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AUSTHACT. An initial-boundary-value problem for a class of sixth order vbcous 
Cahn-Hilliard type cąnation::; with a nonlincn.r <liff11sio11 is considcrcd. The 
study i:s motivatcd by pha5e-field modelling of va.rious spa.tiul structurcs, for 
example arising in oil-water-surfoctant mixtures and in modelling of crystal 
growth on atomie length, known as pha.se field crystal model. For ~mch problem 
we provc the exi.stcucc and uniqueness of a global in time rcgular solution. First 
the finite-time existeuce is provc<l by means of the Lerny-Schauder fixed point 
theorem. Then, <lue to suitable estimatc.s, the finite-time solution is extended 
~tcp by :;tep on the infinite time interval. 

l. lntroduction. 

1. 1. Motivation and ailn. In recent literature one can observe a remarka.ble in­
terest in higher order phase field models of the Cahn-Hilliard and Landau-Ginzburg 
(Allen-Cahn) types for microstructure evolution, see e.g. [8, 21] for overviews and 
up-to-clate references. 

In this article we are concerned with an initial-boundary-value problem for a class 
of sixth order Ca.hn-Hilliard t.ype equations with a uonlinear diff1rnion and viscous 
effccts. For such problem we provc the cxistence and uniqucness of a global in time 
regular solution. 

The study is lllotivated by two physical problerns described by second order free 
energies of the Landau-Ginzburg type: the n1odel of microstructure evolution in 
oil-water-surfactant lllixtures aud the so-called phnse field crystal (PFC) ato111istic 
model of crystal growth, proposed by Ekler et al. [6, 7, 1, 2]. 

2000 Mathe.111at-ic;.<; Subjcct Cltusification. Pri1nary: 35K60; Scco11dary: 35Q72, 35L205. 
l<cy wm·ds and 1,hmscs. Sixth order viscous Cahn-Hilliard type eąuation,cxistence of global 

rngular solutions, oil-water-surfactant rnixtures. 
Pmtially supported by Poli.sh Grant NN 201 39G 937. 
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The second order Landau-Ginzbnrg free energy for oil-watcr-snrfactant mixtures 
has becn proposcd in a series of papcrs by Gomppcr et al. [9, 10, 11]. A corre­
sponding sixt.h order equation, extending the classical fourth order Cahn-Hilliard 
equation, has been recently studied in [18]. The existence and uniqueness of a reg-
11lar solution on an arbitrary finite time interval have been proved there, provided 
given sufficiently smooth initial datum. Here we incorporate viscous effects associ­
ated with the rat.es of the order parameter and its spatial gradients into the sixth 
order model. Such effects - typical for soft-mat.ter systems - may be relevant for 
the description of oil-water-surfa.ctant. mixtures. Thanks to the viscous structure 
of the model we a.re able to prove the global in time existence of regular solutions 
under a weaker assumption on the initial datum than that postulated in [18]. The 
key tool in the proof is an absorbing typc estimate. Such estimat,c allows not only 
to cxtend the finite-timc solut.im, step by step on the inifinite time int,erval but also 
to conclude the existence of an absorbing set. The long-time analysis of solutions 
is postponed for a future work . 

We rnention that a fourth order Cahn-Hilliard system (governed by a first order 
gradient free energy) with a simila.r viscous structure and additional cross-coupling 
terms has been derived and studied in [5] {for details see Section 2). 

1.2. Problem statement. Lct n c JR3 be a bounded domain with a smooth 
boun<lary S, and T > O be a finał time. We consider the following system of 
Cahn-Hilliard type for the order pararneter x and the chernical potentia] µ: 

{1.1) 

{1.2) 

Xt - M 6µ = O in nr := n x {O, T), 

with the initial condition 

(1.3) xl,-o = xo in n, 
and the boundary conditions 

{1.4) 

{1.5) 

{1.6) 

n· 'vx = O on ST := S x (0, T), 

n-'v6x=O on sr, 

where M, x2, /3, "f are positive constants, Jo = fo(x), x 1 = x 1 (x) are given functions 
specified below, n is the unit outwa.r<l vector norma] to S, x, = ax/at, f.x = df /dx, 
the dot, ·, rneans the scalar product, 'v · stands for the spatial divergence, vectors 
and tensors are denoted by bold letters and the surnmation convention is used. 

The constants M, x 2 , /3, 'Y denote the mobility, the second gradient energy 
coeffi.cient, and the two viscosity coefficients respectively. Later on, for simplicity, 
we set M = l. 
The funct.ion fo(x) <lenotes the mult.iwell volumetric free energy density and x 1 (x) 
is the first gradient energy coefficient which may be of arbitrary sign. We shall 
,1,;;snme the polynomial forrns of fo and x 1 which comprise the oil-wa.ter-surfa.ctant 
model and the PFC model as the particular ca.ses (sec Scct. 1.5): 

2k 

{1.7) fo(x) = L a.,x; with a; E R n.2k > O, k > l, 
i=O 



and 

(1.8) 
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Ol 

><1 (x) = ~ b;:,:; with b; E IR, b21 > O, l > l. 
i=O 

The assurnption that the leading coefficicnts a2k and b21 are positive is rnotivatecl 
by physical examples. 

As in the standard fourth order Cahn-1-Iilliard problem the bounclary conditions 
(1.4) and (1.5) arise in a natura! way from the free energy potentia! (see (1.18) 
below) whereas (1.G) represents the mass isolation at the bounclary S. Other types 
of boundary conditions are also possible. In particular, it is relevant (and mathe­
matically simpler) to consicler perioclic boundary conditions. 

System (1.1)-(1.6) with !vf = 1 can be equivalently expressed as the follow­
ing initial-boundary-valuc problem for the :,;ixth order visc01.1s Cahn-Hilliarcl typt~ 
equation: 

(1.9) 

(1.10) 

(1.11) 

(1.12) 

(1.13) 

Xlt=O = xo in n, 

n· v'x = 0 Oli ST 

n·v'6.:,:=0 on sr, 

in nr, 

x2n · v'6.2 x =n· v'(:}x1.,lv'x1 2) Oli sr. 
vVe note t.hat the coefficient x 1 (x) gives rise to t he nonlinear bounclary conclition 
(1.13) . 

1.3. Main result. 

Theorem 1.1. (Global e:i:istence and uniqu.eness} Lct us ass-urne that n C IR3 is a. 
bounded doma·in with boundary S of da.,s C6 , T > O is a given nu.ml,cr, f,mctions fn 
and x 1 are defined by (1. 7), {1.8), a.nd the -initial dat-urn xo is such that xo E H 5 (fl) 
with the spat'ial mean 

f xod:c = ,~, I xod:c =: x .. ., 1n1 = u1eas n, 
1l !l 

and satisfics the compat-ibility conditions 

(1.14) n · v'xo = O, n · v' 6.xo = O on S. 

Then problem {1.9)-(1 .13} {equivalent to /1.1)--(1.6)) has a unique 9/obal in tim.e 
solution s-uch that 

(1.15) 

XE L2(IR+; H 6 (fl)) n H 1 (1R+; H''(n)), 

Xlt=O = Xo, and f x(t)d:c = Xm for all t E IR+ := (O, oo), 

n 
:;alisfying the energy esfrm.ate 

(1.10) 

with a constant c1 = cp(llxollH'(!lJ, lxmll• 
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Moreovcr, thern e.r.ists a positive constant A. dą1cnding on the data and T but 
ir1.dcpend1m.t of k E No= N U {O}, .mch that 

(1.17) llxliL,<kr.(k+1)T;H'tn)J + llxll H• (kT,(H1)r;H' tn)J :S rp(A., c,, T), 

where rp is a positive, inc1·eas-ing Junction of its arguments. 

Remark 1. Our main goal behind this result was to investigate the influence of 
viscous effect.s 011 the regula.rity of solutions. In the case of a.bsent viscous terms 
(.B = 1 = O) the regularity question has been previously addressed in [18]. 

Of courne, it is not necessary to restrict the analysis to regular solutions. The 
weak solvability of systems similar to (1.1)-(1.G) was studied in [5] and [20]. It. 
seems to be possible to ada.pt the Galerkin a.pproxirna.tion approach of [5] to system 
(1.1)-(1.G) and its mare generał version (2.7) (see Section 2) to prove the existcncc 
of a wcak solution for the initi,il datum in the energy class. This q11cstion is left for 
a future study. 

1.4. Variational structure. System (1.1)-(1.2) is associated with the following 
two gradient type potentials: the free energy 

(1.18) 

and the dissipation potentia! 

(1.19) 

In terms of thesc potentials (1.1) and (1.2) reacl as 

DV nr, Xt -'v · -- = O in 
(1.20) 

D'v11 
,\f oV ,,=-+- in nT, 
Jx óx, 

where óf /15x (resp. óV/óx,) denat.es the first wuiation defined by the condition 
that 

,~ / J(x + >-(, 'vx + >- 'v(, 'v2x + >- 'v2()dxl.,_=0 =: / ~~ (dx 
n n 

must hold for all test functions ( E C/f"(D). 
In fact, for f and V delinecl by (1.18), (1.19) we have 

óf 1 2 2 
óx = fo.x + 2'''1 ,xl'vxl - 'v · (><1 'vx) + r.2ll. X, 

óV 8V 
óx, = .Bx,. - ,t.y,, a'vµ = M'v1,, 

which lead to (1.1), (1.2). 
Frorn (1.20) one can irnrnediately deduce the energy equality. Formally, testing 

(l.20)i byµ, (1.20), by - y,, adding the obtained relations, integrating over D and 
integrating by parts using the no-flux bouncla.ry conclitions (1.4)-(1.G) one arrives 
at 

(1.21) ~ / J(x, 'vx, 'v 2x)clx + j adx = o, 
n n 
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wherc the quantity 

av av av 
a= Dx, >.., -ł- Dv'x., · v'x, + Dv'µ · v'11 = r,xz + -r!v'x,1 2 + M:v"1r l2 ?: O 

denotes the dissipation density. 

1.5. Model examples. Gompper et al. [9, 10, 11] lmve proposed a phcnornenolog­
ical Landau-Ginzburg theory for oil-water-surfactant rnixtures. This theory is based 
on the free energy (1.18) with constant x2 > O and functions /o, x1 approximated , 
respectively, by a sixth and a second order polyuornials: 

(1.22) fo(x) = (x + 1)2 (x2 + ho)(x- 1)2, x1(x) = 9o + .92X.2 , 

where ho, 901 92 are constants, 92 > O and ho, yo are of arbitrary sign. Here the 
order parameter x represents the loca! difference of the oil and water concentrations. 

Elder et al. [6, 7, l, 2] have proposed the so-called phase field crystal (PFC) 
model t.o dcscribe the phcnomenon of crystal growth on atomie length and diffusive 
time scales. The model is based on the free energy of the following form (known as 
the Brazovskii or the Swift-Hohcnberg one, sec [8]) 

2 •l 

(1.23) /PFc = /ppc(x, v'2x., v''xl = -a:~ + T + f (1 + ei.)2x_, 

whcrc x is an order pararnetcr COlTt)sponding to atomie rnass density, a:= a(Bc -0) , 
a > O is the pararneter of the system perioclicity, 0,, - 0 is the quench depth repre­
senting the control parameter with critical te1nperature llc and actual te1nperature 
0. 

With neglected gaussian random noise variable the PFC model is a conserved 
version of the simplest form of the Swift-Hohenberg equation: 

(1.24) - Ó. ÓfPFC - 0 
Xt ÓX - ' 

where 
J/PFC a 2 
- 8- ' = (1 - a:h + x + 2ei.x + ei. x­

x 
Lct us uote that the following second orcler free energy clensity 

(1.25) 
., 2 1 2 

f = f(x, v'x, v'~x.) = fo(x) - lv'x.l + 21Ci.xl 

with 
x2 x• 

fo(x) = (1 - a:)~+~ · 

which is a special case of (1.18) with x 1 = -2 and x2 = l, has the same first 
variation as (1.23), J/ /óx = ó/pFc/Jx, Whence the PFC model may be considered 
as a particular nonviscous (!, = 7 = O) variaut of equation (1.9) 1. 

1.6. Relation to other results. System (1.1)-(1.6) with /J = 1 = O ancl the 
Gmnppcr et al. free energy (1.18), (1.22) has heen studied in [18). In amore generał 
setting admitting the loga.rithmic type free energy fo and viscosity coefficients ')' =O. 
r,?: O, system (1.1)-(1.6) has been recently acldressecl in [20) from the point of view 
of the existence of wea.k solutious. The behaviour of weak solutions in the ca.::;e 
w hen x 2 is !et ten cl to O has been st udiecl there as well. 

We mention also a sixth order Cahn-Hilliarcl type equation in two space dimen­
sions which arises as a model for the faceting of a growing crystalline surface. clerivecl 
by Savina et al. [19). The model is based on a free energy of the form (1.25) with 
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Jo = fo(x,,, x11 ) whcre x = x(1:, y, t) describes the surface, (x, y) E JR2 . The model 
differs from {1.1)-(1.2) with /J = 1 =Oby the prescnce of a force-like term l'i7xl 2 

which is duc to the deposition ratc and causes that X is not a conserved qunntity. 
Such a model has bee11 recently studied rnathernatically in [13, 14). 

1.7. Plan of the paper. In Section 2 a therrnodynamic background of system 
{1.1)- (1.2) is outlined. A mare generał formulation of a therrnodynarnically consis­
tent sixth order system with a conserved order parameter is presented. In Section 3 
notation and some auxiliary results are introduced. In Section 4 suitable a pri­
ori estin1ates are derived. They comprise energy estimates, finite-time estin1ates 
depencling on T, and aclditional global estimates. In Section 5 the proof of the 
existence of solutions is presented. It is based on the Leray-Schauder fixecl point 
thcorcm and the global a priori estirnate which allows to ext.end the unique finit,c­
timc solution step by step on the infinite tin1e interval. 

2. Thermodynamic background. 

2.1. Sketch of derivation. A generał form of a thermodynarnically consistent 
system governed by a second order gradient free energy, including {1.1)- (1.2) as a 
particular case, can be derived by employing the second law of thermodynarnics in 
the form of the Miiller-Liu entropy inequality with multipliers [16, 15]. 
The application of this approach in the case of gradient type systems requires a 
special proceclure which has been described in [17] for the Cahn-Hilliard and Allen­
Cahn equations accounting for elastic effects. Here we briefly sketch the procedure 
leading to moclels with a second order free energy. The details of the derivation will 
be presentecl elsewhere. 

We consicler a balance law (loca! form) for the order pararneter x: 

(2.1) x,+'v-j=O in nr, 
wherc j is the ma.ss flux. We assume that j is givcn by the constit,utive equation 
j = j(Y) with the set of constitutive variables 

Y = (x, 'i7x, ... , 'i7'x,x,, 'i7x,) 

accounting for inhomogcncous and viscous cffect.s 1 expres.sed by the spa.ce n.nd tinie­
space derivatives, respectively. As explaincd in [17], in order to adrnit the free 
energy depending on 'vmX, m EN, the set of constitutive variables has to include 
9m- 1x,. Since our goal is to construct a model with the free energy depending at 
most on 9 2 x we have to adrnit 'v"Xt as a constitutive variable. 

Next we postulate the free energy inequality with a multiplier 

{2.2) J, + 'i7 · cJ.> + .X{x, + 'i7 · j) :<; o 

to be satisfied for all fields X· Here f = ](Y) is the free energy, cJ.> = <I>(Y) is 
the free energy flux, and A = .>.(Y) is the multiplier conjugated with the balance 
equation (2.1). By algebraic operations the evaluation of {2.2) leads to a number 
of relations for J, <l.> and A as well as to a residua! inequality. 

The key point of the procedure is the postulate that the multiplier A is an ad­
ditional independent variable. This postulate originates from extended thermody­
namic's idea of treating the Lagrange rnultipliers as privileged fields. Then, regarcl­
ing the obtnined algebraic relations we arrive at an extended system of equations 
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with X and 11, = -,..\ a.c, independent variables, und with the constitutivc rclatiou for 
the free energy restricted to f = i(x, Vx, V'x)- This syst.crn has the form: 

x, + V -j = O in nr, 
(2.3) óf o Al in [łT µ=-+A -v'· 

óx 
where 

of =i· -v-J" +v2.'"' (V2·=V-V-J, ÓX ,X , X ·, X 

and the variable µ is identified with the chemical potentia!. 

The quantities, the scalar A0 = A.0 (Z) and the vcctors A 1 

with the constitutive set Z given by 

- 1 -
= A (Z), j = j(Z), 

z:= (X; w), x := (x,, Vx,., V1,), w:= (x , Vx, ... , v ·'x, µ), 

are detennined as solutions to the residua! dissipation inequality 

(2.4) a:= x,.A0 + v'x,. · A 1 - Vµ -j 2': O 

to be satisfied for all variables Z. 
Incquality (2.4) reprcsents the standard thermodynan1ic inequality 

a= X· J(X;w) 2': O for all (X;w), 

where J = (A", A 1 , -j) is the thennodynamic flux, and the sets X and w correspond 
to thermodynamic force and state variables, respectively. Moreover, a = cr(X; w) 
represents the clissipation scalar. 

Inequality (2.4) can be solved by applying the Edelen decomposition theore111 
[4] which asserts that there exists a dissipation potentia! V = D(X;w) which is 
nonnegative, convex in X and achieves its absolute mininnnn of zero at ~Y = 0 1 

such that 

a= X· V,x(X;w) 2': O for all (X;w). 

Ao = oV, 
ax, A'= {)V' 

ovx, 

. {)V 

-1 = 8v'1,' 

so that (2.3) lcads to system (1.20). 

2.2. Alternative representation. To solve the residua! inequality (2.4) we eau 
apply insteud of Edelen 's theorem the linear map representation result <lue to Gurtiu 
[12]. Theu we arrive at an alternative forrnulation of the 111odel with the second 
order free energy f = i(x., Vx, V 2x). It has the fonu of system (2.3), where the 

quautities A0 = A.°(X;w) and A 1 = A'(X;w), j = .1(X;w) are giveu by 

(2.5) 

A0 = f3x, +a· Vx, +b· Vµ, 

A 1 =cx,+Av'x,+BV1,. 

-j = dx, + Cv'x, + Dv'/t. 

Here the constitutive moduli (3 (a scalar), a, b, c ancl d (four vectors), and A, B, 
C and D (four matrices) may clepend on the variables (X,w) and are consistent. 
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with the incqnality 

[ 'v~,] . [! a; ~] ['v~,] ~ o 
'vp. d C D 'vp 

(2.6) 

for all variables (X; w). Inserting (2.5) into (2.3) yields the system 

Xt - 'v. (dx, + C'vxtl = 'v. (D'vp), 

(2 .7) µ-b· 'v;i+ 'v · (B'v;,) = f3x, +a• 'vx, -'v · (ext) 

- 'v · (A'vxt) + f.x - 'v · f.vx + 'v2 · f.v'x 

with the moduli satisfying (2.6). 
Equations (1.1)-(1.2) result from (2.7) by setting a= b = c = d = O, C = B = O 

and A = -yl. D = fvf I where I is the identity matrix. 
It is of interest to note that system (2. 7) with the restriction to the first order 

gradient free energy, f = i(x, 'vx), has been derived by Efendiev and Miranville [5, 
eq. (2.10), (2 .11)) in the framework of the Fried-Gurtin theory based on a microforce 
balance. We remark also that in the case of a second order gradient free energy the 
model formulated in [5) has a different, mare complicated structure than (2.7). 

3. Notation and auxiliary results . 

3.1. Notation. Let n C !Rn be an open bounded subset of IR", n ~ 1, with a 
smooth boundary S, and nr= n x (O, T). We introduce: 

Wf (n) = Hk(n), I.: E N U {O} 

- the Sobolev space on n cndowcd with the standard norm li· IIH'(fl); 
H 0(n) = L2(n); 

w,}1·1(!1r) = Lp(O, T; w~"(n)) n Wi(O, T; L,,(n)), k, /EN, Jl E [l, oo) 

- the Sobolev space on nr with the finite norm 

llnllw,'.'·'(flT) = ( L j ID~Btul"cb:dt) 
11

"; 
lnl+kn::Skłnr 

w;'•'(l1r) = L,,(O, T; w;'(l1)) n w;(o, T; L,,(n)), k EN, s E IR+, 1' E [l, oo) 

- the Sobolev-Slobodecki space on nr with the finite norm 

llnllw,:•··(n,.) = ( L / ID;BtuJ"dxdt 
l<>l+ka$[kslnr 

r '°' jjj ID~u(x, t) - D~,u(x', t)I" cb:dx'dt 
+ ~ lx_ x'in+p(ks-[ks]) 

l<>l=[k.•l o n n 
r r J J J 1a)8l11.(x, t) - D)71u(x, t')IP dtdt' dx) 1/p 

+ lt - t'll+p(s-Jsl) , 
fl o o 

where [s) is the integer part of s. 
By c we clenote a generic positive constant which changes its value from formula 

to formula and clepends at most on imbedding constants, constants of the problem 
and the regularity of the boundary. 



ON A CLASS OP STX'T'H ORDER VISCOUS CAHN-HTLLIARD TYPE RQVATIONS 

By <p = cp(a1 , ... 1 ak), k E N, we denotc a generic function which i.s a. positive, 
incrcasing function of its argurncnts a 1 , ... , ak, and rnay change frorn formula to 
fonnula. l\!Iorcover, E will denotc an arbitrarily small posit.ive constant. 

3.2. Imbeddings in Sobolev-Slobodecki spaces. Following [22, 2:3) we intro­
duce the fractional derivative nonns. For I' E (O, l) and p E [l, oo) !et 

(J
TJJlu(:c,t)-u(x',t)I" , )l/,, . 

[11.J,,,,,,11",.,, = Io:_ :i:'i"+PI' dxd:1: dt = IIDfnllL,,(lJ"'), 
O 11 11 

lu(x, t) - u(x', t)I . , 
[u),,,oo,lF' ," = sup sup I . ..,

1
, = IID;,ullL~(ll'"), 

1-E(0,T) :1.:,:1i'Ef2 X - ,t; I 

and 

T T 1/ 
[) (Jjj lu(1:,t)-a(x,t')IPdtdt'dx) ,,=IID1'ull r 
u ,,,p,l1T,t = lt - t'll+J>I' ' L,,(11 ), 

11 O O 

Il lu(x,t)-u(x,t')I IWII 
tL ,,,oo,f2T,t = !~ht,t.'~~&,T) ]t - f.'11-' = t U L,,._(f!T)· 

For simplicity we denote the fract.ional dcrivatives by Of:11. and 0/'u. 
We necd the following rcsult.s. 

Theorem 3.1. (see /3, Clwp. :ł, Sect. 10/). Let a E W1~5"'(f1T), OC !Rn, n, k EN, 
s E IR+, p E [l, oo). Let 

x = (n+ k - :i.!. - ~ + lul +ka)_!_ :S 1, 
p q r ks 

w}u~rn q1 r E [11 oo), o:= (0:1, ... 1 un.) be the um.ltiindc:1;, O:i EN U {O}, -,: = 1, ... , n, 
lal= a1 +···+a,,, a E IR+ U {O}. Then 

D';O;'-u E L,.(0,T;L,,(O)), D': =a;:: .. . o;:,:·, 
and the follow·ing interpolat-ion ho/ds 

IID':Dtullr,,.(O,T;I,,,(O)) :s cl-x (11a;v,IIL,,(l1''J + t IID!;'ullL,,(nT)) + Cc-xllullL,,(!1"'), 

where € E IR+ and q, r 2: p. In the case e-ither q = oo or r = oo the <1bove ineq-uality 
holds vrovi.ded x < l. 
Furthermore, in the case r = oo, q < oo and x = l we have the est·iniate 

IIDiarullL=(O,T;L,,(O)) :s cllullw;····cnr)' 

Theorem 3.2. (Direct bo-undary trace theorem} /22/. Let u.s assmne th.at: 
(1) n c IR" is a doma·in and S i.s e-ither a boundary of n or a .mbdomain of n with. 
dimS = n- 1. 
(2) 11. E W1~5·'(f1T), k EN, s E IR+, p E (l,oo), 8 E Cks_ 

Then there e:iists a Junction u= uls1· su.eh that ·ii E wt•-I/,. .. •-l /k,,(ST) and 

llii ll w,'.•-'"··•- ll'"csr) :S cllull w,:····cn1·), 

where canstant c does not depend an u. 
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Theorem 3.3. (Inversc bound!Lry tmce theorcm) {22, 23, Sect. 20}. Let assumption 
(1) of Theorcrn. 3.2 be satisfied. Let 11. E wj;·•-l/p,.,-Jfk,,(ST), k E N, s E IR+, p E 
(1, oo), SE cks_ Thcn thcre exists a.j,mction u such that uf 8 T = ii, -u E wt•··'(!1T) , 
and 

where c does not depend on ·fr. 

Theorem 3.4. (Direct initial trace theorem} (22}. Let 11 E Wj;·'•·'(l1T) k E N, 
s E IR+, s > 1/p, p E (l,oo). Then ii= uf,.=t,, wh.erc t0 E [O,T], belongs to 
w,~•-k/"(!1), a.nd 

lififfw;•-•h•rnJ :S cflu.llw,:···rwJ• 
where c does not depend on u. 

Theorem 3.5. (In.verse init-ial trace theo,·em) {22}. Let ,1 E w,'.··•-<-/7>(!1), k E N, 

s E IR+, s > J./p, p E (1, oo). Then there exists" E w;·' ·"(OT) such that uf,.=to = ti, 
to E [O, TJ, and 

lfullw,~···rnTJ :S cffii.ffw,:•-•IPrnJ• 

where c does not depend on ii.. 

3.3. Auxiliary linear problems. Let !1 C IRn, n 2: 1, be an open bounded subset 
of !Rn, with a smooth boundary S. Let us consider the problem 

(3.1) 

t::,.x = J in !1, 

n · 'vx = O on S, 

f xd:r. = Xm, 

n 

where f xdx = Tm fn xdx and Xm is a given constant. We recall 
n 

Lemma 3.1. (see e.g. {18}}. Let us assume thai f E Hr(n), S E cr+2, r E 
N U {O}, and the corn.11atibility condition .fn fd:r. = O holds. Thcn thcrc exists a. 
unique sol·ut-ion XE Hr+2(!1) to (3.1} such thai 

(3.2) llxllw+'(nJ :S c(llfllwrnJ + fx,,,f), 

where constant c depends at most on r and S. 

Next, !et us consider the fourth order clliptic problem 

(3.3) 

in !1, 

n · 'vx = O, n · 'v !::,.x = O on S, 

lxdx = Xm, 
n 

where Xm. is a given constant. We have 
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Lemma 3.2. (.,ce c.g. (18}) . Lct us assume thn.t f E Hr(O), S E c•·H . r E 
N U {O}, and the comp<Ltibility condition Jn /cl:,: = O holds. Th.en there c:L'ist8 a 

·uniquc solution x E H•·+·1(S2) to /3.3} ,uch that 

(3.4) llxll11•+ 1cnJ :S c(llfllwcnJ + lx,,,I), 

whcre constant c clc7Jends at most on 'I' and S. 

In the sequel we shall neecl the solvability of the following linear problem 

x, - /36.x,. + 16.2x, - x6.3 x = F in nr, 

xl,.=o = Xo in n, 
(U) 

· v'x = o, n·v'6.x=O 5T, n on 

n· v'6. 2x=G on 5T, 

where /3 1 'Y, x are positive constants, and F1 G, xo given functions. 
Since problem (3.5) is not parabolic in the sense of Petrovskii, the generał theory 
of parabolic initial-bounclary-value problems can not be appliecl. Hence, we prove 
the following result. 

Theorem 3.6. Let ft c IR3 be bounded with boundary S E C6 .• F E L2 (!1r), 

GE wJ12·11·1(sT), and xo E H 0 (!1) satisfy the compatibility cond-itions 

(3.G) n· v'xo = O, n· v'6.xo = O on S. 

Then thcre exists n ·,mique solut·ion to problem (3.5) such that x E L2 (0, T; H"(Sl))n 
H 1(o, T; H'1(11)) , and 

(3.7) 
llxllL,to.r,w•cnD + llx,.IIL,(o.r,11 •cnJJ 
:S c(IIFIIL,(flT) + IIGllw;''·'t·'(sr) + llxollH'(l1J + T 112 llxollL,(nJ) = cA1, 

wherc constant c docs not depend on T. 

'Ne prove this theorem in two steps. First we construct a weak solution and theu 
show that for sufficiently smooth data this solution has the desirecl regularity. 

Lemma 3.3. Let n c IR3 be bounded w'ith the bomulary S E c-1, F E L2 (nr), 
G E L2(ST) ,md Xo E H 3(0) satiofy n· v'xo = O on S. 
Then there e:,,-ists a weak sol·ution to problem (3.5) in the follo-uring sense 

(3.8) XE L=(0, T; H 3 (O)) n H 1 (O, T; H 2 (O)), 

(:J.9) x(O) = xo, 

(3.10) j (x,Ę + /3v'x, · v'Ę + 1·6.x,6.Ę + xv' 6.x · v' 6.Ę)d1: = j FĘcfa; + j GĘdS 
n n s 

\/ĘEH;~(O)aa{ĘEH'1 (11):n-v'Ę=0, n-v'6.Ę=O on S, a.e.tE(0,T)}. 

Morcover, 

(3.11) 
llxliL_co,r,EP(nJJ + llx,IIL,(o.r,u'cniJ 
:S c(IIFIIL,(WJ + IIGIIL'(STJ + llxollu,cnJ + T 112 llxoi1L,(n)) = cA,. 
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Proof. We will prove cxistence by the Galerkin mcthod. To construct a basis of 
Hl,(0.) we int.roduce the fourth order elliptic operator 

[, = {L,n · 'vis, n· 'vllls}, 

where 

{3.12) 

Vie note tl-rn.t L is unboundec.ł, selfadjoint, linear operator and its inverse .c- 1 is 
compact, selfadjoint, linear operator. Thus by the Hilbert-Schmidt Theorem we can 
conclude what fellows: There exist the eigenvalues {\}101 and the eigenfunctions 
{ ip1} JEl'I of I,-1, defined by the problem 

L - l'Pj = '5.,'PJ in n, j E J\I, 

{3 .13) n· 'vip, = O on s, 
n-'vllip,=0 on s. 

The eigenvalues >.1 are real and they can be ordered such that 1'5..i+l I :S 1'5..1 I, j E 
J\I, and lim1_ 00 '5.1 = O. Then [, h,c5 an infinite set of eigenvalues P.1},01 that 
correspond to the set of eigenfunctions {'PJ}jEN· They can be ordered such that 
l>-1+1 1 2'. l>-11 .. i E J\I, and then lirn;-oo l>-;I = oo. Moreover, the value >.=O does 
not belong to the spectrum. 
The set of eigenfunctions {ip,};rn forms an orthonormal ba5is for L2(0.) which is 
also orthogonal in H 2(fl). The orthogonality in H 2(0.) fellows from the relations 
(3.14) 

>.,(ip,,ip,,) = (L<p_;,<pk) = ([,1/2'Pj,Ll/2'Pk) = ('Pj,L<pk) = >.k(<pJ,<pk) , 

(.C,1/2'PJ, [,1f2cpk) = O for AJ 1' Ak, 

([_1/2'PJ, .t:,1/2,pk) = .I ('Pj'Pk + (3'v<pJ . 'v,pk + 1 6,p,6,pk)dx, 

n 
and the fact that the norm generated by the scalar product (I,112,p, [,112,p) is equiv­
alent to the standard H 2(0.)-norm. 

Finally, we note that the system {'P,};eN C C4(r!) is clense in HJ,(0.). 
Given m E J\ł and the basis { 'PJ }JeN we introcluce now the Galer kin approxima­

tion corresponding to the weak formulation of (3.5): 

m 

{3.15) x(m)(x, t) = 2::>,l"')(t)cp1(1:), 
i=l 

(3.16) 

/(x(m)~(m) + /3'vx)m). 'v~(m) + ,6:ln) 6((m) + x'v'llx(m). 'vll~(m))dx 

n 

= .I F~(m)dx + .I Gf:/"'!dSV((m) E Vm = span{<p1, ... , ,Pm}, a.e. t E (O, T), 

n s 

(3.17) 

where x~m) E V,,. is the projection of xo on V,,, such that 

(3.18) X6m) -> Xo weakly in H 3(0.). 
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From (3.15)-(3.17) we obtain t.he system of ODE's 

(3.19) 

whcrc 

f (~o:)"'l(t)au + o:)"'l(t)b,j) = J F'(t),pjdo: + j G(t)<pjdS, 
i=l n S 

o:j(O) = j x0"'l<pj, j = 1, ... , m, 

n 

a,j = j(\',\'j +/3'v<p, · 'v<p; +7t:.,p,t:.<p,)dx, b,j = x j 'vt:.<p, · 'vt:.<pjdx. 

H n 

Due to the properties of the basis {4,'j}, the rnatrix (a1J)i,j=ł, ... ,m is diagonal and 

invertible. Hencc we couclude the existence of a solution o:)"'l (t), i. = 1, ... , rn, t.o 
(3.19). 

We derive naw uniform wit.h respect tom estimates on y<mJ. Set.t.ing Ę'"'l = xl"'l 
in (3.16) yields 

(3.20) 

~~ j(lx(ml12 + tllv'x(m)1 2 + 1lt:.x(m)1 2),h 

n 

+ x j 1vt:.xC"'Jl2d:i: = / Fx1"'id,: + / Gx'"'Jds. 

n n s 

Hence, after integrating with rcspect to time and applying the Young inequality to 
the two integra.Is on the right-hand side we obtain the first uniform estinmte 

llx(ml(t)!ILcnJ + /il!Vx(ml(t)!!LcnJ + 1!!t:.x("'ł(t)!!Lcn) 

(3.21) + ;11vt:.xC"'l!!L,(n'J :c; c(!IFl!Lcn•i + IIGl!Lcs•il 

+ c(l + t)llxb"'l li Leni + fJl!Vxb"'l !IL cni + 11!t:.x6"'l !!L,(n1, t E (O, T). 

Next, setting Ę(m) = x\"'l in (3.16) yields 

!(I (m)!2 + 'ilv' (m)!2 + •IC;. .(m)!~)dx + ~.:_./ J lv'C:,. .(m)!~,/:t X,. , X,. 1 X, 2 dt .\ 

(3.22) n n 

-JF' (mld .. + Je (mJ 15' - Xt X 'Xt C • 

n s 

Aga.in, integrnting wit.h respect to time and applying the Young iuequality t.o the 
integrals on the right-hand side we obtain the second unifonu esti111ate 

3_23) x!!Vt:.i"'\t)i!Lcni + llxtll!L,(n'J + til!Vx):"i!!Lcn•i + 1!!t:.x):"Jl!Lcn•J 

( '.Ó c(IIFIILcn•J + l!GIILcs•il + r.llV t:.xb"'ll!LcnJ• t E (O, T). 

From (3.21) and (3.23) it follows that there exists 

(3.24) XE L 00 (0,T;H3 (n)) nH1 (0,T;H2 (rł)) 
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and a suhsequence of solutions x(m) to {3.16) {dcnoted by the same index) such 
thnt as m. ----!- oo 

{3.25) 
X(m) - X weakly• in L00 {0, T; H 3 (l1)), 

x)m) - X< weakly in L2{0, T; H 2 (l1)). 

Hence, by cornpactness arguments, 

(3.26) x(m) - x strongly in C{[O, T]; H 2{l1)). 

From (3.26) it follows that 

(3.27) Xm(O) = Xo' - x(O) strongly in H 2 {l1), 

which together with (3.18) implies that 

(3.28) x(O) = Xo, 

Due to the convergences (3.25) we can irnmediately pass to the limit rn, ---+ oo in 
(3.16) cxprcssed in the form 

J (xi"') Ę, + /3'vxim) · 'vĘ, + 1t>dm) ł>Ę, + x'v t>x(m) · 'v t>()dxdt 

or 
(3.29) 

= l FĘ,drdt + l GĘ,dSdt VĘ, E L2{0, T; V.n), 
or s 

To this end we follow the standard procedure. First we fix m = m 0 E N in the 
space li,,, , take subsequences (3.25) wit.h m ;:,: m 0 and pass to the limit in {3.29) for 
a subsequence mo $ m - oo. Next we pass to the limit mo---+ oo in V,.110 • Taking 
into account the density of UmEN Vm in HJ,(n) we arrive at. (3.10). 
A priori estimatc (3 .11) follows immcdiat.ely from the uniform estimatcs (3.21), 
{3.23) and the weak convcrgcnccs (3.25). Thus, the proof is complete. • 
Proof of Theorem 3.6. Let x be a weak solution to problem {3.5), constructed 
in Lemma 3.3. It will be of use to note that, setting Ę, = 1 in {3.10), yields 

j x,(t)dx = l~I ( j F(t)clx + j G(t)clS) = M(t), 
o o s 

(3.30) 
' j x(t)clx = f xocl1: + j J\1(t')dt' = M(t). 

n n o 

Let us consider the following problem which results from {3.5)i, {3 .5)2 and {3.5k 

-ył> 2x, - xł>3x = F - x, + /3ł>x, = Fo in nr, 

(3.31) xl1=0 = Xo in n, 
n-'vt>2 x=G on Sr. 

By (3.11) we have 

{3.32) IIFollL,(07') :<ó IIFIIL,(n'·) + cllxtllL,(o,T:H'(O)) :<ó cA2 . 

If we set 

(3.33) V= ł> 2X 
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t.hen (3.31) yiclds 

·rv,. - xtlv = Fo in nr, 
(3.34) vl,=o = vo = tł 2Xo in 51 , 

n· 'vv = G Oll sr, 

where Fo E L2 {l1T) and, by a.ssumptions, GE w}12·11'(ST) and v0 E H 1(l1). Thus, 
by virtue of the cla.ssical parabolic theory [22, 23] there exists a uni que solution to 
problem {3.34) such that v E Wi' 1(l1T) and 

llvllw;·'(ff,.) $ c(IIFollL,(nr) + IIGllw;''·'''(sr) + llvollu•(nJ) 
(3.35) $ c(A2 + IIGllw;''·''''(srJ + llxollu•(n1l 

$ c(IIFIIL,(n7 ) + IIC:llw;n ,;,(S.,.) + lh:ullw•m1) =' cA, 

where coustant c does not depend on T due to Theorem 3.1.l frolll [2,J, Ch. 3]. 
Let us now consider the elliptic problem which follows fro1u (3.33), (3.5)3 and 

(3.30): 

(3.36) 

in 51, a.e. t E (O, T), 

n • 'vx = O, n • 'v !lx = O on S, 

j'xd:i:=M. 
n 

Thcu by the elliptic cst ima.tc (see Lemma 3.2) we lmvc 

{3.37) 
llxllw+•<nJ:::: c(llvllw<nJ + IMI), r = 0,2, 

llxdlu•(n) $ c(llvdlL,<nJ + IMI). 
Conseąuently, from {3.35) and (3.37) it follows that 

llxllL,(o,T,H'(fł)) $ c(llvllL,(o.r;112(n)J + IIMIIL,(o,T)) $ cA1, 

llx,.IIL,(o,r,u•(n)) $ c{llv,IIL,(W) + IIAIIIL,(O,TJ) $ cA, 

which complctes the proof. 

4. A priori estimates. 

o 

1.1. Energy estimates. First we notice that integrating {1.1) o,·cr l1 and using 
boundary condition {1.6) yields 

{4.1) !!_ jxd,r = O, 
cit 

n 

which Hhows that the spa.tial mea.n of x is prc.servcd, 

l x(t)clx = l xoclx =: x,,, for all t E IR+. 

n n 
N ext we notice that on account of a.ssumptions (1.7) , {1.8) it follows that there exist 
positive constants C/0 and c.k'1 such tha.t 

{4.2) 

We have 
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Lemma 4.1. (Energy cstimatc) . Lct us assume thai xo E H 2(fl), .f xodx = Xm· 
n 

Then a sufficiently ,·egular sol·ut·ion to problem (1.1) - (1.6} satisfies 

(1.3) 
a2kllxllt,cnJ + b2illx1VxllLcnJ + llxllJ1,(n) + /3llx,·11Lcn•J 

+ -YIIVx,, 11Lcn•J + i1v'J111Lcn•J ~ c, for t E IR+, 

with a constant c1 = ip(llxollu2(n), lxml, x2, c,,., CJ0 , a2k), 

Proof. As shown in Section 1.4, any sufficient.ly regulru- solution to (1.1)- (1.6) sat­
isfics energy equality (1.21). Integrating this equali ty in time and using (4.2) we 
obtain 

/ ( 1 2k 1 21 2 1 ?) 
2a2kX + 4b21X IVxl + 2 x2lć.xl- d.r. 

n 

( 4.4) + J (l,xz, + -yjv'x,· 12 + MIV1,1 2 )dxdt1 

n• 

~ J lf(O)ld:c + Cfo 1n1 + 1c,,, / 1Vxl 2dx. 

n n 
The last term on the right-hand sicie of (4.4) is controlled with the help of suitable 
interpolation inequalities and Lemma 3.1 to give 

II VxllL,nJ ~ E1IIV2x11Lcn> + c(l/E1)llxllL,n> 

~ E1c(l16xlll,,ni + X~n) + c(l/Ei)(E2llxllt,,n) + c(l/02)), 

w herc €1 1 E2 arc any positive constants. Choosing thern such that. c 1 ccx1 :S x2/2, 
E2c(l/c1)cx, ~ a2k/2, and noting that llf(O)IIL,(n) ~ <p(llxollu,(n)), we conclude 
estirnate ( 4.3). D 

Corollary 4.1. In the sequel we shall use (4.3) in the following sim7,l;fied form 

(4 .5) llxllL~(o.,,u,(n)) + llx,•IIL,(o,,,u•cn>J + IIV1,IIL,(11<) ~ c,o(c1) for t E IR+. 

Corollary 4 .2. On account of (1.4), {1.5). integration of {1.2) gi-ues 

j 1ufa: = j (fo,x + ~x1,xlv'xl 2 }1x. 
n n 

Hen.ce. 11.sing {1. 7), {1.8) and (4.5), we obtain 

(4.6) esssup,,E[O,t]I j Jldxl ~ <p(c,). 

n 
Morcover, by the Poincn.re inequality, (,/ .5) and (4.6) imply that 

(1.7) IIPIIL,(O,t;H'(!l)) ~ <p(ci)t112 for t E IR+. 

Lemma 4.2. Lct us assume that xo E H 3(0.) , f xod1: = Xm• Th.cen a sufficiently 
n 

regular solution to (1.1)-(1.6) satisfies 

xf2llxllr,~(o.,,1P(nJJ + b;{2llx16xllr,=(o.tJ,,(nJ) 

( 4.8) + llx" li r,,,n•J + .8112 llx,, [lr,,co,,,w ,nn + -Y112 llx,, li L,(o,,,H'(n>> 

~ c,o(c,, llxollu,(nJ, lx,,,i)t112 for t E IR+. 
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Proof. Multiplying (1.9) by X1, integrnting over 51, and integrati11g by parts the 
terms with /i, -y, we obtain 

J xzd:r + J3 J lv'x,J2 cb: + "I J IL:>xtJ 2dx 
[l [l [l 

J ( 1 ,, ., ) = 6 !o,x - 2x1,xlv'xl- + x2t>-x - x16\'. x,d:r = I. 
(4.9) 

[l 

We now examine the integral J, Integrating by parts and using (1.11)- (1.13) yields 

j' ( 1 ") ;· ? I = - v' !o,x - 2x,,xlv'xl- · v'x,dx - v'(x2L:>-x - xit>x) -v':,:,d:r 
[l [l 

=Ii+ 12, 

where 

j ,, l J 2 J .-, Ii = - fo,xx v'x · v'x,dx + 2 x1,ulv'xl v'y · v'x,cl:t: + x1,xD,yD0xD;x,d1:, 
n n n 

and 

luserting the expression~ Ii, 12 into (4.D) and integrating the resultiug equality with 
respect to time we fine! that 

Y.o J j" 1 ;· I I'' J o I J I 1·> I 2- lv' t>x -c1,1: + 2 Y.1 t>x -,11, + x;,d:i:dt + f3 v'x,, -r11:dt 
n n fV nr 

+ -y j lt>x,•l 2 dxdt' :S ~ j lxi,xl ll>xl 2 lx,,ld:rdt' + j I/o.ni lv'xl lv'x,,ld:rdt' 
w w w 

+ ~ j lx1.nl lv'xl 3 lv'x,•lchdt' + j lx1,xl lv'xl lv'2xl lv'x,,ldJ:dt' 
n, ni 

On account of ( 4.5) the terms R 1 , ... , R.1 are estimated as fellows: 

,. ' 
R1 :S ,p(ci) j lll>Ylll,(nJllx,,llr,=(nJdt' :S ,p(ci) j llx,,IIL,,(n)dt' 

o o 

J 2 I :S E1 lt>x,•1 d:rdt +,p(l/E1,ci)t , 
[l' 
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t , 

R2 S ,p(ci) j llv'xJIL,(nJllv'x,,IIL,(nJdt' S ,p(c1) j llv'x„JIL,(nidt' 

o u 

S ,p(c,)tl/2, 

I. t 

R3 S ,p(c1) / llxll1,,nillv'x„IIL,(nJdt' S ,p(ci) / llv'xt•IIL,(nJdt' 

o o 
S ,p(ci)tł/2, 

I 

R4 S ,p(ci) / Jlv'xllL,(nJJlv'2xllL,(nJliv'x„JIL,(nJdt' 

o 
t 

S ,p(c1) /llv'x,,JIL,(nJ<łt' S 02 jlt.x„l 2dxdt' +,p{l/02,ci)t, 

o n• 
where we used the incqualit.y llxdlH'(n) S cilt.x,IIL,(n)- Clearly, 

Rs + 11.f, S cllxolli,,n)· 

Putting the above estimates together and choosing c1, E:2 sufficiently small, we 
obta.in 

><2 .I lv' t.xl 2 dx + i xdt.xl 2 dx + .I xz,dxdt' 

n n 0 1-

+ (J / lv'x„l 2 d,:dt' +, / lt.x,,l 2 do:dt' S ,p(c1)t + cilxolli,,ni· 
Ol Ol 

Hence, in view of (4.2)2, rccalling (4.5) an<l Lemma 3.1, we conclu<le (4.8). O 

Corollary 4.3. Recalling {1.2) it follows from (4.5), (4- 7) and (4.8) that 

llxllL,(O,l;H'(łl)) S c(llt.2xliL,(n') + lxmlt112) 

( 4.11) S cllµIIL,(il') + cl/to,x - !x1,xlv'xl 2 - ><16x + fJx,, - ,t.x,., li 
2 L 2 (il') 

+ cllx,,.lt112 S ,p(c1, llxollH'(n), lx,,,l)t 112 for t E IR+-

4.2. Finite-time estimates. Let k E No= N U {O}, T > O and 
t.kT = (kT, (k + l)T). We intro<lucc the problem 

(4.12) 

x, - flóx, + ,t.2 x, - x263x 

= 6 (.ro,x - ~><1,,lv'xl 2 - xit.x) = F 

xl1-kT = x(kT) 
n· v'x = O, n· v't.x = O 

2 1 2 
n · v' Ó X = 2x2 ><1 ,)(n · v'iv'xl 

= 2-n · v' (!x1 vlv'xi 2) = G ><2 2 ,Ą 

For k = O problem (4.12) becomes (1.9)- (1.13). 

in n, 
011 5kT := s X t.kT, 
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Lemma 4.3. Lct O C JR 3 be boundcd 11rith boi,ndar;y SE C6 , T > O, I; E No, nnd 
the as.rnmptions of Lemma 4.2 hold. Moreover, lei 

x(kT) E H 5 (0), n· 'vx(kT) = O, n· 'v6.x(kT) = O on S. 

Then sol-u.tions to problem (4.12) satisfy the estimate 

llxdL,(kr. ,;1-1·•(nJJ + llxl[L,(kT,,;11'(nJJ 
( 4.13) 

:::; ,p(c,, llx(kT)llu,(nJ, [x,,,l)(t - kT) 112 + clly(kT)[[11,(n1, 

where t E (kT, (k + l)T) , and constant c1 is defined ·in Lemma 4.1. 

Proof. We use argmnents similar to that in the proof of Theorem :J.6. Let us write 
(4.12)i, (4.12)2 and (4 .12)4 in the form 

(4.14) 

lf we set 

(4.15) 

,6.2x, - x26.3 x = 6.(fo,x - ~x1,xl'vx[2 - x16.x) 

- (x, - /36.x,) = F - (x, - /36.;,,_,) = Fo 

xl,=•·r = x(kT) 

n· 'v6.2x = 2-n · v(;;_1 ><1,xl'vxf 2) = Q 
x2 

7J=6.\:, 
th,m (4.14) yiclds 

,v, - x26.v = Fo in okT, 

v[1=kT = 6.2 xl1=kT in O, 

n· 'vv = G 

iu (lkT 

i11 n, 

Oil 3kT_ 

By the inverse bournlary trace theorem it follows t hat for any GE W.,' 12·' 1·'(S''T) 

there exists a function u E WJ' 1 (01'T) such that n· 'vufs,·r = G and -

(4.16) l[nllw;'-'(nx(kT,l)):::; c[[Gffw;;,,,;.,(Sx(kT.tJJ' t E 6.kT. 

Let us introduce the function 

(4.17) w= v-u, 

which satisfies the problem 

(4.18) 

,w,. - x26.w = Fo - (,u, - x26.1t.) ee F. in okT, 

w[t=!•T = v[t=kT - u[t.=l.,T 

n· 'vw = O 

By the classical parabolic theory (see [22, 23)) and Theorem 3.1.1 frorn [24, Ch. 3] 
solutions to ( 4.18) satisfy 

[[w[fi,v;-'(!l'T,<J:::; c([[ło[IL,(n'''• ' ) + l[ ·ttllw{' ' (n•r.,J + l[w(kT)llu •(!l)) 
(4.19) 

:::; c([fFollL,(n'·r. ,J + [[Cllw;12.,; ,(s•··r. ,J + [[w(kT)[lu•(nJ), 

where in the last inequality we used (4.16) and set for sirnplicity 

nkr., = n x (kT, t), skr,, = s x (kT, t), t E t:..,.T. 

Prom (4.19) and (4.17), using the trace t.hcorem 

[[u(kT)ll11•(!l):::; cl[ ·1tllwg-•(n'r·•)' 
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it, follows that 

llvllw;·'(fl>T.•J :'Ó llwllw;·'(n•T,•J + l[ullw;-'(n'T') 

:'Ó c{IIFollL,(fl'T·•) + IIGllw,1,,,,,(s•T.,) + llv(kT)IIH•(n)). 
(4.20) 

By applying {4.3), {4.8) and (4.11) we have 

where 

IIFIIL,(nkT,•) = llto.nxl'vxl 2 + fo . .,xC!.X - ~x1,xxxl'vxl4 - 2x1,.uD;x8;xćlt;x 

- ~><1,ul'vxl 2 tJ.x - 3x1,x8;.xć!,C!.x - ><1,xl'v2xl 2 - ><1,x(C!.x)2 

- x162xll :'Ó cp(ci)(sup ll'vxllL,(n)ll'vxllL,(kT,t.L.,(n)) + IIC!.xllL,(n•T.,, 
L2 (0"=T,t) t 

+ sup IIVxlli.(nJll'vxllL,(kT,1.,L= (n)) + sup 1i'vxi1L(n)ll'v2xi1L,(kT,t,L,(n)) 
I. I. 

+ sup l['vxi1L,n1 ll'v C!.xllL,(kr,,,I,3(flJJ + sup ll'v2xllr,,(n) ll'v2xll L,(kr,,,L~(n)J 
t t 

+ l[tJ.2 xllL,(ll'T·•)) :'Ó cp{c1, llx(kT)IIH3(fl), lxml)(t- kT) 112 

and 

llx,. - ,BtJ.x,IIL,(n•T.,) :'Ó cp(c1, llx(kT)IIIP(n), lxmll(t - kT) I12 . 

Hcnce, 

(4.22) IIFollL,(n•T,,) :'Ó cp(c1, llx(kT)IIH'(fl), lxmll(t - kT) 112 . 

To estirna.te the bounclary term IIGllan1,.,1<(skT.,) we introduce a smooth extension 
of the norma! n to S onto a neighbourhood of S. Then, by the inverse boundary 
tra.ce tł1eorem, 

IIGllw;1,,,1<(s•T.•) :'Ó cllGllw;·•t'(n•T,,)' 

where wJ 12·114 (S''r.,.) is the space of traces of functions from wJ·112 (0,kT,t). We 
have 

1 o 
IIGllw;••t'(flkT.,J = 2x 2 l[x,,xn · 'vl'vxl-llL,(kT,t;H'(n)) 

1 2 -+ 2x 2 11><1 ,xn · 'vl'vxl llw;''(kT.t;L,(n)) = I, 

{4.23) 

where, by {4.:;), (4.8) and (4.11), 

I :'Ó cp(c,)(11 l'vxl 2 IV2xl + l'v3xl l'vxl + 1v2xl 2 IIL,tnn.,, + li lćlz 12xl IV2xl l'vxl 

+ ID,112v 2xl l'vxl + l'v2xl lć!! 12 Vxl IIL,(n.r,,, + li IV2xl l'vxl IIL,(n•T.•Jl 

:'Ó cp(c1) ( sup 1i'vxllL,rnll'v2xl!L,(kT,t;L,(!l)) , 
+ snp IIVxllL~tnJ ll'v3xllL,(kT,,,L,(n)) + sup 1i'v2 xllL,tn) ll'v2 xllL,(kT,,,L=(nJJ 

t t 
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+ sup llv'xll L= (fll sup li v'2XIIL,(fll 1Ja; 12xll L,(kT,t;L,(fł)) 
t t 

+ sup llv'xllr,=(fll Jlćf2 v'2 xllr,,(1,r,,;1,,(flll 
t 

+ sup llv'2xll Lc,(!l)lla,' 12 v'xllL,(kT.t;L,(fł)) 
t 

+ sup llv'xllL~(fl) llv' 2 xllL,(kT,t;L,(fł))) 
t 

:'Ó ,p(c,, llx(!.:T)IIH'(!l), lxml)(t - kT) 112 . 

Putting together (4.20), (4.22) and (4.23) yields 

(4.24) llvllw;-'(!lkT,,) :'Ó ,p(c1, llx(kT)IIH'(fl), lxmll(t - kT) 112 + cJJv(kT)ll11•(!1)· 

Let us naw consider the elliptic problem resulting from (4.15), (4.12)3 and (4.1): 

(4.25) 

in n, a.e. t E 6kT, 

n·v'x=O, n·v'óx=O oH S, 

f xd:c = Xm• 

!l 
Then, by the clliptic e1:,timate, we havc 

llxllw+•<ni :o; c(llvllw<n> + lx,,, I), ,. = o, 2, 

llxtllH•(nJ :'Ó cllv,.IIL,(ll)· 
l'rorn the abovc estimates and (4.24) we concludc the desired estirnntc (4.13). O 

4.3. Global estimates. We prepare uniform in time estimates which allow to 
extend the regular finite-time solution step by step up to infinity. Firstly we prove 
rn1 uniform estimate in H 3 (n). 

Lemma 4.4. Let the assumptions of Lemmas 4.1 and 4.2 be satisfied, T > O and 
k E No be given. Let X be a solution to pmblem (4.12) such that 

XE Lco(ókT; H 3 (0)) n L2(6kT; H'(O)) , 6kT = (kT, (I,+ l)T). 

Then there exists a posit-ive constant a= a(Y.2,c",,P,,) such that for any I.: E No 

(4.26) llx((k + l)T)ll7-P(nJ :>; ±,p(c,) + e-"Tllx(l.:T)llfptfll· 

M oreover, for any k E N 1 

(4.27) 2 1 1 -akT . ') 
llx(kT)IIH'(fl):,; ;;-<p(c1\ - ,-oT + C llx(OJll11,(ll)• 

wh.l!·1·c c1 is dcfined in Lemma 4. 1. 

Proof. Multiplying (4.12) 1 by -t.x, integrating over n and integrating by part.s 
using the boundary conditions (4.12)3, we obtain 

½~ j(lv'xl2 + Pl6xl 2 + ,lv'6xl2 )di: + Y.z j n· v't. 2 xt.xdS 

(4.28) 
n s 

+ "'2 j l62xl 2di: = - j 6(Jo,x -½x1,xlv'xl2 - x,t.x)óxdx ce R1. 
n n 
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Next, int.egrat.ing by parts in the right-hand siclc of (4.28) ancl using (4.12)3 gives 

R, = j ~r.1,xn · 'v(l'vxl 2)l'.xdS + j (!o.xxii,x - ~x1,,x8,xl'vxl2 

(4.29) s n 

- ><1,xiiJXii&x - ><1,xii,xl'.xx,a,l'.x)a,l'.xdx. 

Now, using (4.20) in (4.28) and recalling (4.12) 4 we arrive at 
(4.30) 

~ ~ J (l'vxl 2 + .Bll'.xl 2 + ,l'v l'.xl 2 )dx + x2 J Il'. 2xl 2dx + J xiJ'i7 l'.xl 2dx 
n n n 

= J (!o,xxii;x - ~X1,xxii,xl'vxl 2 - ><1,xii1xii'f;x - X1,xii,xl'.x)a;.l'.xdx. 
n 

On account of (4.5) the right-hand side of (4.30) is bounded by 

,p(ci) /<l'vxl + l'vxl3 + l'vxl l'v 2xlll'vl'.xlrlx 
n 

:S t:ll'vl'.xllLcnJ + c(l/c:)(ll'vxllL,,cnJ + ll'vxl!L",cnJ + ll'vxIILcnJll'i72xllLcnJl 
:S t:ll'v l'.xllLcnJ + cp(l/t:, ci). 

Hence1 for sufficieutly srnall E, we obtain 

1 d J 2 dt (l'vxl 2 + 1Jll'.xl2 + ,l'i7 l'.xl 2 )dx 
n 

+ r.2 / ll'. 2xl 2d,r + j ><1l'vl'.xl 2d,r :S cp(ci). 
(4 .31) 

n n 

In further consiclerations we need the full norm llxllJP(ll) under the time derivative. 
For this purpose we multiply (4.12)1 by X, integrate over l1 ancl integrate by parts 
severa! times using the boundary conditions (4.12)3,4 to arrive at the equality 

~~ J<x2 + /Jl'vxl 2 + ,ll'.xl2)dx - x2 /<n· 'vl'. 2 x)xdS 
n s 

+ ><2 / J'i7l'.xl2dx = / l'.(Jo,x - ~x1,xl'ii'xl 2 - x1l'.x)xdx = R2. 

(4.:32) 

n n 

Now we cxamine the right-hand side of (4 .32). After intcgrating by parts and using 
( 4.12)3 it takes the form 

R2 = -~ j x1,xn · 'v(l'vxl 2 )xdS - j 'ii' (!o,x - ~><1.,l'vxl 2 ) · 'vxdx 
s n 

+ j 'v(><1l'.x) · 'vxdx. 
n 

In view of the boundary conclition (4.12)4 the first integral in R2 cancels with the 
boundary integral on the left-hancl sicie of (4.32). By (4.3) the second integral in 
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R2 is bouncled by 

<p(ci) jwvxl2 + fv'xl" + fv'xf 2 [V2xf)dx:;:; <p(ci) + llv'xllLn)ll'il2,\[lr,,1n):;:; <p(ci). 
n 

After integrating by parts and using ( 4.12)3 the third integral in R2 becornes equal 
to - J;1 xifóxf 2dx. Employing the above conclusions in {4.32) we infer 

ld1·" 2 2 J 0 Zdt (x- + ,6fv'xl +-yfóxl )dr+ ><2 fv'óxf-dx 
{1 !l 

+ j xifóx[ 2dx S <p(ci). 
(4.33) 

n 
Adding {4.31) and {4.33) yields 

leli o o o 2 
9 -1 (x- + (1 + ,6)fv'xf- + (,6 +-y)fóxf- +-yfv'ótf )dx 
- <t. 

n 

+ x2 j(fv'6x[2 + [62x[2)dx + j ><1([6xf 2 + fv'óxf 2 )d:r S <p(cr). 
n n 

Heuce, recalling the Msumption {4.2) on x 1 and estimate {4.3), we deduce 

1 d J --1 (x2 + (1 + ,6)fv'xl2 + (/, +-y)fóxl 2 +-yjv'óxl 2)cb: 
2 et 

n 

{4.34) J o o o 1 / ?/ ., ., + x2 (fv'óxf- + [6-xf-)dx + z621 x- {lóxf- + fv'óxf-)dx 
n n 

S <p(ci) + Cx, J fv'óxf2d1:. 
n 

The last integTal on the right-hand sicie of {4.34) ca.n be absorbed by the left-hand 
sidc since 

{4.35) 
""• j fv'óx[ 2dx S €[[xll71•cn) + c{l/c:)flóxllLcnJ 

n 
:;:; €([[62xl1Lcn) + f.y,,,[2) + c(l/t:)<p(c1,Cx,) 

for any E > O, where the interpolation inequality and Lernmas 3.2 and 4.1 have been 
used. Now, Iet us introduce the norm 

[ ] 
1/2 

llxllii,<nJ = j(x2 + {l + /3)1Vxl 2 + (!, + -y)f6xl 2 +-yjv'6xf 2 )d1: 
n 

which is equivalent to the norm lltllH'(fl)· Thus, there exist positive constants ff, a 
dependent on /3, -y such that 

(4.36) rrll · ll1P(n) S li· llii'(fl) S alf· llu,cn)-
Furtherrnore, by virtue of Lemrnas 3.1 and 3.2, there exists a positive constant 
<> = <>(,6, -y, x2) such that 

{4.37) X2 j(fv'óx[ 2 + [62xl 2 )dr ~ <>(llxll}l'(fl) + llxll71·•(n) - lxrnf2). 
n 
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On account of (4.35)-(4.37) we deduce frorn (4.34) the inequality 

d I 2 2 2 
(4.38) dt lxllH'(n) + a(llxllH'(n) + llxllu•(n)) ::::'. ,p(c1). 

Hence, by the classical Gronwall lemma (multiplying (4.38) by exp(at) and inte­
grnting with rcspect to time frorn kT to t E (kT, (k + l)T]) , we obtain 

llx(t)ll~,(S"ł) :ó ~,p(ci) + e-a(l-kT)llx(kT)ll~1'(S"2)' 

Hence, in view of (4.36), estinrnte (4.26) fellows. Moreover , for any k EN we have 

k-1 

llx(kT)llt,(n) ::::'. ~,p(c1) L e-iaT + e-okTllx(O)llt,(n) 
O: j=O 

::::: ~,p(ci) 1 1-oT + e-okTllx(O)IIJ1,(n)• 
a -e 

which shows (4.27) and t.hereby completes the proof. 

Corollary 4.4. Let A > O be a constant s1tch that 

llx(O)ll:;,(n) ::; A. 

M oreover, lei A and T be c/wosen so large that 

Th.en Lemma 4.4 implies 

~,p(ci) + e-oT A::::'. A. 
a 

(4.39) llx(kT)llt,(n) ::::'. A for a.ny k E N0 . 

vVe now prove an uniform estimate in H5 (D). 

o 

Lemma 4.5. Let the assu.mptions of Lemmas 4,3 and 4.4 be satisfied, T > O, 
/,; E No , and x be a sol1ttion to problem (4.12) s1tch that 

(4.40) XE L 00 (6kT; H5 (1:ł)) n L2(6kT; H6 (1:ł)), 6kT = (kT, (k + l)T). 

Th.en then, e1:i.st.s a positive con.sta.nt °'• = a.(><2, ex,, /i, 1) such tha.t for any k E No, 

(1Al) 

where consta.nt A is defined in Carol/ary 4.4, and c1 in Lem.ma 4.1. 
M orcover, for any k E N 

(4.42) 

Proof. Let us tum back to the proof of Lemma 4.3 and consider system (4.18) again. 
Mult,iplying (4.lS)i by - 6w, intcgrat,ing over D and applying the Young inequality 
we obtain an energy type estimate 

(4.43) d J 2 Y.2 I 2 1 J 2 -1 lv'wl d,: + - l6wl dx ::; - F. dx. 
c.f "(, X2"f 

n n n 
Now, adding the inequality (4.38) from the proof of Lemma 4.4 and (4.43) we obtain 

(4.44) 
firnxll1,(n) + ll'vwllLcn)) + a.(llxll1,(n) + llxllt,(n) + ll6w11Lcn)) 

1 2 
:S ,p(c1) + -IIF.IIL,(ll)• xn 
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with a positive constant o:,.. = a,..(x2, Cx1 , /J, 1). Ta.king in to accounr that 

llwllH'(n) $ c(l[t:.wl[1,,(n) + Il wd:r/). and 
n 

/.f wcLr/ $ /.f vd:rl + /fucl:r/ = /.f ud:r/, 
n n n n 

where the latter equa.lity follows from the compatibility condition to (4.25), we 
conclude from (4.44) by the Gronwall lcmma that 

t 

llx(t)ll;1,(n) + l['vw(t)IIL(n) $ j (p(ci) + x~,111".l[l,(n) 
kT 

+ a./fud:{)r1t' + c-o.(t-kT)(llx(kT)ll;J-'(łl) + l['v111(kT)IIŁ,(n)l 
n 

fort E (kT, (k + l)T). Hence, since v =w+ 11., it follows that 

llx(t)ll1,(n) + l[Vv(t)l[l,(nJ 

(4.45) 

t o 

$ c[J (<p(ci) + lll".IILrn) + lf"d{)dt' 
kT n 

+ l['vu.(t)llz.,(!1) + c-o.(t-kT)(llx(kT)ll;I'(n) 

+ l['vv(kT)IIŁ,(n) + l['vu(kT)IIL(nJ)]. 

By the trace theorem and the estimate (4.16) we have 

sup l['vu(t')l[r,,(n) $ cl[ullw.'.·'(nx(kT,t)) 
t'E{kT,tl -(4.46) 
$ cl[Gllw,112,111(Sx(kT.t)J' t E (kT, (/,; + l)T). 

Since v = 6.2x the left-hand sicie of (4.45) gives the norm 

(4.47) 

which is equivalent to the norm llxllH'(O)· Thus there exist positive constants il., b 
depending on /3, 1 , such that 

(4.48) 

Using (4.46) and (4.47) in (4.45) yields 

llx(t)ll}r,(n) $ c[J (,p(c,) + l[F.l[i,(n) + /j udx/}u' 
kT n 

+ l[Gllw,11,.11,,(Sx(kT,t)) + e-<>.(t-kTll[x(kT)ll;°I'(n)]. 
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Hcncc, sincc F. = Fo - (-y11.,. - x 2L'.u), applying estimates (4.16), (4.22) and (4.23) 
frmn the proof of Lemrna 4.3 we obtain 

( 4.49) 
llx(t)lli,<nJ ~ ,p(c1, llx(kT)IIH'<nJ, /x,,.l)(t - kT) 

+ e-"· (t-kT) llx(kT)ll;1,(n) 

fort E (kT, (k + l)T], k E N0. 
By Corollary 4.4, llx(kT)//Ji,(n) ~ A for any k E No. Hence, in view of (4.48) 
we conclu<le from (4.49) the estimatc (4.41), and conscquently (4.42) as wcll. This 
completcs the proof. O 

We not.e two important implications of Lemma 4.5. 

Corollary 4.5. (Unifoim estimate) Let A. > O be a constant such that 

llx(D)ll}1,cn) ~ A •. 

M oreove,-, let A. and T be choosen so that 

,p(ci, A, /x,,.l)T + e-a.T A. ~ A •. 

The n it follows Jrorn { 4. 41) that 

(4.50) llx(kT)IIJl,cnJ ~ A. for any k E No. 

Corollary 4.6. {Abso,·bing type est·imate) Letting 

1 
M = <p(c1, A, /x,,.l)T l _ e-"'·T > o, 

it follows from (4-42) that 

lim sup llx(kT)IIJi,(n) < M. 
k-oo 

Fnrthermore, we dednce from (4-42) that for any initial datnm x(D) E H 5 (0.) a.nd 
,my positive nwnber M' sati.sfying !11' > M, there exists a time moment t., given 
byt. = f ln(llx(0)/11,cn/(M' - M)), .such that 

llx(kT)lli,(n) < M' for all AcT ~ t •. 

5. Existence. 

5.1. Finite-time existence. We prove the exist,ence of solutions to problem (4.12) 
by the Lcray-Schaudcr fixed point theorem, recalled herc in one of its cquivalent 
formulations for the rca.der's convenience. 

Theorem 5.1. (Leray-Schaude,) Let X be a Banach space. Assnme that <I> : [O, l] x 
X --+ X ·is a map w-ith the Jollowing properties: 

(i) For any fixed T E [O, 1) the rrwp is completely continuous; 
(ii) For wery bou.nded subset l3 of X, the family of maps <I>(-, O [O, l] --+ X, 

{ E B, 1s ,miformly cquicontinuous; 
(iii) il/(0, ·) has prccisely one fi.,:ed point in X; 
(iv) Therc is a bounded su.bset l3 of X such tha.t any fixed po·int in X of <I>(T, ·) is 

contained in l3 Jor every TE [O, l]. 
Then <I>(l, ·) has at least one fi.,,;ed point. 



ON A CLASS OF SJXTJ-J ORDER VISCOUS CAIJN-JJIJ.LIARD TYPE EQUATIONS ::?7 

Lct k E No = N U {O}, t:,.kT = (kT, (k + l)T), fłkT = fl x t:,.kT and s E (0, l]. 
We introdnce the spaccs 

Y6·1(nkT) = L2(!:,.kT; H 6(fl)) n H 1 (!:,.kT; H'1 (fł)), 

y6s.s(nkT) = L2(!:,.kT; HG·•(D)) n H'(t:,.kT; H4'(l1)) 

endowed with the nonns 

llnllyc,,(!1'·T) = [[u[[L,(L'>.T;ll''(!lJ) + [[u[l11•(L'>,T;II'(!l)), 

1111.[[y,., .. ,(!J'T) = 11·11.[[L,(L'>•T;H'•(!lJ) + [[ullH•(L'>•T;H-'•(!1)), 

respectively. 
It will be of use to note that if s < 1 then the imbedding 

Y"· 1 (fłkT) c Y6'·'(fłkT) is compact. 

We naw introduce the map 

[0,1] X yG-','(fłkT) 3 (r,\') ,__, if>(r,\') = XE yG,l(fłkT), 

by means of the following problem 

x, - 111:,.x, + ,1:,.2x, - ><21:,.Jx 

= r[!:,.(Jo,x - ~Y.1,xf'vxl 2 - x,!:,.x)] = rF(x) in fłkT 

(5.l) xli=kT = rx(kT) in n, 
n· v'x = O, n· v' !:,.x = o Oil s•hT 

C 0 

n· v'!:,.2 x = -2..._,.., ,,,n · v'[v'\'[ 2 = rG(x) 
2x2 

Oil c;hT 
' ' 

where k E No is fixed. 
First we prove that the map iJ> is well-defined. 

Lemma 5.1. Le.t s E (f½, 1), k E No, T > O be given. Thenfor any XE Y6"··'(fł''T) 
and x(kT) E H 5 (fl) satisfy·ing the compatibildy cond-itions 

(5.2) n· v'x(kT) = O, n· v' !:,.x(kT) = O on S, 

there. eoi.sts a 1tnique .solut·ion x E Y 6•1(flkT) to problem (5.1} sw:lt tho.t 

(5.3) 

Proof. For sirnplicity, Jet 

By Theorem 3.6 we have 

llxllY'·'(!l'"') S cr[l[F(x)IIL,(!l"") 

+ [[G(xlllw; ' '·'''(SkT) + llx(kT)[IH"(O) + T 112 [[x(kT)[[L,(n)I-
(5.4) 

The norms on the right-hand side of the above inequality can be estimated in 
a similar way as in Lemma 4.3 Repeating the estimates in (4.21), (4.2:3) and using 
the following imbeddings 

llx[IL~ ("•T;H2(!1)) + [[v',i:IIL=(n'T) + 1iv'2x[[L,(L'>.T;L~(!l)) 
(5.5) 

+ [[v'3xllL,(L'>kT;L.,(O)) + [[t:,.2 xllL,(OkT) + ll8~12xl[L,(L'>,T;H'(!l)) s cA, 
which hold true for s E ( f½, 1), we obtain 

(5.6) 
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Hence, by (5.4) we conclude (5.3). o 
Corollary 5.1. Fors E (ł½,1) the map <I>: Y 6·'·'(l1kT)-, Y6·1(l1kT) is compact 
heca.u.se the irnbeddin_q Y6 •1 (l1kT) c Y 6·'•'(l1kT) is compact. 

We now show the continuity of the map <I>. For a fixed r E [O, l], let x, = <I>(r, xd 
and X2 = <l>(r, X2) be two solutions of problem (5.1) corresponding to X1 and ;'i'2 
frorn a bounded subset of Y 6·•,·• (l1kT) such that 

(5.7) llxdlY••·•(n>T) '.SA, i= 1, 2. 

Introclucing the clifferences 

f( = XI - X2, !{:=XI - X2, 

we see I.hat t.hey sat.isfy the problem 

K, -(3LH<,+-y6.2K,. - x 26 3K 

= r(F(x1) - F(x2)) = rl"(x1,X2J{) in ,2kT, 

(5.9) Kl,=AT = O in n, 
n · "v K = O, n · "v 6.l( = O on 5kT, 

n· "16.2K = r(G(xi) - G(x2)) = rG(x1 , x2J<) on 5kT_ 

Using simila.r ru·guments as in the proof of Lemma 4.3 from [18] we conclude after 
straightforward calculations the following 

Lemma 5.2. {Continuity of <I>) For any Xi, X2 E Y 6'·'(l1kT), s E ( H, 1), satisfying 
(5. 7), and for any r E [O, l], the -unique solution I{ E Y 6·1(l1kT) to problem (5.9) 
enjoys the estimate 

(5.10) 

Corollary 5.2. The continuity of the map <I> with respect to r is evident (see 
Lemma 4-4 fi-om {18}). 

Corollary 5.3. By vi,·tue of Theorem 3.6 problem (5.1) with r = O has the unique 
solution x = O. 

Corollary 5.4. ft follows Jrom Lemma 4-3 that for any fi.r,cd k E N0 nnd T > O, 
th.erc exisf.s a. hou.nded .mbsd B of Y 6'·' (l1kT), givcn by 

B = {x E Y6 ' 1 (l1kr): llxllY•••cn•-r) 
'.S cp(c1, llx(kT)IIH'(SJ), lxml)T112 + cllx(kT)llu"(n)} 

s-uch th.at any fi.xed point of <I>(l, ·) is containcd in B. ft is elear that the same 
prope,·ty holds for any r E [O, 1]. 

Due to the above results we obta.in 

Theorem 5.2. (Finite-tirn.e e:r:istence). Let l1 C JR3 be boundcd with boundary 
S E C 6 . Let us assurn.e that Jork E No, x(kT) E H 0 (l1) satisfies the conditions 
n · "vx(kT) = O, n · v' 6.x(kT) = O on S. Then there exists a unique solution to 
problem (4.12} such that 

(5.11) XE yG,l(l1kT), 

satisfying estim.ates (4.3), (4-13) and (4.42). 
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Proof. Prom Lemma,; 5.1, 5.2 and Corollaries 5.1- 5.4 we infer that the l!lap <I> fulfills 
the assurnptions of the Leray-Schauder fixed point theorem. Hence, there exist.s at 
least one fixed point of <I>(l, •) in the space Y 6·'·'(0kT), s E ( f½, 1). 
By the regularity properties (5.3) of this map it follows that the fixcd point belongs 
to the space Y 6•1(0kT). Clearly, in view of the definition of <I>(l, •) this rneans that 
problem (4.12) has a solution in this space, i.e. (5.11) holds. From Corollary 5.4 
it follows that the solution satisfies estimates (4.3) and (4.13). Moreover, (5.11) 
ensures that the assumption (4.40) in Lemma 4.5 is satisfied. Therefore, estimat.e 
(4.42) holds as well. The uniqueness staternent., holding true for any solution sat­
isfying x E L 00 (8.kT; H 2 (O)), I,; E N0 , can be proved in the same way as in [18). 
This completes the proof. O 

Corollary 5.5. As XE Y 6•1(0kT) we have XE C 0 ([1,T, (J.: + l)T); H 5 (0)), I.: E N0 . 

5.2. Global existence (completing the proof of Theorem 1.1). The glolml 
existence results by applying Theorem 5.2 on the subsequent intervals (!.:T, (!.:+l)T), 
/,; E N0 . More precisely, starting with I.: = O and x(O) = xo E H 5 (0) such that 
n· 'i7xo = O, n· 'i78.xo = O on S, and l[x(O)IIH'(!1) :; A., we get by Theorern 5.2 
the existence of a unique solution to problem (l.0)-(1.13) (equivalent to (1.12) with 
I,;= O) such that X E Y6•1 (OT), satisfying the estimate 

(5.12) llxllY"·'(llx(O,T)) :'.Ó <p(A., C1, T) 

with constant c1 defined in Lennna 4.1 and A, in Corollary 1.5. 
Since x E C0 ([!.:T, (k + l)T); H 5 (0)) we have n• 'i7x(T) = O and n• 'i76x(T) = O 
on S. Moreover, frorn Corollary 4.5 it follows that llx(T)ll 11 ,rn) :; A •. 
Now we apply Theorem 5.2 on the interval (T, 2T) and obtain esti11mte (5.12) on 
(T, 2T). Repeating the procedure on the intervals (1.T, (k + l)T), I, EN, /,; ~ 2, we 
conclucle that there exists a unique solution defined on R+, such that 

XE Y6•1(0 X (J.:T, (!.: + l)T)), 

satisfying 

(5.13) llxll1' "·'(!1x(kT,(Hl)T)) :'.Ó <p(A„c1,T) 

with the same <p(A., c1 , T) as in (5.12). 
This proves (1.15)t and (1.17). Clcarly, xl,=o = xo- The constant mcan valuc of 
x follows from (4.1). Hencc, (1.15)2 is sat.isfied. Finally, energy cstimatc (1.16) 
rcsults frorn Lemma 4.1. Thereby the proof of Theorern 1.1 is completed. 
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