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Quasilinear thermoviscoelastic systems. 
Large time regular solutions 

joint work with 

W. M. Zaj~czkowski (Warsaw) 

Abstract. We address two thermoviscoelastic systems ansmg in materials 
science: the fourth order system of viscosity-capillarity type describing strur
tural phase transilions in solids and the classical second order system for heat 
concluctive Kelvin-Voigt type materials. Both systems represent tl1e ba.lance laws 
oflinear momentum and energy with appropriate constitutive equations. Th" sys
tems are as follows: 
viscosi ty-capillari ty sys tern 

( 1) I 
u,,+ xQ 1 u - vQut ='il· F,,(e:, O), 

co(e:,11)0, - kt,.0 = OF,o,(e:,0) · e:, + v(Ae:,) • e:, 

u= Qu = O, n · "i70 = O 

ul,=o = '-'o, u,l,=o = u1, Olt=O = Oo 

in nr= n x (O, T), 

Oli 5r = S x (O,T), 

in n; 

Kelvin-Voigt type system 

(2) 

where 

! 
u« - vQu1 =V· F,,(e:, O), 

co(e:, 0)0, - kt,.0 = OF,o,(e:, O)· e: 1 + v(Ae:,) · e:, 

u= O, n· VO = O 

ul,=o = uo, u1lt=O = u1, Olt=O = Oo 

1 
e: = e:(u) = 2(Vu + (Vuf), 

in nr, 
on sr, 
in f!, 

Here n C R3 is a bounded domain with a smooth boundary S, (O, T) is the 
time interval, n is the unit outward normal to S. The field u : nr -+ R 3 is the 
displacement, O : f!r -+ R+ is the . absolute temperature, second order tensors 



E == (e;;) and Et= ((et);;) denote the linearized strain and the strain rate. The 
fourth order tensor A = (Aijkl) stands for the linear viscosity, defined by 

E >-+ AE = >.trel+ 2µe, 

where >., µ are the viscosity coeflicients with va.lues within elasticity range:µ > O, 
3>, + 2µ > O. The differential operator 

u 1-+ Qu =V• (Ae(u)) = µ6.u + (>. + µ)'\l(V · u) 

stands for the linear elasticity operator. 
The function F(e,0) represents the elastic energy. In case of system (1) it is 

nonconvex multiwell in e, with the structure 

F(e,0) = G(B)F1(e) + Fi(e), 

whereas in case of (2), F( E, 0) is convex in e of the form 

where A2 = ((A2)ijkl) is the elasticity tensor, and the second order symmetric 
tensor a = (a;;) corresponds to thermal expansion . In both systems, the function 

c0 (e,0) = c.(0) -11.(es(e , 0) 

corresponds to the specific heat:, wi1.I, c.(11) the caloric heat. The positive con
stants x, v, k represent capillarity. visc.osi ty and heat c:onductivity, respectively. 

We review the know n existence results for systcms (1) and (2) in case of 
constant caloric heat c.(11) = Cv = co11 s t. > O and temperature-dependent ca.loric 
heat c.(0) = cvll , We point on open problems related to the existence of large 
time solutions, both for (1) and (2) , in case of constant caloric heat, c. = cv, in 
dimensions n 2'. 2. 

For systems (1) and (2) with c.(/1) = c.B, we present recent results on the 
existence and uniqueness of large time regular solutions. The existence proofs are 
based on the parabolic theory in Sobolev spaces W;;~0 (!1T), p,p0 E (1,oo), with 
mixed norm with respect to space and time variables. 

References: 
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coelasticity system in Sobolev space with a mixed norm, Discrete and Con
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Subject 

1. Fourth order thermoviscoelastic system with strain-gradient energy and viscosity - known 
as viscosity--capillarity type - arising as a diffused interface model of shape memory 
materials 

2. Classical second order thermoviscoelastic system for heat conductive Kelvin-Voigt type 
materials (i.e., having the properties both of elasticity and viscosity), e.g., viscoelastic 
materials based on silicon gel. 

Plan: 

• 3-0 models and their thermodynamic basis 

• Known existence results 

• Recent results based on parabolic theory in Sobolev spaces Wi)o (flT), p, Po E (1, oo) with 
mixed space-time norm 

Notation and basie assumptions 

• n c Jlł3 bounded domain with a smooth boundary S 

• u = ( U;) displacement, u1 = ( ( u1);) velocity 
e = e(u) = ½(v'u + (v'uf) linearized strain 
Et= e(ut) = ½(v'ut + (v'utf) strain rate 

• 0 > O absolute temperature 

• A1 = ((A1)ijk1) fourth order viscosity tensor : A1et = >-itretl + 2µ1et 

• A 2 = ((A2)ijkl) fourth order elasticity tensor: A2e = >.2trel + 2Me 
where 

µ1 > O, 3>.1 + 2µ1 > O viscosity constants, 

µ2 > O, 3>.2 + 2µ2 > O Lame constants 

I = ( ó;j) identity tensor 

• a= (a;j) second order symmetric thermal expansion tensor 

2 
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1. Thermoviscoelastic system of viscosity-capillarity type 

LetA1 = A2 = A 
By assumptions on >- and µ, tensor A satisfies conditions: 

- symmetry Aiikl = Aiikl = Aklii 

- coercivity and boundedness 

Let 

a.le:1 2 ~ (Ae:) · e: ~ a*le:1 2 

where a.= min{3.X + 2µ, 2µ}, a•= max{3).. + 2µ, 2µ} 

u o-+ Qu = 'v • (Ae:(u)) = µb..u + ().. + µ)'v('v · u) 

with domain D( Q) = H 2(S1) n Hb(n), denote linear elasticity operator. 
By assumptions on ).., µ, operator Q is strongly elliptic, and satisfies 

Thermodynamic potentials 

• free energy in Landau-Ginzburg form 

f(e:, 've:, 0) = J.(0) + F(e:, 0) + i1Qul 2 

~ ~ ----..,_., 
strain gradient 

homogeneous + inhomogeneous elastic deformations 

F(e:, 0) nonconvex, multiwell in e: 
in 1-D Falk model: F(c:, 0) = a2(0 - 0c)c:2 - a4c:4 + a6 c:6 , c: = u„ 
3-D Falk-Konopka model: coupling ~ 0e:4 

• dissipation potentia! 

li 
V(e:t, '70; 0) = 20 (Ae:t) · et + 

-U-

linear Hooke' s - like law Fourier law 
for viscous stress for heat conduction 

3 
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Thermoelastic system of viscosity-capillarity type 

(1) i 
Utt + xQ2u - vQu1 = "v · F'.,(E:, 0) 

Co(E:, 0)0t - kó.0 = 0F,0,(E:, 0) · E:t + v(AE:t) · E:t in 07 = n x (O, T) 

u = Qu = O, n · "v0 = O on ST = S X (0, T) 

u(•,O)=uo , u1(·,0)=u1 , 0(-,O)=0o>O in n 
where 

Co(E: ,0) = -0J;1(0)-0F,00(E: , 0) specificheat ...__,........,'----v---' 
caloric elastic 

x, 11, k const > O capillarity, viscosity and heat conductivity 

• 3-D counterpart of 1-D Falk model (1980) of martensitic transformations in SMA 

• Features: Nonmonotone stress, second order viscosity, fourth order capillarity and 
mechanical dissipation 

Thermodynamic background (Dunn-Serrin, Falk, Fremond, Gurtin) 

Balance laws of linear momentum and energy (llo = 1) 

where : 

S - stress tensor 

e1 + "v • q - S • E:t = g e - interna! energy, ą - energy !lux 

e = f - 0/,0 = e.(0) + e(E:, 0) + i1Qul2 

~ ~ '--v--' 
strain gradient 

óf &1) 
S=-ó +0-& =F,,(E:,0)-xAE:(Qu)+vAE:t 

E: E:t '--v--' ..._,._., '-v-' 
elastic hyperstress viscous 

&1) 
q = 8\1(1/0) - E:tf,D, = - I[:!!, - e 

Fourier nonequilibrium phase interface 

System (1) complies with the Clausius-Du hem inequality 

ąo 
TJt + "v • 0 ~ O where TJ= - f,0 entropy, ą0 = -k"v0 

4 
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• 

Examples: Caloric energy J.(0) 

Lei c. ( 0) = -0 f~' ( 0) denote calorfc heat 

Ex 1: Constant caloric heat c. = c,, = const > O 

0 
J. = -c,,0 Iog Bi° + c,,0 + c, 

0 
T/• = Cv log Bi°, 

Ex 2: Temperatura-dependent caloric heat c. = c,,0 

e. = c,,0 + c, 

T/• = c,,0, 
1 

e. = -c,,02 
2 

• Consistent with the Nernst-Planck principle r,. ( 0) --+ O as 0 --+ O 

• Justified at a range of very low temperatures, 0 << 0n, 
much below the Oebye temperatura 0n. 

lt is not appropriate in the limit of high temperatures, 0 >> 0n, where the specific heat 
becomes constant [Fabrizio, Giorgi, Morro, 2008] 

Examples: Elastic energy F(e:, 0) 

• 3-0 Falk-Konopka model, 1990 (CuAINi alloy) 

3 5 2 

F(e:,0) = L,F/(0)J;2(e:) + 'i:,F;4(0)J;4(e:) + 'i:,F;6J;6 (e:) 
i=l i=l i=l 

where J;k(e:) - strain invariants of k-th order, Fh0)- materiał parameters: 
Ff(0) = af(0 - 0c) + {3f, k = 2,4 

• 2-0 Barsch-Krumhansl model, 1988 (square/rectangular ferroelastic transition) 

A1 2 As 2 [ 2 B2 4 C2 6] F(e:, 0) = 2 e1 + 2 e3 + a(0 - 0ch - 4 e2 + 6 e2 

where quantities e1 , e2 , e3 correspond to crystal symmetry 

8/ 28 

9 / 28 
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2. Thermoviscoelastic system of Kelvin-Voigt type 

A 1 - viscosity tensor, A 2 - elasticity tensor, o - thermal expansion 
Thermodynamic potentials: 

• free energy (volumetric) 

1 
J(e, 0) = J.(0) + -2 (A2e) · E- 0e · (A20) 

'-v-' --------- '----v--' caloric elastic thermal expansion 

elastic energy convex in e, coupling ~ 0e 

• dissipation potentia! 

1 
'D(et, 'v0; 0) = 20 (A1et) · Et + 

i 
linear Hooke' s - like law Fourier law 

for viscous stress for heat conduction 

Thermoviscoelastic system of Kelvin-Voigt type 

(2) I 
Utt - 'v · [A1et + A2(e - 0o)] = O 

co(0)0t - k/:::..0 = -0(A2a) · Et+ (A1et) · Et 

u= O, n· 'v0 = O 

ult=O = uo, utłt=O = u1, 0lt=O = 0o 

where: co(0) = c.(0) = -0J:(0) specific heat 

in nT = n X (O, T) 

on sT = s X (O, T) 

in n 

• Linear momentum balance with stress tensor S given by linear thermoviscoelastic law of 
Kelvin-Voigt type 

S = aaJ + 0aav = A2(e - 0a) + A1et 
e Et 

+ energy balance with linear Fourier law for heat flux 

ą = a'vo/J./0) = -k'v0, k constant heat conductivity 

System (2) complies with the Clausius-Duhem inequality 

6 
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Kelvin-Voigt system - Equivalent formulation 

Lei 
Q;u = 'v · (A;E(u)) =µ;ilu+(>.;+ µ;)'v('v · u), i= 1, 2 

denote linear viscosity ( i = 1) and elasticity ( i = 2) operators 
Then (1) takes the form 

{ 

Utt - Q1 Ut = Q2u - 'v · (A200) 

c.(0)0t - ktl0 = -0(A20). Et+ (A1Et). Et in nT 
u= 0, n· '90 = 0 on ST 

ult=O = uo, Utlt=O = u1, 0lt=O = 0o, in n 

Existence results 

Structure of elastic energy in systems (1) and (2) 

F(E,0)=G(0)F1(E)+F2(E) with G(0)=0 and 

in (1): Fi(E) ~ E2 or E4, F2(E) ~ E6 ; 

in (2) : F1(E) ~ E, F2(E) ~ E2 

Note: In case G(0) = 0 and c. = l;J = const the existence of solutions both for (1) and (2) 
remains an open problem in dimension n ;;:: 2. 

Existing results concern only systems with modified energy equation involving either 
temperature-dependent specific heat of heat conductivity. 

7 
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Energy conservation for systems (1) and (2) 

Test linear momentum balance by u1 and energy balance by 1: 
System (1) 

System (2) 

where 

¾J(~iut/2 +e.(0)+F2(e:)+ i1Quj2 )dx=O 
'-v-' ._.,,-, ._.,,_, '--v---' 

n kinetic caloric elastic strain gradient 

{ 
c.,,0 

e.(0) = 1 2 
2c.,,0 

if c. = c.,, = const 

if c. = c.,,0 

Results for Kelvin-Voigt system (2) 

14 / 28 

• 1-D Slemrod (1981 ), Dafermos (1982), Oafermos-Hsiao (1982), ... - large time existence 

• 3-D Shibata (1995)- generał setting with large strains, existence under small data 
assumption 

• 3-D Bonetti-Bonfanti (2003) - !ocal in time existence and uniqueness 

Other known results in 3-D deal with modified energy equations involving either nonconstant c. 
ork 

• Blanchard-Guibe (2000) -
c. = c.(0), large time weak-renormalized solutions 

• Roubfćek (2009) - c. = c.(0), large-time very weak solutions 

• I. P., W. Zajl}.czkowski- c. = c.,,0, c.,, = const > O, existence of large-time regular solutions 
in anisotropic Sobolev space 

15 / 28 
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.. 

Theorem: Solvability of Kelvin-Voigt system 
Assume temperature-dependent caloric heat c. = c,,0. Let T > o, and the numbers 
P,Po,q,qo E (1,oo) satisfy 

Let 

3 2 3 2 - + - < 1, - + - < 1 and p $ q, Po $ qo 
P Po q ąo 

(u0 , ui, 00 ) E (W~(n) n H6(f1)) x (B~:;;~/P0 (n) n H6(f1)) 

and 
x(C"(n) n B;,~;/ąo(n) n H1(n)) =: u, 

O< Q $Bo$ 0, 
c, E (O, 1), 

where B~:;;~/Po(n) denotes the Besov space. 
Then there exists a unique solution (u, 0) to system (2) such that 

satisfying 

llutllw~:~o(W) + IIBllw:::o(W) $ c, o< e. $ e $ e· a.e. in nT 
with constants c, e., e• depending on ll(u0 , u1 , Bo)llu and exponentially on T. 

Sobolev space W;,;;0 (DT), W= n x (O,T),P,Po E (1,oo) 

( )
1/~ 

llulll-1-'.2,1 (rJT) = llutllf0 (rJT) + L 11Dfullf0 (rJT) p,~ p,~ P,~ 

0$1<>19 

where 
T 1/po 

1lullL,.,0 (nr) = (j llu(t)llf:(n)dt) 
o 

16 / 28 

lt is known (Bugrov, 1971) that for u E wff,J0 (nT) the !race ult=o E B;:;;;1P0 (n), where B;:;;;/Po(n) 
is the Besov space, and 

Moreover, the inverse !race theorem holds: For a given v E B;,;;1P0 (n) there exists a function 
ii E w;,J0 (nT) such thai iilt=o = v and 

17 / 28 
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Besov space B~,P0 (!J), D C JR.n, l E lR+, P,Po E [1, oo) 

where 

and 

k E N U {O}, m E N, m > ł - k > O 

b.}(h, D.)u = b.;(h, D.)u = u(x1, .. . , x; + h, ... Xn) - u(x) 

b.{ (h, n)u = b.;(h, n)b.{-1(h, n)u, j E N 

x +jh En, 
bo{ (h, D.)u = 0 for x + jh f,t f). 

Properties of Besov space B;,P0 (D) 

lf ł > 1/p then every function from B~,P0 (n) has a trace on the boundary S belonging to 

B!-:;,~IP(S) and 

llull8 1-11,(S) Ś cllullB• (rl) 
P,Po P,Po 

10 
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Idea of the proof 

• Method of successive approximations 
Beginning with an extension of the initial data we construct successive approximations 
(uf, 0k), k E No, by soiving corresponding linear thermoviscoelastic system. 
We prove thai approximations are bounded and convergent on a sufficiently small time 
interval. 
To repeat the procedure step by step in time we need global a priori estimates. 

• Global a priori estimates are the central part of the proof. 
They are derived by a recursive improvement of energy estimates in a similar way as in 
[Yoshikawa, I. P., Zaj9czkowski, 2009]. 
Here the basie tool for getting regularity estimates are results on solvability of linear 
parabolic problems in Sobolev space w;,~0(nT) with a mixed space-time norm. 

Solvability in Sobolev space with a mixed norm 

20/28 

Motivation: Energy estimates for equations of balance laws are L00 in time. To take advantage 
of this in deriving regularity estimates il is desirable to look for solutions in Wi,~0 (nT) where p0 is 
arbitrarily large finite number. Then one has to apply the technique of Sobolev spaces with mixed 
space-time norm. 

Known results: 

• Linear parabolic BVP's in abstract form : 
M. Hieber, J. PrOss (1997) 
R. Denk, M. Hieber, J. PrOss (2003, 2007) 

• Stokes equations V. A. So/onnikov (2002) 

• Parabolic equations N. V. Krylov (2001) 

21 / 28 
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Results for viscosity-capillarity system (1) 

• 1-D Extensive literature on various variants of Falk model (1980), Niezgódka, Sprekels, 
Zheng, Hoffmann, Żochowski, Racke, Garcke, Yoshikawa, Suzuki 

• 3-D system with c. = Cv = const 

F(e:,0) = G(0)F1(e:) + F2(e:), G(0) ~ 0', r < 1 

I. P., A. Żochowski (2002) - semilinearized problem, parabolic decomposition of elasticity 
system under assumption O < 2.,/x :S 11 

S. Yoshikawa (2005) - proof without decomposition 
I. P., W. Zaję.czkowski (2005, 2006) - full quasilinear problem, parabolic De Giorgi method 
S. Yoshikawa, I. P., W. Zaję.czkowski (2007) - improvement of previous results by less 
restrictive assumptions on nonlinearity 
S. Yoshikawa, I. P., W. Zaję.czkowski (2009)- system with c. = ev0 and G(0) = 0 
I. P., W. Zaję.czkowski- solvability in Sobolev space with mixed norm 

Viscosity-capillarity system (1) with c. = c,,0 

Assume: F(e:, 0) = 0F1(e:) + F2(e:) 

22 / 28 

where F1, F2 E C3(Sym(3,lR), JR), F1(e:) 2 O, F2(e:) 2 -c, and satisfy the growth conditions 

JFi,,J :S cle:IK'-1, IF1,«I :S cje:jK'-2, IF1,ml :S cie:IK,-a, 

IF2,,I :S cie:IK2 - 1, IF2,«J :S cje:IK2 - 2, IF2,ml :S cJe:IK2 - 3 

for large lel with certain numbers of order Ki, K2. 
Then system (1) takes the form: 

{ 

U.tt + xQ2u. - 11Qu.t = "v · [F1,,(e) + F2,,(e)] 

~(02)t - k/:,0 = 0F1,,(e) ·et+ 11(Aet) · et 

u.= Qu. = O, n· "v0 = O 

u.lt=O = u.o, utlt=O = u.1, Blt=O = Bo 

12 

in nT 
on ST 
in n 

23 / 28 



Theorem: [I. P., W. Zajllczkowski, DCDS. Ser. S] 

Assume temperature-dependent caloric heat c. = ev0, O < 2y'x:::; v, and the nonlinearity 

with the powers 
O ::::'. KJ < 3, O ::::'. K2 < 6 

Let the numbers p,po , ą, ą0 E (1, oo) satisfy 

3 2 3 2 - + - < 1, - + - < 1, p ::::'. ą, Po ::::'. ąo. 
P Po ą ąo 

Then for any (u0, uJ, 00) E B!;~/Po(n) x B~;~/Po(n) x (C0 (n) n B:,ą;/ąo(n)) =: U 
with o < fl ::; 00 ::; iJ, there exists a unique solution ( u, 0) to system (1) satisfying 

(u, 0) E wt:~0 (nT) X W_;,;J0 (nT) 

o< 0. ::; 0::::: 0· 

where0., 0* dependonfl, iJ, /l(uo,uJ,0o)llu andT. 

Idea of the proof 

a.e. in nT 

24/28 

• The proof fellows the same method as in previous papers Yoshikawa-Zajfjlczkowski-1. P. 
The difference consists in applying the technique of Sobolev spaces with mixed norm which 
allows to improve previous results. 
The proof is based on the Leray-Schauder fixed point theorem and the decomposition of 
the viscoelasticity system inte two second order parabolic problems under assumption 
Q < 2y'x ::::'. V 

{ 
Wt - /JQw = "v • F,,(e, 0) in nT 

w=O onST 

wlt=O = UJ - aQuo in n 
{ 

Ut - aQu = W in nT 

U= 0 on ST 

ult=O = uo in n 

where a+ /3 = v, a/3 = x, a, f3 > O 

• The central part of the proof are global a priori estimates which are derived by a recursive 
improvement of energy estimates 

25/28 
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Auxiliary results in Sobolev spaces with mixed norm 

Consider 

{
Ut-Qu=f 

(Pl) u= O 

uit=O = uo 

where Qu = µ6.u + (>. + µ)V(V • u) 

Lemma (A1) (Kry/ov(200I)) 

in nT = n X (O, T) 

on sT = s X (O, T) 
in n 

(i) Assume that f E Lp,p0 (!1T), uo E B;:;;~/Po(n), P,Po E (1, oo), SE C 2. /f2- 2/po -1/p > O, 
the compatibility condition uols = O is satisfied. Then there exists a unique solution to (P1) 
such thatu E w~:~0 (nT) and 

llullw~:~0 (nT) :S c(llfllL,,,0 (nT) + lluolln;:;~l•o(n)) 

with constant c depending on n, T, S and p, Po 

(ii) Assume that f = V • g + b, and 

g E Lp,p0 (!1T), b E Lp,p0 (!1T), uo E B~:;;~/P0 (!1) 

and the corresponding compatibility condition is satisfied. 
Then there exists a unique solution to (P1) such thatu E w!:!~2(nT) and 

1iullw~:~~2(!1T) :S c(IIYIIL,,,0 (nT) + llbllL,,,0 (nT) + lluolln;:;~/•o(n)) 

Remark: 

14 
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Heat equation with continuous coefficient 

Lemma (A2) (Denk, Hieber, PrOss (2007)} 
Consider 

{ 
0t - et::.0 = g 

(P2) n. \70 = O 

0lt=O = 0o 

in nT 

on ST 

in n 
where e(x, t) is continuous function on nT such that inf nr e > o. 
Assume that g E Lp,po(nT), 00 E B;:;;;lvo (n), p,p0 E (1, oo), SE C2, and the corresponding 
compatibility condition is satisfied. 
Then there exists a unique solution to (P2) such that 0 E w;,;0 (nT) and 

ll0llw:;,;0 (nT) :::; c(IIYIIL,.,0 (nr) + ll0olls;;;,~l•o(n)) 

with constant c depending on n, T, Sand inf nr e. 
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