for any t E [O, TJ. Let NE J\I be given so large that N";_, Sr, where r is determined by 
Remark 5.4 and Lemma 5.3. Using (5.47), (5.48) fort= kr and taking into account 
that 

SUp llbllLrro(!lx(kT,(k+l)T)) S llbllL„0 (!lT), 
0$k$N ' ' 

sup ll9IIL.,,0 (!lx(kT,(k+l)T))nL~,ro(!lx(kT,{k+l)T)) 
0$k$N 

S ll9IIL,,,0 {!l')nL~.r,(flT), 

it follows from Remark 5.4 that there exists a solution (u, 0) on the interval [kr, (k + 
l)r], O S k S N, where r does not depend on k. 
This implies the existence of the solution of problem (1.1)-(1.4) on the whole interval 
[O, Tj, which ends the proof. O 

Choosing r = ro = 12, u = uo = 6 in Lemma 5.5 and recalling Lemma 4.1 we 
complete the proof of Theorem A. 

6. Uniqueness (Proof of Theorem B). Assume that we have two solutions 
(u,,0,), (u2,82) to problem (1.1)-(1.4). Introducing the differences 

(6.1) 

we see that they satisfy the problem 

(6.2) 

(6.3) 

(6.4) 

(6.5) 

Utt - 'il· [A,E, + A2(E - ,?o)] = O, 

cv(0,'9, + '90u) - k/:,,,9 = -['9(A20<) · €1t + 82(A20<) · E,] 

+ A,E, · e1t + A1e2t · E, in nr, 

Ulsr = O, n· 'i1'9lsr = O on sr, 

Ult=O = o, U,lt=O = o, '9lt=O = o in n. 

Multiplying (6.2) by U,, integrating over n and integrating by parts we obtain 

~~ (J Uzdx + j(A2E) · Edx) + J A,E, · E,dx = j(A2'90<) · E,dx. 
n n n n 

In view of (1.10) this implies 

~~ (J U;dx + j(A2E) · Edx) + a„ j IE,1 2dx S j(A,'9a) · E,dx 
n n n n 

which, after applying the Holder and the Young inequalities to the right hand side, 
yields 

(6.6) ~~fru;+ (A,E) · E)dx + ~a,, J IE,l 2dx Sc, J ,92dx . 
n n n 
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Further, multiplying (6.3) by iJ, integrating over n, integrating by parts and using 
the boundary conditions implies 

1/ ( 8 2 2 /1 2 2 Cu 02 81iJ + 0uiJ )dx + k 'viJI dx 

n n 

:::; c2 j(iJ2 łe1tl + 02IE,I liJl)dx. 
n 

Continuing, we have 

~fi j eu02iJ2dx + k j l'Nl2dx:::; c3 j(l0ul + l02tl)iJ2dx 

(6.7) 
n n n 

+ c2 /(112 łe1tl + 02IE,I liJl)dx. 
n 

F\·om (6. 7) we get 

~fi j eu02iJ2dx + klliJlli,cn):::; e:,lliJlli.cn) 
n 

(6.8) + c(l/e:,)(ll01ti1Lcn> + ll02dlLcn))lliJIILcn> 
+ e:2lliJll1,,cn) + c(l/e:2)ll 0 1dlLcn)lliJIILcn) 
+ eJIIEtllLcn) + c(l/,:3)1102IILcn>li"IILcnJ + kliiJIILcn)· 

Adding (6.6) and (6.8), assuming that ,:1 , ,:2 , ,:3 are sufficiently small we obtain 

(6.9) 

fi j(U; + (A2E) · E+eu02iJ2)dx+ ~a„ f 1E,12dx 

n n 

+ klliJlli,cnJ S c(c, + ll01tllL,ni + ll02tł1Ł,cn) + ll 0 1dlL,ni 
+ ll02IIL,ni + k)lliJIILcn)· 

By virtue of ( 4.2) it holds 

02? 0. > o. 

Thus, introducing 

X(t) = j(u; + (A2E) · E + eu02iJ 2)dx, 
n 

A(t) = c, + k + 110u11L,n) + ll02dll,(n) + ll 0 1dli,cn) + ll02IIL,n)• 
we conclude from (6.9) the inequality 

(6.10) fix $ AX for t E (O,T). 

t 

(6.11) X(t) $ X(O)exp (! A(t')dt')· 
o 
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Since X(O) = O and, by the assumption (1.17), J; A(t')dt' < oo, it follows that 
X(t) = O fort E (O, T). This proves the uniquenes of the solution. 
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