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The stabilization law for transonic flows

W. N. DIESPEROV, YU. B. LIFSHITZ, O. S. RYZHOV (MOSCOW)

A MATHEMATICAL justification of the “stabilization” law of gas parameters for transonic flow
past bodies, which is known from experimental aerodynamics, is given here. The quantitative
formulation of this law is based on a simple asymptotic analysis of solutions of the K4rmén
equation. The numerical analysis reported here and concerning the velocity field about a body
of revolution the meridional section of which is a Chaplyghin profile has confirmed with high
accuracy the argument of the asymptotic theory.

Podano matematyczne uzasadnienie znanego z badari do$wiadczalnych w aerodynamice prawa
ustalania parametréw gazu oplywajacego ciala z predkoscig przydiwigkows. Iloéciowe sformu-~
lowanie tego prawa jest oparte na prostej asymptotycznej analizie rozwiazan réwnania Kdrména.
Przedstawiona analiza numeryczna, dotyczaca pola predkoéci w poblizu obrotowego ciala, kt6=
rego poludnikowy przekrdj jest profilem Chaplygina, potwierdzila z duza dokladnoéciq koncepcje
teorii asymptotycznej.

IIpusomuTca maremMaTHuecKoe 0GOCHOBAaHHE H3BECTHOIO B SKCIEPHMEHTANBHOM a3pOIHHAMHKE
33KOHA ,,cTa0H/M3aIMK’’ FA30BRIX IAPAMETPOB IIPH 00TEKAHNH TEN IOTOKOM C OKOJIO3BYKOBOM
cxopocTsio. Komwgecrsennan GopMyIMpoBKa 9TOT0 3aKOHA OMHPAaeTCA Ha MPOCTOH acHMITTO-
TH4eCKHH aHammM3 pemrenwii ypasHenna Kapmana. IIpemnpussTeiii uMcleHHbIE pacueT nons
CKOpOCTeH BOKDYT Tesla BpAIleHMsA, MEPHOHAHAILHBIM CEUEHHEM KOTOPOTO CIYXKHT npodnikb
Yannbiruua, ¢ BHICOKON TOYHOCTBIO MOATBEPAM BBHIBOABI ACHMITTOTHUECKO TEOpHH.

THE understanding of many peculiarities of gas flow past bodies in the transonic
velocity range is based on so-called the “stabilization” law. It is probable that this
law was established expeérimentally at various times and in many countries. Its most
complete formulation, illustrated by numerous examples, was given in 1964 by HOLDER
in the second lecture held in commemoration of REyNoLDS and PRANDTL, In particular,
two experimental diagrams were given in that lecture, showing the distribution of pressure
and the local Mach number over the profile depending on the Mach number of the
undisturbed flow. Diagrams were used to illustrate the most general features of a flow
with the Mach numbers approaching unity. As an example, a symmetric profile with
a relative thickness of 10% and an incidence angle of 2° has been selected in Fig. 1,
and a symmetric profile of special form, the relative thickness being 4% and the incidence
angle 1.5° — in Fig. 2. It has been designed in such a manner that for a small incidence
angle there is no separation of flow for any Mach number. We shall be interested in the
qualitative behaviour of the stream, therefore, by contrast with the diagram of Holder,
the data concerning the behaviour of the flow past the upper surface of the profile are
the only given. The flow past the lower surface is analogous.

Let us consider these diagrams in detail. The length of the profile is assumed to
be unity and measured along the horizontal axis. In Fig. 1, the ordinates are local
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Mach numbers and the pressure is referred to its full value H,. In Fig. 2, the pressure,
which is also referred to H,, is the only ordinate represented. Each of the experimental
curves shown in the figures corresponds to a certain Mach number M, of the undisturbed
flow. The diagrams show first that the location of the shock on the body varies with
increasing M, — it moves towards the trailing edge of the profile and second that,
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beginning from a certain value of M, near unity, the pressure distribution over the
body surface up to the shock deviates in an insignificant manner from the corres-
ponding limit distribution under the conditions of critical velocity at infinity.

The phenomenon of “stabilization” of the parameters of the gas in transonic flow is,
of course, of considerable practical importance. Although the consideration of this
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phenomenon means considerable simplification of the computation of the aerodynamic
characteristics of bodies, its mathematical justification has not yet been attempted.

The test results quoted in Holder’s lecture concern wing profiles only, but analogous
results can undoubtedly be obtained for flows past bodies of more complicated form.
To verify this supposition we shall consider axially symmetric flow past a body having
a circular cross-section.

Let us proceed now to explain the mathematical form of the experimental relationships
just mentioned. Our object will be to give not only a qualitative analysis but also
a quantitative formulation. We shall confine ourselves to the study of flow past a slender
body. It will be assumed that the velocity v, of flow at infinity differs little from the velocity
of sound a,. Let us denote by x, y the axes of a cylindrical system of coordinates, the x-axis
being parallel to the undisturbed gas flow. Except for the regions adjacent to both ends
of the body, the velocity will approach, at every point of the space, its critical value. As-
suming that the stream is irrotational, our analysis will be based on the approximate
equation

dp d*p ¢
0 ~ax o T
for the potential of the perturbed velocity, established by KARMAN [2]. The potential ¢
and the lengths along the axes x and y are expressed in a dimensionless system of units.
For the derivation of the Eq. (1), the most important is the potential of uniform flow
having a critical velocity a,, but not 9,

Let us determine the region in which the solution is considered. Let this region be
sufficiently distant from the body, so that the form of the latter does not have any essential
influence on the structure of the velocity field and, on the other hand, let the distance from
that region to the body be sufficiently small for the values of the parameters of gas to
deviate from the corresponding values at infinity in a negligible manner. More exactly
speaking, we shall consider the perturbations of the velocity in the region considered to be
induced, above all, by the body, their fraction depending on the difference 1 —M,., being
small. The above explanations enable us to express the principal term of the solution of
the Karman equation in terms of the function gy(x, ), which determines in regions far
from the body the perturbation of uniform flow at sonic velocity. Considering the
Refs. [3] to [6], we write

1 0
4+ 1%

7

9o =@, &= 7.

We normalize the self similar variable in such a manner that the line & = 1 is
the limit characteristic of the corresponding sonic flow. In the fragment of the region
considered lying between the negative x-axis and that line, we shall change the variable
by 7 according to the formula

12n—-5

E = —";f"}m—-.
Then

Jo = 25773 9171292 — 159 —25).

2+
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To take into consideration the boundary condition My, # 1 at infinity, let us write
the expression for the potential in the form of the sum

(2) ‘P = ‘Po(x. r)+£ ’ Q'(x) F),
assuming that ¢ < 1. The correction ¢'(x, y) satisfies the homogeneous linear equation
B‘Pr 62 (P.-

which results from the Eq. (1) if the non-linear term I x2 is rejected. An analysis

of this linear equation was performed in Refs. [7] and [8]. According to the results given
there, we have
@' = r¥7f,(§) = br¥"y~*"(1—-4n), b = const.
We shall now establish the relation between the small parameter ¢ in the Eq. (2) and
the Mach number of the gas flow. To this end let us subject the independent coordinates
x, r and potential ¢ to the transformation

3 X = X[Xo, T X, @ = @[(v’x)

which is usually applied for the derivation of the similarity law for axially symmetric
transonic flows. The symbol 7 denotes the relative thickness of the body and x,—a con-
stant, With such a transformation the self similar variable will be written in the form

X
rd-lr“f 4

&= x5 =47

It was shown by KARMAN [2] for the relative thickness that 7 ~ |1—M./'? (for
affine bodies 7 — 0 for My, — 1). It is clear, however, that, for any value of the velocity
of particles at infinity, the first term of the right-hand member of the formula (2) should
remain unchanged, because it corresponds to a flow with M, = 1 about a body with
prescribed dimensions. Hence we find immediately that x, ~ 7743 ~ |1 —=M_|~2/3,
Now transforming the potential ¢ according to (3), we find for the small parameter that,
as far as the order of magnitude is concerned, we have & ~ 7197 ~ |1 =M_|5.
Finally [7, 8],

@ g = r o) +1 M55 £, ).

Making use of the formula (4) it is easy to give a mathematical justification to the “stabi-
lization” law. It should be observed, above all, that it may be applied to the calculation of
the front part of the velocity field only, upstream of the shock. Indeed, the form of the
correction term ¢'(x, r) was established in the works [7, 8] by analysing the structure of the
velocity field in the neighbourhood of the negative x-axis and the limiting characteristic
of flow, which is represented, for M, = 1, by the line § = = 1. The boundary of the
region in which the Eq. (4) is valid has already been discussed. It lies at a sufficiently
large distance from the body surface. However, if the solution of the Kadrméan equation
is prolonged analytically from that region to the surface of the body, its dependence on the
number M, or, more exactly, on the difference ] —M,, should remain unchanged. It
follows that if the velocity of the undisturbed flow varies about its critical value, the
parameters of the gas in the external velocity field and along the surface of the body
will deviate from their limit values for the sonic flow in proportion to the quantity

(5) £~ |1 =Mqg|®3,
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The quantitative conclusion is in full agreement with the experimental data, which
were discussed in Holder’s lecture [1]. However, these data should not be used for
quantitative confrontation. It is not because the quantities measured characterize the
flow past wings of infinite span. The order of magnitude of the variation of various gas
parameters can easily be estimated in this case also. However, the accuracy of the data
given in the lecture [1] is insufficient for quantitative confrontation with the theory.

To verify the above formulation of the “stabilization” law, accurate computation was
carried out for the velocity field about a body of revolution with a smooth tail part; its
meridional section is a symmetric Chaplyghin profile. In a parametric form the equation
of this profile is

x = l4z,c082z,, Yy = z;5inz,,
. B =
sin— (1—2dcost+4%) *,

2|

k dsint
Z; = — 5(n+f)+(l—k)arctg—l_Tm; =

(6) zy = (1+0)'~*

The values of the parameter ¢ are contained within the interval —m < 1 < 0. It was
assumed for the computation that k = 0.1 and é = 0.05. The length of the profile was
unity, its maximum thickness — about 0.144. The computation was carried out by the
relaxation difference scheme, very similar to that used in Ref. [9] for the solution of two-
dimensional problems of gas dynamics. A special modification of the scheme enabled the
use of data for axially symmetric flows. The results of computation are represented in
Figs. 3 and 4.
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Figure 3 shows diagrams of local Mach numbers for various velocities of undisturbed
flow. These diagrams have been drawn in the same form as usually applied in experimental
aerodyngmics [1]. Confrontation of curves shows that, if the quantity M, is varied,
the distribution of local Mach numbers along the body surface up to the shock front
differs little from the corresponding limit distribution in the case of critical velocity at
infinity. However, the shock itself moves relatively quickly with increasing flow velocity
towards the trailing edge of the body. Thus, from the qualitative point of view the
results of computation are in full agreement with the data for wing profiles obtained by
wind tunnel tests.

For quantitative verification of the fundamental argument of the asymptotic theory
let us consider Fig. 4. The curves represented there show how the local Mach number
varies at a given point on the body with increasing M. It is seen at a glance that if
the general flow velocity varies about its critical value, the Mach numbers at points
of the surface of the body deviate from their limit values for the sonic flow in direct
proportion to the small parameter ¢, given by the estimate (5). An analogous estimate
is valid for the relative excess pressure on the leading part of the body bounded by
the shock. This is the most accurate formulation of the “stabilization” law for transonic
flows.
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It would be a great mistake, however, to think that the total drag of a body of
revolution will vary, for transonic flow at infinity, in the same manner as the gas para-
meters upstream the shock wave. Behind its front the correction term ¢'(x, r) in the
right-hand member of the Eq. (2) may have a different structure.

Investigation of the flow at M, = 1 showed [10 to 13] that the following term
appears in that region

Ph = 141 £5(§) = er LA+,

§ = (2—]/_3)”’-1725%75, ¢ = const.

If we consider the region upstream the shock, the function f,(£) has a singularity
either for £-» — co or for & = 1. In the first case, the velocity field is irregular if
we approach the negative x-axis, in the second — on the limit characteristic. It follows
immediately that ¢3(x,r) =0 must be set upstream the shoek. The first term in
the Eq. (2) determines the law of asymptotic behaviour of the parameters of flow.
The drag computed by its means is equal zero. The term ¢3(x, r) may be interpre-
ted as a source of perturbations of the sonic’ flow in the region downstream the
shock. The diagram of flow thus constructed, has the following drawbacks, how-
ever. The rate of flow across a closed surface surrounding the body as obtained from
the Eq. (2) is not zero. In addition, the entropy of such a flow, produced by the shock
tends to infinity at the symmetry axis. On the other hand, a close body cannot be
a source of mass, therefore to construct a physically consistent diagram of flow within
the frames of Euler’s equations in the region adjacent to the x-axis it is necessary
to introduce an entropy wake. This region of flow will be referred to as internal and the
region in which the flow distribution is described by (2) — external. The solution in the
wake was constructed by TOURNEMINE [12] and matched to the solution (2). The principal
term of the expansion of that solution for x - + oo represents a slip flow

Ux = a*U("p)s 2, =0,

S'= S+ x:‘_l ln[le (1— :_l_} U’)],

where u is the stream function and x — Poisson’s adiabatic coefficient. The sub-
sequent terms in Ref. [12] were obtained in the coordinates (x, r) not in the Mises
coordinates (x, ¢), which are more convenient for this purpose. It is seen that flow in the
region of the wake is completely determined by the variation in entropy of particles S(1)
at the crossing of the shock. The deficiency in flow rate through the region of the wake
due to the entropy distribution in it is compensated by the excess of flow rate through
the external region. The drag obtained as a result of integration of the rate of mo-
mentum in the wake is equal to

@)

o0

1-U?

o AT
6 U*(1—p*U%p-1

F, = 2np, a?
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We have u? = (x—1)/(%x+1) and the modified stream function replacing the stream
function y is

1
) 1\
Y= ("* ) S-Sedyp.
! 2

The occurrence of exactly the same situation should be expected for M,, # 1. Only
a brief discussion of this problem will be given here. More detailed information will
be contained in further publications of the present authors.

The perturbation of the sonic flow, resulting from the variation of the boundary
conditions at infinity will be sought for in the form

®) @ = r O+ (E) e D rm Iy L (),
k=0
where m < 1 is an unknown parameter to be determined. The function y.(&) satisfies
the equation
dfy, 16 2) e | 2fe 16 dfw 4 ,
o (B-ue) e E - -G -o

The remaining functions .4 satisfy nonhomogeneous equations. Their right-hand
members will not be quoted.

Since we consider the perturbation of a flow which is sonic at infinity due to a deviation
of M, from unity, the quantity ¢ may be related in an equivocal manner to the difference
(1-M,,) and the parameter m. By performing operations exactly the same as those used
for the derivation of the Eq. (5), we obtain the relation

m—1

(10) e=|1-Mg|~ 3 .

The maximum value of m for which the solution is analytic at the limit characteristic
& = 1 and satisfies the condition of symmetry at the crossing of the negative x-axis is,
as observed above, equal to —4. For m = —4, the relation (10) becomes (5). The condition
of m < 1 shows that there are distances for which the term of the expansion (8) connected
with x, becomes comparable to the first term. In this case the expansion (8) in the
small parameter ¢ is no more valid. The order of magnitude of these distances obtained
by setting equal the quantities added in (8), with constant &, leads to the following
estimates for the validity limits of all the expansions obtained in the present paper

(11) r~1=Mg|™5, x ~ [1—Mg|™%A.

These estimates tell that, within the range considered, the flow parameters differ little
from the corresponding values for the sonic flow. Thus, for instance, neither the end
of the local supersonic region nor the point of occurrence of the shock belong to that
region for M, < 1.

With increasing M., the shock moves rapidly towards the trailing edge [1]. This
fact can be explained only by the existence in the region downstream the density jump
of a solution of the Eq. (9), the value of m, lying within the interval —4 < m < 1.
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For the solution x,(£) the conditions of continuity of the potential and the equation
of shock polar should be satisfied at the shock. This leads to a Cauchy problem at the
shock for the Eq. (9).

Let us consider now the flow in the region of the vortex wake. The additional func-
tions vy, v}, s’ and ¥’ satisfy the equations of continuity, Crocco, and those of an adiabatic
process and for ¥, all of them being linearized with reference to the solution (7). These
functions should satisfy the boundary conditions for ¥ — co which are obtained from
the principle of asymptotic matching with the solution in the external region. Three of
them are used for the determination of the perturbations of velocity and entropy. The
fourth matching condition, which is responsible for the continuity of flow rate at the passage
from the external to the internal region, enables the obtainment of the value of m.
As a result of the solution of the problem in the wake flow we find that the vertical
velocity v, = ev; tends to infinity in the same manner as r—! if the x-axis is approached
and ¥'(x, 0) # 0.

This result makes us consider one more region, lying in close neighbourhood of the
x-axis. It will be referred to as the sub-wake. Its transverse dimension and also the trans-
verse velocity of particles in it is of the same order of magnitude as £'/? and the horizontal
velocity is v, = 0(1). The principal expansion term in ¢ of the flow parameters in that
region represents a uniform flow with

v, =a,U0), v =0.

The value of the stream function in the sub-wake varies from ¥(x, 0) to zero.
This ensures its continuity.

Thus, the asymptotic flow diagram satisfies the conditions at the density jump and is
symmetric about the x-axis. It remains to find the value of m for which the flow rate of
gas across a closed surface surrounding the body is zero. As a result of a relatively
complicated calculation it is found that this condition can be satisfied for m = 0 only.

The result obtained signifies, in particular, that the drag can be expanded in series of
integer powers of ¢ = |1—M|'/2. It may happen for a flow past a body of revolution that
certain coefficients powers of ¢ in this expansion become zero. Thus, for instance, first
coefficient becoming zero depends on whether the term independent of x in the expansion
of S’ in powers of x is or is not zero. Its value is determined by the particular form of the
body. Thus, for the axially symmetric body obtained by revolution of a Chaplyghin profile
(6) it was found to be zero. It follows that the variation of the drag coefficient C, for that

body, which is shown in Fig. 5, is proportional to |1 —My|?*. In other words the
relation

C:(1)-Ci(My) = d|1—=M|*?, d = const
is valid.

The difference between the coordinates x,,(I1) and x,,(M,) which determine the
location of the shock on the body for a given M, and for M, = 1, is estimated in
a similar manner. It is necessary to note that, if the drag is computed by integrating
the pressure coefficient along body surface, a major part of the variation of that integral
depends on the displacement of the shock. This circumstance was not taken into con-
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sideration by GUDERLEY [7], which led to an inaccurate estimation of the rate of
growth of C, for M, — 1.

Let us analyse now the fundamental limitation imposed on the relative thickness
of the body. In the theory of small perturbations the body is assumed to be thin. Let
us now consider the flow past a body the relative thickness of which approaches unity.
Since the region in which the solution has been constructed is at a sufficient distance from
the body, the assumptions of the theory of small perturbations remain valid. It follows
that a solution can be sought for as before, in the form (2). We subject it to a similarity
transformation (3), and consider 7 to be a small parameter not identified with the relative
thickness of the body. The relation between this parameter and the difference (1 —M,,)
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is found by satisfying the boundary condition for x>+r? — oo, for which use can be made
of the assumptions on which the Karman equation is based. It follows that T ~ |1 —M|'/?
and the perturbation potential is prescribed by the Eq. (4). Thus, at a sufficient distance
from the thick body, the velocity field has the property of “stabilization”, that is its
parameters vary much more slowly than the flow velocity. If the pressure and the velocity
of gas particles at the surface of the body are concerned, their values are determined, of
course, by the character of the analytic continuation of the solution into the region adjacent
to the body. For thick bodies such a eontinuation should be based on the accurate Euler
equations not the Kdrméan equation, which is approximate. In the selected computation
example the relative thickness of the body was 0.144, therefore it may be assumed that the
“stabilization” law of gas parameters at the body surface remains valid for bodies of
moderate thickness at least, if the flow velocity approaches its critical value.
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