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1. Introduction 

1.1. Motivation and goal 

In this paper we study an initial-boundary-value problem for the sixth 
order Cahn-Hilliard type equation in 3-D. The problem describes dynam­
ics of phase transitions in ternary oil-water-surfactant systems in which 
three phases, microemulsion, almost pure oil and almost pure water can 
coexist in equilibrium. Surfactant is a surface active molecule which has 
amphiphilic character; one part of it is hydrophilic (water-loving) and the 
other lipophilic (fat-lowing). Such molecule is called amphiphile. When 
a small amount of amphiphilic molecules is added to a phase separated 
mixture of oil and water, a homogeneous microemulsion phase forms. 

Microemulsion is macroscopically a single-phase structured fluid. It 
consists of homogeneous regions of oil and water which form a compli­
cated, intertwinned network with a typical length scale of a few hundred 
Angstrom units. This is possible because of their amphiphilic character 
the surfactant molecules form a monolayer at the interface between oil 
and water regions and thereby reduce the interfacial tension. In result a 

phase with an extensive amount of interna! interface can become stable. 
Among the most striking properties of microemulsions are that they can 
coexist in three phase equilibrium with two other phases - almost pure oil 
and almost pure water - and that the tension of the interfaces between 
pairs of these coexisting phases is very low, typically the fraction 10-2 or 
10-3 of the tension of the oil-water without surfactant. 

Our study is motivated by the second order Landau-Ginzburg free 
ene;°gy (involving second order space derivatives) proposed and justified 
experimentally in a line of papers by G. Gompper et al. [8-13]. It has 
been demonstrated that such free energy for a conserved order parameter 
is able to capture many of the essential static properties of the ternary 
oil-water-surfactant systems. 

Assuming the Gompper et al. free energy we propose a conserved 
evolution model for the oil-water-surfactant system. The model has the 
form of an IBVP for the sixth order Calm-Hilliard type equation and 
r"s11lt.s :.l.s n. rlir„rt. "xt.,,nsinn nf t.h<' cla.ssir.al fonrt.h ordr:,r Cahn Hilli:.l.rrl 

theory. vVe prove that such model is well-posed in the sense that it admits 
a unique large-time regular solution which depends continuously on the 
initial datum. 

2 z77 31-8-2010 



Higher order extensions of the Calm-Hilliard equation arise also in 
other physical problems and attract recently a mathematical attention. 

In [14] stationary solutions to one-dimensional sixth order convective 
Cahn-Hilliard type equation arising in epitaxially growing nanostructures 
have been analysed; also other related references have been indicatecl. In 
a very recent reference [4] the sixth order Cahn-Hilliard type equation in 
2-D describing faceting of growing crystal surface [16] has been studied 
from the point of view of the existence of global in time weak solutions. 

We mention also that the sixth order Cahn-Hilliard type equation 

with a similar structure as considered in the present paper arises as a 
conserved phase-field-crystal (PFC) model. It has been developed in [6, 2, 
l] as an efficient tool to simulate materials on the microscopic se.ale. This 
model is based on a second order free energy. In case of a nonconservecl 
evolution of the order parameter the correspondittg fourth order parabolic 
equation is known as the Swift-Hohenberg (SH) equation. For a detailed 
cliscussion of PFC and SH equations and their hyperbolic type extensions 
as well as related references we refer to the recent paper [7]. 

1.2. The Gompper et al. free energy 

The free energy func.tional proposed by G. Gompper et al. [8-13] has the 
form 

(1.1) 

with the density 

F{x} = j f(x, Vx, V 2 x)dx, n c IE.3, 
n 

Here X is the scalar order para.meter which is proportiona.l to the loca] 
difference of the oil and wa.ter concentrations. The properties of the am­
phiphile and its concentration enter model (1.1) implicitly via the form 
of the functions fo(x) and x 1 (x) as well as the ma.gnitucle of consta.nt 
X2 > Q. 

The funciton fo(x) is the volumetric free energy with three ]ocal min­
ima at X = Xo, X = Xw and X = O corresponcling to oil-rich, wa.ter-rich 
and microemul8io11 plrn8e8, re8pectively. In the absenc.e of amphiphilic 
Hwle,:ule~ .fo(x) has two minima at x - Xo and X = Xw. vVl1en a.rnphiphile 
i8 uddcd Lo Lhe oil-water 8Y8tem a third minimum of .fo appea.rs at X = U, 
which clescribes i1 homogcncous rnicrocmulsion phase. The value of the 
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microemulsion minimum depends on the amphiphile concentration: fo(O) 
is low for high amphiphile concentration and high for small amphiphile 
concentration. 

In [8, 10] the following sixth order approximation of /o is used 

(1.2) fo(x) = w(x - xo)2(x2 + ho)(x - Xw) 2 

where parameter ho E JR measures the deviation from oil-water-micro­
emulsion coexistence and w is a positive constant. In case of oil-water 

symmetry, -xo = Xw = Xbulk = 1, w= l, and then 

(l.3) lo(x) = (x + 1)2(x2 + ho)(x -1)2. 

In the absence of amphiphile the first gradient coefficient u-1 is a 
positive constant. When amphiphile is added to the sytem a minimum of 
x 1 (x) develops at x =O.For strong amphiphiles and with increasing their 
concentration u-1 (x) becomes negative at the microemulsion pha.se. In [8, 
10, 13] the coefficient u-1 is approximated by the quadratic function 

( 1.4) 

with constants g0 of arbitrary sign and g2 positive. 

The second gradient coefficient is a positive constant 

(1.5) u-2 = const > O. 

The Gompper et al. free energy (1.1)-(1.5) is justified by scattering 
experiments . We recall after [9, 11, 13] that the scattering intensity S(q) -
which is the Fourier transform of the order parameter correlation function 
- corresponding to the free energy (1.1) has the form 

where Xb E {xo, O, X w}. Experiments show a peak at q = O in the oil-rich 
and water-rich phases, but at q ;p O in the microemulsion. This requires 
.><2 to be µosiLive and u-1 to be posit.ivP. in t.hP oil i'l.nrl w:'l.t.Pr ph::i.Aes but. 
ncgative in the microemubion. 
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1.3. Conserved evolution system 

Like in the classical Cahn-Hilliard theory the order parameter X in (1.1) 
is a conserved quantity. Thus it satisfies the conservation law 

( 1.6) Xt +"il· j = O 

with the mass flux j given by the constitutive equation 

(1.7) j = -M"vµ. 

Here M > O is the mobili ty andµ represents the chemical potentia! differ­

ences (shortly called the chemical potentia!) between the phases. In accord 
with the Cahn-Hilliard theory the chemical potentia! is given as the first 
variation of the free energy functional with respect to the order parameter: 

(1.8) 
óf 

µ = óx· 

The first variation ó f / ó X is defined by the condition that 

(1.9) d~\ j f(x + >-(, 'vx + >-"v(, "v2x + >- 'v2()dxl -\=o =: j ;~ (dx 
n n 

is to hold for all test functions ( E C0 (!J). In case of free energy (Ll) 
( x2 = const) this leads to the following expressions for Jl and \7 µ: 

(1.10) 

and 

(1.11) 

1 
µ = fo,x(x) + 2xi,x(x)l"vxl 2 - "v · (x1(x)"vx) + x26 2x 

= fo,x(x) - ½x1,xl"vxl2 - x1(x)t:.x + x26 2X, 

"vµ = fo,xx(x)"vx - ½x1,xx(x)l'vxl 2"vx - ½x1,x(x)"v(i"vxl 2 ) 

- x1,x(x)6x'vx - X1 (x)"v 6X + X2 \7 l:,, 2x. 

Above and hereafter we use the notation Xt = óx/ót, f,x(X) = 
df(x)/dx, vectors are denoted by bold letters, the dot • means the scalar 
product and "v· stands for the divergence. 

Combining (1.6)-(1.10) we get the following conserved evolution sys-
tern 

(1.12) 

Xt - "v · (M"vµ) = O 

Jl= .fo,x(X) + ½x1,x(x)l"vxl2 

"v. (x1(x)"vx) + xi6 2x 

5 

in D7 = n x (O,T), 
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where n C JR 3 is a. bounded dama.in with the bounda.ry S, occupied by 
the ternary mixture, and (O, T) is the time interval. We complement this 
system by the initial condition at t = O 

(1.13) x(O) = Xo m n, 

and by the following Neumann type boundary conditions 

n. 'vx = o 011 ST= S x (0,T), 

( 1.14) n-'v6.x=O on 5T 
' 

n·'vµ=O 011 5T 

where n denotes the outward unit normal to S. The conditions (1.14)1,2 
a.re "natura!" for the functional (1.1) (see derivation of energy identity in 

Lemma 3.1). In view of (1.7), the condition (1.14)3 represents the mass 
isolation at the boundary S. System (1.12) can be also considered with 
other boundary conditions. 

Combining equations (1.12)1 and (1.12)2 , and ta.king into account 

that by (1.17h,2, 

system (1.12)-(1.14) can be formulated in the form of the IBVP for the 
sixth order Cahn-Hillia.rd type equation: 

Xt - lvlx26.3x 
( 1.15) 

= M 6. [10,x(x) - ~x1,x(x)l'vxl 2 - ><1(x)6.x] 111 nr, 

(1.16) x(O) = Xo in n, 

n·'vx=O, n-'v6.x=O, 
(1.17) 

2 1 2 T x2n · '16. x = 2x1,x(x)n · 'v(l'vxl ) on S . 

It is of interest to note that in contra.st to the classical fourth or­
der Cahn-Hilliard IBVP (the case x 2 = O and x 1 = const > O) system 
(1.15)-(1.17) involves the nonlinear bounda.ry condition. 
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1.4. Assumptions and main result 

We consider system (1.12)-(1.14) (in equivalent form (1.15)-(1.17)) under 
the following assumptions: 

(Al) l1 c IR 3 is a bounded domain with a boundary Sof class C'6 ; T > O 
is an arbitrary fixed time; 

(A2) the free energy density f(x, v'x, v'2x) is defined in (1.1) where: 

(i) fo(x) is a sixth order polynomial satisfying the conclition 

fo(x) ~ cx6 - c for all x E IR with constants 
(1.18) 

c > O and c ~ O; 

(ii) x1(x) =go+ g2x2 with constants go E IR and g2 > O; 
(iii) x2 > O and M > O are constants. 

Clearly, fo(x) given by (1.2) satisfies (1.18). We have the following 

Theorem 1.1. (Existence) Let assumptions (Al), (A2) liold and tlie ini­
tial datum Xo be sucli tliat 

(1.19) Xo E H3(l1), 

and Xt(O), computed from equation (1.15), satisfles 

(1.20) 
Xt(O) = Mx26. 3xo + M6. [10,xo(Xo) + ~xl,xo(xo)lv'xol 2 

- v' · (x1,x,(Xo)'vxo)] E L2(l1). 

Moreover, tlie following compatibility conditions liold on S: 
(1.21) 

2 1 2 
n· 'vxo = O, n· 'v6.xo = O, x2n · v'6. Xo = 2x1,x0 (xo)n · 'v(l'vxol ). 

Tlien for any T > O problem (1.12)-(1.14) admits a strong solution X E w:•1(ltT) satisfying tJie estimate 

(1.22) 

witli a consta.nt c = <p( llxo li H•(n), IIXt(O) li L,(n), T), wliere <p( ·) is a positive, 
increasing function of its arguments. 

Theorem 1.2. (Continuous dependence on xo) 
Let X1,X2 E Lcx:,(O,T;H2 (D.)) be two solutions to problem (1.12)-(1.14) 
corresponding to tlie initial data Xio, x20 E H 2 (f2), respectively. Tlien 

(1.23) lh:1(t) - xit)IIL,(HJ S: llx10 - x20IIL,(!ct for t E (O, T), 
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where 
C = 'P(llxllL=(o,r;H'(fl))), X= (x1,x2), and 

2 

llxliL=co,r;H'(flJJ = I: llx;ffr,=co,r;H'(flJ)· 
i=l 

Corollary 1.3. (Uniqueness) Theorem 1.2 implies that a solution x E 

Lco(O, T; H 2 (D,)) to problem (1.12)-(1.14) is uniquely cleflnecl. In particu­
lar, the regular solution X in TJ1eorem 1.1 is uniquely deflned. 

The results of this paper were announced without proofs in [16]. 

2. Notation and auxiliary results 

2.1. Notation 

Let n C !Rn be an open bounded subset of !Rn, n 2'. 1, with a smooth 
boundary S, and nr = n x (O, T). We denote: 
W{(n) = Hk(n), k E N U {O} - the Sobolev space on n with the finite 
norm 

H 0 (n) = L2(n); 

w;1•1(nr) = Lp(O, T; w;1cn)) n wl'.(o, T; Lp(D,)) , k E N, / E N, 

JJ E [1, oo) - the Sobolev space on nr with the finite norm 

lluffw;'•'(flTJ = ( L J [D~ofu/Pdxdt) l/p; 
la-l+ka:,k10r . 

w:•••(nr) = Lp(O, T; w;•(n)) n w;(o, T; Lp(n)), k E N, s E IR+, p E 
[1, oo) - the Sobolev-Slobodecki space on nr with the finite norm 

llullw:•·•cnrJ = ( L j ID~ofufPdxdt 
lol+ka:,[ks]0 r 

r 
+ L Jl! [D~u(x ,t) - D~,u(x',t)IP dxdx'dt 

jx _ x' Jn+p(ks-[ks]) 
1°l=[ks] o n n 

r r J J J 1aj'1u(x, t) - a):lu(x, t')IP , ) l/p 
+ jt _ t'jl+p(s-[s]) dtdt dx 

n o o 

where [s] is the integer part of 8. 
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By c we denote a generic positive constant which changes its value 
from formula to formula and depends at most on imbedcling constants, 

constants of the considered problem and the regularity of the boundary. 
By <p == cp( 0'1 , ... , O'k), k E N, we denote a generic function which is a. 

positive increasing function of its arguments 0'1 , ... , O'k, and may change 
its form from formula to formula. 

2.2. Imbeddings in Sobolev-Slobodecki spaces 

In accord with [18 , 19, Sect. 12] we define the fractional derivatives norms. 
Forµ E (O, 1) and p E (l,oo) Jet 

and 

T 

[u] T == (!!! lu(x,t)-u(x',t)IP dxdx'dt)I/p 
µ,p,n ,x lx - x' 1n+pµ 

o n n 

= ll8full Lp(l1T), 

[ l Ju(x, t) - u(x', t)I 
u µ 00 nT x == sup sup 

' ' ' tE(D,T) x,x'El1 lx - x'l 1' 

= 118fullL=(nT), 

T T (JJ! lu(x,t)-u(x,t')IP , )I/p 
[u]µ,p,nT,t == lt _ t'll+pµ dtdt dx 

n o o 

= 118ful1Lp(l1T), 

[u]µ,oo,nT,t == sup sup 
l1 t,t'E(O,T) 

lu(x, t) - u(x, t')I 
lt - t'II-' 

= JJ8fullL=(nT)· 

For simplicity la ter on we use the notation 8fu and 8f u. 
We need the following results. 

Theorem 2.1. (see {3, Chap. 3, Sect. 10}) Let u E w;•••(Dr), D c IRn, 
s E IR+, p E [1, oo]. Let 

( n+ k n+ k ) 1 
x == -- - -- +lal+ ka - :::; 1, 

p q ks 

where q E [l, oo], a, == ( Cl'J, ... , a,n) is the multiindex, a; E N U {O}, i == 

1, ... , n, a E N U {O}, Jal == Cl'J + · · · + Cl'n, Then 

n:= a:;, ... ,a;;, 
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and the interpolation holds 
n 

(2.1) 
IID~8fllL,(flT) '.S E1 -x(ll8fullL,(flT) + ~ llo!>IIL,(flT)) 

+ cE-"llullL,(flT), 
where E E IR+ and q 2: p. 
In case q = oo, (2.1) holcls providecl x < 1. 

i=l 

Theorem 2.2 . ( direct boundary tra.ce theorem, see {18}) 
(1) Let n C !Rn be a dama.in and S be either a boundar:v of n or a 

subdomain of n wi th dim S = n - 1. 

(2) Let u E W;'•'(DT), s E IR+, k EN, p E (l,oo), SE C'ks. 
Then there exists a function u = ulsr such that 

u E w;•-1/p,s-I/kp(ST) 

=cl 

(2.2) 

where c cloes not dep end on u. 

Theorem 2.3. (inverse boundary tra.ce theorem, see {18, 19, Sect. 20}). 
Let assumption (1) of Theorem 2.2 hold. Let u E w;•-I/p,s-I/kv(ST), 

s E IR+, k EN, p E [1,oo), SE Ck•. Then there exists a function u sucl1 

that ulsr = u, u E vV; 1•1(DT) allel 

(2.3) 

where c does not depend on u. 

Theorem 2.4. ( direct initial tra.ce theorem) (see {18}) Let u E w;•• 5 (f2T), 
s E IR+, k E N, s > l/p, p E (1, oo ). Then u = uli=ta where to E [O, T]. 
belongs to w:•-k/p(D) alld 

(2.4) 

where c does not depend on u. 

Theorem 2 .5. (inverse initial tra.ce theorem) (see {18}) 
Let ti E w;s-k/p(D), s E IR+, k EN, s > l/p, p E (1,oo). Then there 
exists u E w;•·•(DT) such that ult=ta = u, to E [O, Tl, and 

(2.5) 

where c does not depend on u. 
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2.3. Estimates for second and fourth order elliptic problems 

For further purposes we prepare two lemmas providing estimates for sec­
ond and fourth order linear elliptic problems. These estimates represent 
some specializecl versions of the well-known generał elliptic estimate, see 
[15, Chap. 2, Thm. 5.1]. 

Let n C IR", n 2'. 1, be an open bounded subset of IR", with a smooth 
boundary S. Let us consider the problem 

t:,,.x = f m D, 

(2.6.) 
n· v'x = O on S, 

I xdx ·= Xm = const 

n 

where 

Lemma 2.6. Let r E NU {O} and f E Hr(D.). Then there exists a unique 
solution X E H 2+r(D.) to (2.6) such that 

(2.7) 

Proof. Let us recall the elliptic estimate [15, Chap. 2, Thm. 5] 

(2 .8) llxllH 2+,cnJ :S c(llt:,,.xllwcnJ + llxi1HC2+,J- 1 (nJ)-

Since, by the interpolation, 

(2.8) implies that the solution to problem (2.6.) satisfies 

(2.9) llxllH2+,(n) :S c(ll/llwcnJ + llxllL,(n))-

Multiplying (2.6.)1 by X, integrating over D., using the Young and Poincare 
inequali ties leads to 

(2.10) llxllL,(fl) + IIVxllL,(fl) :S c(llfllL,(fl) + lxml)-

Now applying (2.10) in (2.9) we concludc incquality (2.7). 

11 
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Next, !et us consider the fourth order elliptic problem 

(2.11) 

b.2 X = f 
n. "vx = o 
n·"vb.x=O 

j xdx = Xm = const. 

n 

in n, 
on S, 

on S, 

Lemma 2.7. Let r E NU{O} and f E Hr(n). Then there exists a. unique 
solution XE H4+r(l1) to (2.11) such tha.t 

(2.12) llxllH•+•(n) ~ c(ll/llw(n) + lxml). 

Proof. In accord with the elliptic estimate [15, Chap. 2, Thm. 5.1], 

Since, by the interpolation, 

(2.13) implies that the solution to problem (2.11) satisfi.es 

(2.14) 

In addition, we prove the estimate 

(2.15) llxlli,<ni + ll"vxlli,<ni ~ c(llflli,<nJ + lxml). 

To this end multiplying (2.11)1 by X, integrating over n and twice by parts 
using boundary conditions (2.11 )2,3 , and applying the Young inequality we 
get 

(2.16) j(b.x)2 dx ~ E:2 j x2dx + c(l/c2) j f 2 dx, €2 > O. 

n n n 
Now, considering the auxiliary artificial problem (with b.X on the right­
-hand side of (2.17) 1 treated as given) 

(2.17) 

in n, 
n· v'x = O on S, 

f xdx = Xm, 
'n 

12 7.77 31-8-2010 



and recalling the inequality (2.10), yields 

(2.18) llxlll,(n) + ll'vxlll,(n) :Sc j(l:,x) 2 dx + ex;,,. 
n 

Inserting (2.16) into (2.18) and choosing c:2 sufficiently small we arrive at 

(2.15). Now, using (2 .15) in (2.14) gives (2 .12). O 

2.4. Linear parabolic problem of the sixth order 

We recall the solvability result for the sixth order linear parabolic problem 
which is of crucial importance for the proof of Theorern 1.1. 

Lemma 2.8. (see {15, 19}) Let us consider the linear IBVP 
(2.19) 

xi - 6 3 x = F 111 nr= n x (o, T), 

x(O) = xo 111 n, 
n·'vx=O, n-'v6.x=O, n · 'v62x=G on ST=Sx(O,T), 

where n C ]Rn is a domain with a boundary Sof class C 6 . Assume tha.t 

(2 .20) FE L2(D.r), GE WJ 12 •111 2(ST), Xo E W](D.) = H 3 (D.). 

Moreover, Jet the following compatibility conditions hold on S 

(2.21) n·'vxo=O, n·'v6.xo=O, n -'v6. 2xo=G(O) 

with the la.st two in the weak sense. Then for any T > O problem (2.19) 
has the unique solution x E w;•1(nT) satisfying the estimate 

3. A priori estimates 

We begin with noting the conservation property of system (1.12)-(1.14): 

(3.1) ijxdx=O 
dt 

n 

which follows from (1.12)1 and (1.14)a. It shows that the rnean value of x 
is preserved, i.e., 

(3.2) f x(t)dx = f xodx = Xm for t ~ O. 
n n 

Ncxt we dcrivc the energy identity for (1.12)-(1.14). 
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Lemma 3.1. (Energy iclentity) Let x be a sufflciently regula.r solution to 
system (1.12)-(1.14). Then tlie following iclentity is satisnecl 

(3.3) 

~ j [to(x) + ½x1(x)Jv'xJ 2 

n 

+ ½x2 (6.x)2] dx + M j J\7 µJ 2 dx = O for t 2'. O. 
n 

Proof. Multiplying (1.12) 1 by µ, integrating over D and by parts using 

boundary condition (1.14)3 leads to 

(3.4) J Xtµdx + M J Jv' µJ2 dx = O. 
n n 

Further, multiplying (1.12)2 by -Xt and integrating over D gives 

(3.5) 

-J µxidx + J [10,x(X)Xt + ½x1,x(x)lv'xl 2 xi 
n n 

- v' · (x1(x)v'x)Xt + x26.2 XXt]dx = O. 

Since 

j fo,xXtdx = ~ j fo(x)dx , 
n n 

and on account of boundary conditions (1.14) 1 and (1.14)2, 

(3.6) 

j [½x1,x(x)Jv'xJ 2xi - v' · (x1(x)v'x)xi]dx 
n 

= j [½x1,x(x)Jv'xl 2xi + x1(x)Vx · Vxi] dx 
n 

1 d J 2 = 2dt x1(x)JVxl , 
n 
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the identity (3 .5) becomes 

(3.7) - j µxt + ~ j [fo(x) + łx1(x)IVxl 2 + łx2l6.xl 2 ]cLr. 
n n 

Now, adding (3.4) and (3 .7) by sides yields the assertion. o 
From identity (3.3) we decluce 

Lemma 3.2. (Energy estimate) Let a.ssumptions (Al), (A2) hold ancl 
xo E H 2 (fl). Then a solution to (1.12)-(1.14) satisiies 

(3.8) 

where 

llxll1,(n) + 92 J x2IVxl2dx + J x6 dx + J IVpl2dxdt' 
n n n• 

S c(Do + 1) for t E [O, Tj 

Do= j [to(xo) + ~(lgol + 92X~)IVxol2 + ~x216.xol2] dx. 

n 

Proof. Integrating (3.3) with respect to time from O to t E [O, Tj and 
taking into account condition (1.18) in (A2) (i), we get 

(3.9) 
j [ X6 + ~(go+ 92X2)1Vxl2 + łx2(6.x)2] dx + j JV µl 2 dxclt' 

n n• 
S Do + c for t E [O, Tj, 

where Do is defined in (3.8). Hence, 

(3.10) 

j[x6 + 92x2IVxl2 + x2(6.x)2]dx + J IVµl 2dxdt' 

n n• 

S clgol j 1Vxl 2dx +Do+ c. 
n 

Let us consider now the artificial elliptic problem 

in n, 

(3.11) 
n· Vx = O on S, 

j xdx = jxodx = Xm 

li SI 
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with the right-hand sicle of (3.11) 1 treatecl as given. Note that conditions 
(3.11)2,3 are ensurecl by (1.14) 1 and (3.2). Then, in accord with Lemma 2.6, 

(3.12) llx!IH2(n) ~ c(ll6.xl!L,(n) + lxml), 

By virtue of (3.12), applying the interpolations 

j l'vxl 2 dx ~ c:I!lxlli,(n) + c(l/c:1)llxlll,(n) 
n 

~ c:1llxllk,(n) + c(l/c:1)(c:2llxllL<n) + c(l/c:2)), 

with €, €2 > O, and choosing €1, €2 sufficiently small we deduce from (3.10) 
inequality (3.8). O 

Corollary 3.3. From (3.8) it follows that 

(3.13) 

where c1 llxo!IH'(n)• Note tl1at constant c1 is independent of T. By 
virtue of the imbedding, (3.13) implies that 

Corollary 3.4. On account of boundary conditions (1.4) 1 ,2 , integration 
of (1.12)2 gives 

(3.15) j µdx = j [10,x(X) + ~x1,x(x)l'vxl 2 ] dx. 

n n 

Hence, using (3.14), it follows tl1at 

(3.16) ess sup I j µdxl ~ ,p(cI). 
tE[O,T) n 

Now, by the Poincare inequality, estimates (3.13) and (3.16) imply that 

(3.17) 

Our goal now is to estimate the separate terms of 'v µ given by formula 
(1.11). 
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Lemma 3.5. (Estimate on "il 6.x) Let the assumptions of Lemma 3.2 be 
satisfied. Then 

Proof. Multiplying (1.12)i by X, integrating over .11 and using boundary 
condition (1.14)3 gives 

(3.19) l d J 2 / 2dt X dx+M '11-i·'vxdx=0 . 
n n 

Insertingformula (1.10)2 for 1-i , (3 .19) becomes 

~~ j x 2dx + M j "v(to,x(x)- ~x1,xCx)l"vxl 2 - x1(x)6.x 

(3.20) n n 

+ x26.2x) · "vxdx = O. 

On account of boundary conditions (1.14) 1 and (1.14)2 integration by 
parts yields 

(3.21) 

and 

(3 .22) 

j "il (to,x(x) - ~x1,x(x)l"vx l2 - x1(x)6.x) · "vxdx 
n 

= - j (to,x(x) - ~x1,x(x)l"vxl 2 - x1(x)t:i.x)t:i.xdx 
n 

x2 j "v(6.2x) · "vxdx = -x2 j 6.2xt:i.xdx 
n n 

= -X2 J "i7 ' ("il 6.x)6.xdx = x2 J l"v 6.xl 2dx. 
n n 

Inserting (3.21) and (3.22) into (3.20) and using (A2) (ii), (iii) we arrive 
at the identity 

~~! x 2dx+Mx2 jl"v6.xl2dx+Mg2 J x2(6.x)2dx 
n n n 

(3.23) = -Mgo j(t:i.x)2dx + M J fo,x(x)t:i.xdx 
n n 

- Mg2 J xl"vxl26.xdx = h + I2 + [3, 

n 
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On account of (3.13) and (3.14)1, 

Ii '.'ó cc1, I2 '.'ó cilfo,x(x)IIL,(n)llb.xllL,(n) '.'ó tp(c1)-

Moreover, 

h '.'ó CJ J x 2 (b.x)2dx + c(l/c:I) J lv'xl 4 dx , €1 > o, 
n n 

where by virtue of (3.14)2 the second integral is bounded by tp(cI). Com­
bining the above estimates in (3.23), choosing c: 1 small and integrating the 
resulting inequality with respect to time we get 

j x 2dx + j x 2(b.x)2dxdt·+ j lv'b.xl 2dxdt '.'ó j x~dx + tp(c1)T. 

n nr nr n 

Hence, by definition of c1, estimate (3.18) follows. • 
Corollary 3.6. Considering fort E (O, T) the artificial elliptic problem 

b.x = b.x 

n· Vx = O 

j xdx = j xodx = Xm, 
n n 

and recalling Lemma 2.6, it follows that 

in n, 
on S, 

llxl1L,(O,T;H3 (n))::; c(llb.xllL,(O,T;H 1(n)) + T 112 lxml)­

Hence, by virtue of estimates (3.13) and (3.18), 

(3.24) llxllL,(O,T;H3 (n)) ::; Cj T 112 + tp( C1, T) + T 112 lxm I = tp( Cj, Xm, T). 

Lemm.a 3.7. (Estimate on v'b.2x) Let the assumptions of Lemma 3.2 be 
satisfied. Then 

(3.25) 

Proof. Using (1.11) we have 

IIVb.2xllL,(nrJ '.'ó c(IIVµIIL,(nrJ + ll!o,xxCx)v'xllL,(nrJ 

+ llx1,xxCx)IVxl 2 VxllL,(nr) + llx1,x(x)V(IVxl 2)IIL,(nr) 

(3.26) + llx1,xCx)b.xv'xllL,(nrJ + llx1(x)Vb.xllL,(nr)) 
6 

=Lh-
k=I 
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Using (3.13) and (3.14), 

I1 +Iz+ h S cp(c1)T1I2 . 

Further, by (3.14) and Holder's inequality 

J4 + Is :S cp(c1)ll l'vxl l'v2xl IIL,(nr) 
T 1/2 

S cp(c1)(j ll'vxiiL(nJll'v2xliL<r!)dt) 
o 

T 1/2 

S cp(cI)(j /l'v2xl1L(n)dt) 
o 

Applying the interpolation and estimates (3.24), (il3) we have 

l/'v2x/lL,(o,T;L3(nJ) S c(/l'v2xllL,(o,T;H 1(n)) + /l'v2xl/L,(o,T;L,(n))) 

S cp(c1,Xm,T). 

Hence, 
J4 +Is :S cp(c1,Xm,T). 

Finally, by (3.14) 1 and (3.18), 

h S cp(c1,Xm,T). 

After using the above estimates in (3.26) we conclude (3.25). D 

Corollary 3.8. Considering for t E (O, T) the artificial elliptic problem 

ll.2x = .6. 2x in n, 
n·'vx=O, n·'v.6.x=O on S, 

f xdx = I xodx = Xm, 
n n 

a.nd recalling Lemma 2. 7, it follows that 

llxl!L,(O,T;H'(O)) ::; c(l/.6. 2X/IL,(O,T;H 1 (0)) + T1I2 lxm I), 
Hence, since f .6.2 xdx = O, the Poinca.re inequality implies tha.t 

n 

llxl/L,(O,T;H'(O))::; c(i/'v.6.2xl!L,(nT) + T1I2 lxml), 

This upon the use of (3.25) gives the estimate 

(3.27) llxllL,(O,T;H'(SJ)) S cp(c1, Xm, T). 

To get estimates on Xt we consider system (1.12)-(1.14) rewritten in 
the form (1.15)-(1.17) and differentiate equation (1.15) with respect to 
time. We proceed in such a way because due to the nonlinear boundary 
condition (1.17)3 the direct approach based on multiplying (1.15) by Xt 

turns out to be unsuccessful. 
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Lemma 3.9. (Estimates on Xt) Let the assurnptions of Lemma 3.2 be 
satisfi.ecl ancl, in aclclition, Jet Xt(O) computecl from equation (1.15) be 

sucli that 

(3.28) 

Then 

(3.29) 

Xt(O) = M6.(fo,xo(xo)- ~x1,x(xo)l'vxol2 - x1(xo)6.xo 

+ x26.2xo) E L2(!.1) . 

J x:dx + J l'v6.Xt•l 2dxdt' + J x 2l6.Xt•l 2dxdt' 

n n• n• 
S: <p(c1,c2,Xm,T) for t E (O,T) 

where C2 = llxt(O)IIL,(fl)· 

Proof. Differentiating equation (1.15) with respect to time, multiplying 
by Xt and integrating over n gives 

(3 .30) 

1 d J 2 J ( 2 1 2) 2dt Xtdx - M 6 x26 X - 2X1,xl'vxl XtdX 
n n ,t 

- lvf J 6-(fo,x - x16.x),tXtdX = o. 
n 

Let us write the second integral in (3.30) in the form 

-M j v'· [v'(x26.2x-~x1,xl'vxl 2) xi]dx 
n ,t 

+ lvf J y7 ( X26. 2x - ~x1,xl'vxl2) · 'vxidx = I1 + I2, 
!1 ,t 

In view of boundary conditions (1.17) 1 ,3 the integral 11 vanishes, and 

I2 = M j 'v · [ ( x26. 2X - ~x1,xl'vxl2) 'vxt] dx 
!1 ,t 

- M J ( x262x - ~x1,xl'vxl2) 6-xtdX =Ił+ r:r 
n ,t 
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Here, in view of boundary condition (1.17)i the integral Il vanishes, and 
JJ we wri te as 

IJ = -M x2 J \J · (.6.xt "v .6.x1)dx + M X2 J \J .Ó.Xt · \J .6.x1dx 
n n 

+ ~ jcx1 ,xl"vxl2),1.6.x1dx =Jo+ 11 + 12. 
n 

By boundary conditions (1.17)2, Jo vanishes, 

and 

11 = M X2 J l"v b.xtl2 dx, 
n 

On account of (3.14)i, 

ll2I::::: cp(c!) j (lx1I l"vxl2 + l"vxl l"vx1l)l.ó.x1ldx = li­
n 

Applying the Holder and Young inequalities, and using estimate (3.14)2 , 

li :S cp(c1)ll.ó.x1IIL.(nJllxt/lL,(nJll"vxJIL<nJ 
+ cp( C1) li .6.xt li L. (!1) 11 "v X li L.(n) li "v X tll Ls1, (!1) 

::=:: c:111.6.xt!ILcnJ + cp(l/c:I)(llx1IILcnJ + ll"vx1IIL1,<nJ) 
= li, CJ > o. 

Further, on account of the interpolation 

we get 

lhl :S JJ :S c3ll.ó.xt/lJ.P(n) + cp(l/c:3)llxillL(n) 
:S c4ll"v .6.x1IILnJ + cp(l/c:4)llxt/lLcnJ, c3 > O, c4 > O, 

where in the latter estimate we used the Poincare inequality with 

f f:ix1dx = O. 
n 
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Let us examine now the third integral in (3.30) by splitting it into 
two terms: 

M J 6.(x16.x),tXidx - M J 6.(fo,x),tXtdx = I<1 + I<2. 
n n 

We write I<1 in the form 

I<1 = M J V· [V(x16.x),ixt]dx - M J V(x16.x),t · Vxtdx =I<{+ I<f. 

n n 

On accoi.mt of boundary conditions (1.17)1 ,2, 

I<f = M J n · V(x16.x),tXtdS 

s 

= M j(x1,xn · Vx6.x + x1n · V6.x),tXtdS = O. 

s 

By (1.17)1, 

I<f = -M J V· [(x16.x),t'1Xt]dx + M j(x16.x) ,t6.Xidx 

n n 

= M j(x16.x),i6.xidx 

n 

= M j[x1 ,xXtĆ'.XĆ'.Xt + x1(6.xt)2]dx, 
n 

which after recalling the form of x1(x) (see (A2) (ii)) gives 

I<;= M j[2g2xx16.x6.xt +(go+ g2x2)(6.xt)2]dx . 

n 

Hence, 

where 

I<;= Mg2 j x 2(6.xt)2dx + I<t 
n 

I<t = M j[2g2XXtĆ'.XĆ'.Xt + go(6.xi)2]dx . 
n 
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Using the Holder and Young inequalities along with estimates (3.14h and 
(3.13)i we get 

II<f I :S: c1 llxt/lL3(n) 116.x/l L2(n) 116.xi l!L.(n) + c1!6.xtl!Ł,(nJ 
:S: c:51!6.xil!L<n) + ip(l/c:5)1lxtllL<n) + c//6.xt/lL<nJ· 

Now we apply the following interpolations together with the Poincare in­
equality accounting for f 6.xtdx = O: 

n 

(3_32) llxtl!Lti :s: c:5//v'6.xtl!Lt) +cp(l/c:5)1!xtl!Lt>' 
· //6.xtllL,(n> :S: c:11lv'6.x1IIL,(n) + cp(l/c:1)1lx1IIL,(n), c:5,c1 > o. 

Then we get 

tion, 

IKf I :S: c:sl!v' 6.xtllL<n) + cp(l/c:s)llxt/lL<n), t:s > O. 

It remains to examine the integral K 2 • After performing differentia-

K2 = -M juo,xxxl'vx/ 2 + fo,xx6.x),tXtdX 
n 

= -M juo,xxxxXt/'vxl 2 + 2fo,xxx'vx. 'vxt + fo,xxxXtb.X 
n 

+ fo,xx6Xi)Xtdx. 

Recalling (3.14)1, 

IK2/ :s: cp(c1) jrcxt)2 l'vx/ 2 + lv'xl lv'x1l lxtl + (xt) 2 l!:ix/ 
n 

+ /6.x1I lx1l]dx =Ki+ Ki+ KJ+ Kf 

Now, using (3.13), (3.14) and the interpolations in a similar way as above 
we get 

Kf '.S'. cp(c1)1lxt/lL(n)l!v'xl!L<n) :S: cp(c1)1lxt!IL(n) 
:S: t:g/Jv' 6 xt/lL(n) + cp(l/c:g, c1)llxt/lL<nJ, c:9 > O, 

Ki::,'. cp(c1)1lv'xilL.(l1)llv'x1/ILs(l1)llXtllL,(l1) 
S t:101/v' 6.x1IIL(n) + cp(l/c:10, cI)Jlx1 l!L(n), t:1u > O, 
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Ki ::; cp( cI)1if>xllL2(n) llxcliL<nJ ::; 'P( c1 )llxt IIL(nJ 

::; c:111lv'f>xcllL<n) + cp(l/c:n,c1)1lx1IIL(n)• c:11 > O, 

I<t ::; cp( c1 )llf>x1IIL2<n1 llxt!IL2(nJ 

::; c:dv'f>x1IIL<nJ + cp(l/c:12,c1)1lxcllL<nJ, c:12 > O. 

In result, 

Summarizing the above estimates in (3.30) leads to the inequality 

(3.33) 
½ft/ x:dx+Mx2 j1vf>x1l2dx+Mg2 j x2(f>x1)2dx 

n n n 

::; c:141lv' f>x1IIL(n) + cp(l/c:14, c1)1lxt!IL(n) for t E (O , T), 

where c:4 + C:g + C:13 ::; C:14. Hence, choosing €14 sufficiently small and 
applying the Gronwall lemma we conclude (3.29). O 

Corollary 3.10. Since 

which follows from the elliptic property and the Poincare inequality 

(! xidx = O, t 6.xidx =O), (3.29) implies the estimate 

(3.34) llxt!IL=(O,T;L2(11)) + llxt!IL,(O,T;H 3 (11)) ::; 'P( Cj' C2, Xm, T) . 

Moreover, combining (3.27) and (3.34) we deduce that 

(3.35) 

Estimate (3.35) allows to apply the parabolic theory (see Lemma 2.8) 
to system (1.15)- (1.17) expressed as 

(3.36) 

Xt -Mx26' 3 x = M6.[fo ,x(x)-½x1,x(x)lv'xl 2 - x1(x)f>x] 

= F(x) m n7, 
x(O) = xo 

n· Vx = O, n · v'f>x = O 
1 

n · v'f>2x = 2x2 X1,x(x)n . v'(lv'xl 2) = G(x) 

24 

in n, 
on sr, 

on sr. 
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Lemma 3.11. (Estimate in T,V;• 1 (l1T)) Let the assumptions of Lemma. 3.9 
be satisńed, and xo E H 3 (l1). Then a solution to problem (3.36) satisńes 
the estimate 

(3.37) 

where C3 = llxollH3(f!)· 

Proof. By virtue of Lemma 2.8, if 

and the compatibility conditions hold on S 

n· 'vxo = O, n· 'v~xo = O, n· 'v~2Xo = G(xo) 

(with the last two in the weak sense) then problem (3.36) has the unique 
solution x E W2

6•1(nT) satisfying the estimate 
(3.38) 

llxllwt'cnr) ś c(IIF(x)IIL,(nr) + IIG(x)llw;''·''"Wl + llxollH3 (n))-

By (3.35), 

A = llxll w:·' (S1T) Ś cp( Cj, c2, Xm, T). 

We estimate the first two norms on the right-hand sicie of (3.38) by A. Let 
us note that on account of the imbeddings (see Sect . 2.2) the following 
holds: 

llxllL=(f!T) ś cA, 

ll'vxllL,(nr) ś cA for any q < oo, 

(3.39) ll'v2xllL,(f!T) ś cA for 2 ś q ś 8, 

ll'v 3 xllL,(f!T) ś cA for 2 ś q ś 4, 

ll'v4 xllL,(f!T) Ś cA for 2 ś q ś 8/3. 

Moreover, 

11aJ 16 xllL=(f!T) ś cA, 

(3.40) 11aJ 16 v'xllL,(f!T) ś cA for 2 ś q ś 48/5, 

11aJ/6v72XIIL,(f!T) ś cA for 2 ś q ś 48/11 

where the notation of fractional derivatives is used (see Sec. 2.2). 
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After differentiating, 

F(x) = M [!o,xxxl'vxl 2 + fo,xxt:,.X - ~xi,xxxl'vxl 4 

2 3 2 1 (I 12) - ><1,xx v'(lv'xl ) . 'vx - 2x1,xxl'vxl !::,.X - 2X1,xt:,. 'vx 

- 2x1,x v' !::,.X. 'vx - X1,x(t:,.x)2 - x1!::,. 2 x]. 

On account of the assumptions of Jo and x 1 (see (A2) (i), (ii)), using 

(3.39) we get 

(3.41) 

IIF(x)liL,(nTJ :S cli lxl 3 lv'xl 2 + x 4 lt:,.xi + lv' 2 xl lv'xi2 

+ lxl iv' 2 xl 2 + lxl iv' t:,.xl l'vxl 

+ (1 + lxl)lt:,.2 xl IIL,(nTJ 

:S cA4,(llv'x11LcnTJ + llt:,.xllL,(nJ + llv'2 xllL.(nTJll'vxlli.cnTJ 

+ IIV 2 xllLcnTJ + llv't:,.xllL.(wJiiv'xilL.(nTJ + llt:,. 2 xll1,,<nTJ) 

:S cp(A). 

To estimate the boundary term on the right-hand side of (3.38) we 
introduce a smooth extension of the outward unit norma! n to S anto 

a neighbourhood of S. Then by the inverse boundary trace theorem (see 
Theorem 2.3) 

(3.42) IIG(x)llw;12,,112csTJ :S c/lG(x)llw;·'l'cnT) 

where Wi 12 •1112(ST) is the space of traces of functions from Wi'116(nr). 
We have 

IIG(x)llw;·'i'(nT) = 2: 2 llx1,xn · V(IVxl2 )llw;·'1•cnTJ 

(3.43) = 2: 2 llx1,xn · v'(lv'xl 2 )IIL,(o,T;Wł(!1)) 
1 2 

+ -2 llx1,xn. V(lv'xl )llw1 l•co T·L (!1)) = I1 + I2, x 2 2 , , 2 

On account of assumption on ><1, smoothness of Sand the bounds (3.39) 
the term [ 1 is estimated as follows: 

Ii :S cA(II IVxl IV2 xl IIL,(nTJ + li lv'xl 2 iv' 2xl IIL,(nTJ + li IV 2 xl 2 IIL,(nTJ 
4 

+ 11 IVxl lv'3xl IIL,(nTJ) = L If, 
k=l 
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where 

Hence, 

(3.44) 

If::; cAIIVxl!L.u1rJIIV2xllL.(nTJ::; ,p(A), 

If::; cAIIVxllL<nrJI/V2 xl!L.(nrJ::; ,p(A), 

If ::; cAl/"v2xl1L(nrJ ::; ,p(A), 

It::; cAIIVxllL.(nrJIIV3 xllL.(nrJ::; ,p(A). 

Finally, using (3.39) and (3.40), 

h::; cli 1a; 16 xl IVxl IV2xl IIL,(nri + cAI/ 1a;16Vxl IV2xl IIL,(nri 

where 

Hence, 

(3.45) 

3 

+ cAII IVxl 1a;16V 2xl IIL,(nTJ = 'I:,IJ, 
k=I 

Ii ::; 11a; 16 xllL=(nTJ 1/VxllL.(nTJ I/V2xllL.(nTJ ::; ,p(A), 

IJ::; cAll8; 16 VxllL.(nTJIIV2xllL.(nTJ::; ,p(A), 

Ii S cAIIVxllL.cnrJlla{16 V2xllL.cnrJ s ,p(A) . 

After summarizing (3.42)-(3.45), we conclude that 

(3.46) 

Consequently, by (3.38) it follows that 

llxllw;-'cnr) S ,p(A) + llxollH3 ({l) S <p(c1,c2,ca,Xm,T) 

which proves the assertion. o 
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4. Proof of Theorem 1.1 {Existence) 

We apply the Leray-schauder fixed point theorem in the following formu­
lation ( see e.g. [5]): 

Theorem 4.1. (Leray-Schauder) Let X be a Banach space. Assume that 
cf> : [O, 1] x X ---> X is a map with the following properties: 
(i) for any fixed r E [O, 1] the map is completely continuous; 

(ii) ForeveryboundedsubsetBofX, thefamilyofmaps<I?(-,O: [0,1]-> 
X, (EB, is uniformly eąuicontinuous; 

(iii) <I?(O, ·) has precisely one fixed point in X; 
(iv) . There is a bounded subset_ B of X such that any fixed point in X of 

<I?(r, ·) is contained in B for every r E [O, 1]. 
Then <I>(l, ·) has at least one fixed point. 

We choose as the solution space the Sobolev-Slobodecki space 

(4.1) X= w;•••(Dr), s E (O, 1), D C lR.3, 
with the finite norm 

llxllw;···<nr) = ( L j 1n;a;xJ 2dxdt 
ial+6aś[6s]nr 

T 

+ ~ !ff ID:x(x,t)-D;,x(x',t)l 2 dxdx'dt 
L.- Jx _ x' J3+2(6s-[6s]) 

l0 l=[6 s] o n n 
T T 

+ J J J 1a)•lx(x, t) - a):lx(x, t')l2 dtdt'dx) i/2 
Jt _ t'J1+2(s-[s]) 

n o o 
The parameter s E (O, 1) will be specified below in Lemma 4.1. 

The solution map 
(4.2) 

<I>(r, ·): w;···cnr) 3 X>-+ XE w;· 1 (DT) C w;···cnr), r E [O, 1], 

is defined by means of the following initial-boundary value problem 

Xt - Mx26. 3 x = rM6. [!o,x(X) 

(4.3) 
- ~X1,x(x)l'vxl 2 - x1(x)6.x] = rF(x) 

x(O) = rxo 

!Il nr, 

m D, 

n . 'vx = o, n. 'v 6.x = o on sr, 
1 

n. 'v6.2x = r 2x2 X1,x(x)n. 'v(l'vxl2) = rG(x) on sT 
where r E [O, l]. 
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Clearly, x defined as a fixed point of c;li(l, •) is a solution to problem 
(1.15)-(1.17). 

We prove first that the map c;li( r, ·) is well-defined. 

Lemma 4.1. Let the solution map c;li(r, ·) be deflned by (4.2), (4.3) and 

tl1e solution space be wf'·'(nT) with s E (11/12, 1). Then for any X E 
w;'•'(nr) and xo E H 3 (n) satisfying the compatibility conditions 

(4.4) n-'vxo=O, n-'v~xo=O, n-'v~2xo=G(x(O)) on S, 

witb the last two in tbe weak sense, there exists a unique solution X E 
w;·1(nT) to problem (4.3) sucb that 

Proof. Let XE w;'·'(nT) where s E (11/12, 1) and !et 

We proceed in the ·same manner as in Lemma 3.11. By virtue of Lemma 
2.8 problem ( 4.3) has the unique solution x E w;• 1 (nr) provided that 
rF(x) E L2(nr), rG(x) E w;12 •1112 (Sr), rxo E H 3(n) and compatibility 
conditions ( 4.4) hold. Then 

(4.6) 

llxllw;·' (flT) :::; c( rllF(x)IIL,(nT) + rllG(x)llw;12,1/12(ST) + rllxo IIH3 (!1)), 

We estimate the first two norms on the right-hand side of ( 4.6) by the norm 
A. If the parameter s E (11/12, 1) then on account of the imbeddings (see 
Sect. 2.2) we have 

llxlli=(!1T) :::; c.A, 11Vxlli=(!1T) :::; c.A, 
2 - for 2:::; q:::; 9, 11 'v xll L, (flT) :::; cA 

(4.7) 
3 - for 2 ::c; q ::c; 9/2, ll'v XIIL,(flT) :::; cA 
4 -JJ'v xllL,(!1T) :::; cA for 2:::; q:::; 3. 

Moreover, 

1/6 ~ 
IIBt xlli=(flT) :::; cA, 

(4.8) 1/6 ~ 
ll8t VxllL,(flT) :::; cA for 2:::; q:::; 9, 

11Di 16 'v 2xllL,(flT) :Sc.A for 2:::; q:::; 9/2. 
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Repeating estimates (3.41)-(3.46) from Lemma 3.11 and using (4.7), (4.8) 
we conclude that 

(4.9) 
IIG(x)llw;12,1/12(ST)::; cllG(x)llw;·'i'(l1T)::; 1P(A). 

Then, by (4.6), 

(4.10) llxllw•·1(l1T)::; 'P(A) + ci/xol/H 3(l1)::; 1P(llxllw••·•(nT)> llxol/H 3 (l1)) 
2 · 2 

for any r E [O, l] . This proves the assertion. D 
We check that the map <I>(r, ·) defined by (4.2), (4.3) satisfies the 

assumptions of Theorem 4.1. 
(i) Complete continuity 

From ( 4.2) it follows immediately 

Corollary 4.2. Since for s < 1, the imbedding w;•1(.nT) c w;•·•(.nr) 
is compact, the map <I>( T, ·) talces bounded subsets in w;···c.nr) into pre­
compact subsets in w;•·•(.nr). 
Thus, to show the complete continuity of the map <I>( r, •) it remains to 
prove its continuity. 

For a fixed TE [0,1], let Xl = <I>(r,x1) and x2 = <I>(r,x2) be two 
solutions of problem ( 4.3) corresponding to XI and x2 from a bounded 
subset of W;'·•(.nr), such that 

( 4.11) 

Denoting the differences 

( 4.12) J{ = XI - X2, J< = XI - X2, 

and subtracting by sides the corresponding equations for x1 and x2 we 
can see that J{ satisfies the following problem: 

I<t - Mx26. 3 I<= rMó.[(fo,xiĆX1) - fo,x,(X2)) 
1 - 2(x1,h(X1)/Vx1/2 - x1,x,(x2)/V;b/2) 

-(x1(x!)ó.x1 - x1(x2)ó.x2)] = rF(x1,x2) 111 ,nr, 
(4.13) I<(0) = O 111 .n, 

n · VI<= O, n· 'vó.I< = O 

n· V 6. 2 K = r-1-[xi,x, (X1 )n· V(/Vx1 /2) 
2x2 

- X1,x,(X2)n · V(IVx2/ 2)] = rG(x1,X2) 

Analysis similar to that in the proof of Lemma 4.1 yields 
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Lemma 4.3. (Continuity of 4>) For a.ny Xl, X2 E w;···cnr), 
s E (11/12, 1), satisfying (4.11), and for a.ny T E [O, 1], the unique so­
lution KE w;•1(nT) to problem (4.13) obeys tl1e estimate 

(4.14) 

Proof. First, Jet us note that by virtue of the imbeddings the following 
estimates hold for Xk, k = 1,2 (compare (4.7), (4.8)) 

llhlli=<nT) + 11vxklli=<nT) + 11a: 16 ::\:klli=cnr) 
:S cllxkllw;•··(nT) :Scil, 

IIV2hlli.(flT) + 118i 16 'v::\:klli.cnr) 
(4.15) :S cllhllw:,·•(nT) :Scil for 2 :S q :S 9, 

ll'v3::\:klli.(nT) + 118i 16 'v2hlli.(nT) 

:S cllxkllw;•·•cnr) :Scil 

ll'v4::\:kllL.(flT) :S cllxkllw:-·•cnr) :Scil 

for 2 :S q :S 9/2, 

for 2 :S q :S 3. 

From Lemma 2.8 it follows that if rF(x1,X2) E L2(l1T), rG(x1,X2) E 
wJl2 ,1l 1\sr) and the compatibility condition 

(4.16) 

holds on S, then there exists a unique solution to problem ( 4.13) such that 
( 4.17) 

IIKllw;·' (f!T) :S c( rllF(x1, X2)IIL,(f!T) + rllG(b, x2)llw;''·''"(ST)). 

Let us note that condition ( 4.16) holds true sin ce Xi and ;\: 2 satisfy ( 4.4 ). 
We proceed to estimate the norms on the right-hand side of (4.17). 

Using the assumptions on Jo and X1 we write F(x1, x2) in the form 

3 

( 4.18) P(x1, x2) = I: F;(x1, x2) 
i::;;:;l 

where 

Fi(x1,x2) = M6.[Jo,x.Ch) - fo,x,(x2)] 

= M[fo,meWIVx1l2k + fo,x,x,x,(x2)('vh + 'v;\:2). vf< 

+ fo,111111(11)6.x1f< + fo,x,x,(::\:2)6.K] 
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with some ,,T/ E (x1,X2), 

Fz(x1,x2) = -½M6..(x1,x,(x!)IV.:bl2 - X1,x,(x2)IVx2l2) 

= -½Mg2(IVx1l26..R + 2vc1vx1l2). vR + 6..(IVx1l 2)k 

+ 6x2(Vx1 + vx2). v R + 2vx2. ccv2x1 + v 2x2Jv k) 
+ 2Vx2 · (V2 f{(Vx1 + Vx2)) + X2 V 6(x1 + x2) ·VI{ 
+ 2x2(v2x1 + v 2x2). v 2 k + x2(Vx1 + vx2) • v 6k], 

A(x1,x2) = -M6.[x1(X1)6x1 - x1(x2)6..x2) 

= -Mg2[(6x1 + 6.x2)6.x1k + 2cvx1 + vx2) ._ v6.x1R 

+ 26..x1(Vx1 + vx2). v k + (x1 + x2)62x1k 

+ 2(x1 + x2)v 6..h - v k + (x1 + x2)6h6.k 

+ 6.x26K + 2Vx2 · V6..k + x26..2k] - Mgo6 2k 
On account of assumption on x-1 the boundary term takes the form 

G(x1,X2) = -?1 ((x-1,x,(xI)- x1,x,(X2))n · V(IVx112) 
~"'2 

(4.19) 
+ X1,x,(x2)n' V(IVhl2 - IVx212)] 

= .i:_[n' V(lv'x1l2)k + xzn' ((V2x1 + V2x2)VK) 2x2 
+ x2n · (V2k(Vx1 + Vx2))). 

Using ( 4.15) and the analogous imbeddings for I{ we estimate the 
particular terms F; to obtain 

3 

(4.20) L IIF;(X1,x2)lli,(nT):::; ,p(B)I/Kllw:•·•(nT)· 
i=l 

The boundary term ( 4.17) is estimated as follows: 

where 

IIG(h,xz)llw;''·''"(ST):::; cł1G(x1,x2)llw;•'''(nT) 
= c(IIG(x1, xz)lli,(o,T;Wf(fl)) + I/G(x1, xz)lli,(n;W'i"(O,T))) 

=li+Iz 

I1:::; c[lln. V(IVx1l2)kllL,(O,T;Wf(fl)) 

+ llx2n' ((V2XI + V2;b)V k)IIL,(O,T;Wf(fl)) 

+ llx2n · (V2 k(Vx1 + Vx2))lli,(o,T;WJ(n)] 
3 

= Llf. 
j=I 
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I2::; c[lln. V(IVx\l 2).K!IL,(fl;Wl/6(0,T)) 

+ ll:i<2n ' (V2x1 + V 2;\'2)Vk)IIL,(fl;W1 / 6 (0,T)) 

+ llx2n . (V2 K(Vx1 + Vx2))!1L,(fl;W1/ 6 (0,T))] 
3 

=L1r 
j=I 

Again, on account of ( 4.15) and the analogous imbeddings for K after the 
straightforward calculations we have 

2 3 

(4.21) IIG(x1' x2)llw;12,1/12(ST) ::; L LI/ ::; cp(.B)llkllw;·· · cnTr 
i=l j=l 

Substituting ( 4.20) and ( 4.21) into ( 4.17) implies the desired estimate 
(4.14). O 

Concluding, Corollary 4.2 and Lemma 4.3 prove that assumption (i) 
of Theorem 4.1 is satisfied. 

(ii) Uniform equicontinuity 

Let us consider the family of maps <I>( ·, 0 : [O, 1] -> Wf•1(nT) with 
(ina bounded subset of Wf'•'(nr), s E (11/12, 1): 

( 4.22) 

Let X1 = <I>(r1,O, X2 = <I>(r2,O, e EB, T1,T2 E [0,1] be two families of 
solutions to problem ( 4.3) corresponding to parameters r1 and r2, respec­
tively. For a fixed ( E B let us denote the difference 

H = X1 - X2 

which satisfies the following problem 

Ht - Mx2/:;.3 H = (r1 - r2)F(() 111 nT 
) 

H(O) = ( r1 - r2)xo 011 n, 
( 4.23) 

n-VH = O, n· 'vf:;.H = O ST, 011 

n· V !:;.2 H = (r1 - r2)G(O 011 sr. 

Lemma 4.4. (Uniform equicontinuity) For any e E B and any T1' T2 E 
[O, 1] the solution H E Wf•1(nT) to problem ( 4.23) satisfles tiJe estimate 

(4.24) IIHllw;•'(nT)::; cp(cs, llxollH•(n))lr1 - 7 21-
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Proof. We use Lemma 2.8 which implies that the unique solution 
HE w;•1(!1T) to problem (4.23) satisfies 

( 4.25) 
IIHllw;,'(flT) :::'. c(i-r1 - -r2I IIF(Olli,(nr) 

+ h - -r2! IIG(Ollw;''·''"<sr) + !-r1 - -r2I llxollH•(n))-

Recalling estimates ( 4.9) we have 

( 4.26) 
IIF(Olli,(flT) :::'. 'P(lllllw:•·•(nr)) :::'. ,p(ca), 

IIG(Ollw{''·''"WJ::::: ,p(lllllwt··<nrJ::::: ,p(ca) 

for any l EB. Thus, (4.25) and (4.26) imply (4.24). • 
Lemma 4.4 proves the uniform equicontinuity of the family of maps 

w(-,0: [O, 1]-> W;'•'(nr), l EB. 
(iii) Uniqueness for r = O 

By Lemma 2.8 for r = O problem ( 4.3) has the unique solution X = O. 

(iv) A priori bound 

It follows from Lemma 3.11 that there exists a bounded subset B of 
w;•••cnr), given by 

such that any fixed point of w(l, ·) is contained in B. It is elear that the 
same property holds for any -r E [O, 1], so assumption (iv) of Theorem 4.1 
is satisfied. 

In conclusion, we deduce from Theorem 4.1 the existence of at least 
one fixed point of the map w(l, ·) in the space w;•••(nr), s E (11/12, 1). 
By the regularity properties ( 4.5) of the solution map it follows that the 
fixed point belongs to the space w;•1(!1T). Clearly, in view of the defi­
nition of the map w(l, ·) this means that IBVP (1.15)-(1.17) ( equivalent 

to (1.12)-(1.14)) has a solution x E w;•1(nT) satisfying estimate (1.22). 
Thereby the proof of Theorem 1.1 is completed. O 

5. Proof of Theorem 1.2 (Continuous dependence on xo) 

Let X1,X2 E L00 (0,T;H2 (!1)) be two solutions to problem (1.12)-(1.14) 
corresponding to X10, X20 E H 2(!1), respectively. Denoting 

I{= X1 - X2, I<o = X10 - X20 and N= µ1 - µ2 
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where µ; = µ(x;), we have 

K, -V· (MVN) = O 111 nr, 
1 2 

N= fo,x,(x1)-fo,x,(x2) - 2(x1,x,(x1)IVx1I 

- J<1,x,(x2)IVx2i2) - (x1(xl)6.x1 - x1(x2)6.x2) 
(5.1) + x 26.2J{ 

I<(O) = Ko 

n· V I<= O, n· V 6.I< = O 

n-VN=O 

111 nT 
' 

in n, 
on ST 

' 
on ST. 

Multiplying (5.1)1 by I<, integrating over n and twice by parts we get 

(5.2) ½ft J I< 2dx - M J N6.Kdx = O. 
n . n 

After inserting the identity (5.1)2 for N, and taking into account that 
x1 =go+ 92X2, (5 .2) takes the form 

(5.3) 

½ ! / I<2dx + Mx2 J IV6.Kl 2dx 

n n 

= M f Uo,x,(xł)-fo,x,(X2))6.I<dx 
n 

- ½Mg2 j(I<l"vx11 2 + x2V(x1 + x2) · VI<)6.I<dx 

n 

- M j(gol6.Kl 2 + g2K(x1 + x2)6.x16.I< + 92X~l6.I<l 2)dx. 

n 

Hence, in view of the fact that Jo E C2 and x1 ,x2 E L00 (0,T;H 2 (D)) it 
fellows that 

(5.4) 
½ft J K 2dx + Mx2 J IV6.Kl 2dx 

n n 

~ cp(llxll L.,,, (O,T;H 2 (fl)))III<llk 2 cn) 

where X= (x1,x2), llxllL.,,,(O,T;H 2 (0)) = ~:=1 IIXillL.,,,(O,T;H 2 (fl))· 
Now, applying the interpolation 

III<llk 2cn) ~ cllV 6.KIILcn) + c(l/c)IIKIILcnJ, 

35 

c > 0, 
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we deduce from (5.4) that 

~ J I<2dx + J lv'6.Kl 2dx::; <p(/lx!IL=(O,T;H 2(11J))III<IIL(n)· 
n n 

Hence, by the Gronwall inequality, it follows that 

which proves the theorem. • 
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