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A SECOND MEMOIR ON QUARTIC SURFACES.

[From the Proceedings of the London Mathematical Society, vol. ill. (1869—1871), pp. 198—202. Read December 8, 1870.]In my Memoir on Quartic Surfaces, ante pp. 19—69, [445], although remarking (see No. 79) that the identification was not completely made out, I tacitly assumed that the symmetroid and the decadianome (each of them a quartic surface with 10 nodes) were in fact identical. There is yet a good deal which I cannot completely explain ; but the truth appears to be, that the decadianome includes two cases of coordinate generality, say the sextic decadianome, and the bicubic decadianome = symmetroid: viz., in the first of these the circumscribed cone, having for vertex any one of the 10 nodes, is a proper sextic cone with 9 double lines; in the second it is a system of two cubic cones, intersecting, of course, in 9 lines, which are double lines of the aggregate sextic cone: or, in the notation of the Table No. 11, in the case of the sextic decadianome, the circumscribed cones are each of them 69; in that of the bicubic decadianome = symmetroid, they are each of them (3, 3). We thus arrive at a very remarkable system of 10 points in space, viz., giving the name “ ennead ” to any 9 points in piano, which are the intersections of two cubic curves, or to any 9 lines through a point which are the intersections of two cubic cones; the 10 points in space are such that, taking any one whatever of them as vertex, and joining it with the remaining points, the 9 lines form an ennead. I purpose in the present short Memoir to consider the theories in question ; the paragraphs are numbered consecutively with those of the Memoir on Quartic Surfaces.
Plane Sextic Curve with 9 Nodes.110. A sextic curve contains 27 constants; and the number of conditions to be satisfied in order that a given point may be a node is = 3. Hence it would at first sight appear that the curve could be found so as to have 9 given nodes; this would 
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451] A SECOND MEMOIR ON QUARTIC SURFACES. 257be 9 × 3, = 27 conditions, or the curve would be completely determinate. But observe that through the 9 given points we have a determinate cubic curve U = 0; we have therefore = 0 a sextic curve, and the only sextic curve with the 9 given nodes; that is, there is not in a proper sense any sextic curve with the 9 given nodes. The number of given nodes is thus = 8 at most.111. The sextic curve with 8 given nodes should contain 27 — 3.8 = 3 constants. We may through the 8 given points draw the two cubics P = 0, Q=0; and we have then (a, h, c^P, = 0, a bicubic, or improper sextic curve having the 8 nodes, and also a ninth node, viz., the remaining point of intersection of the two cubic curves, or say the remaining point of the ennead. Hence if V = 0 be any particulai’ sextic curve having the 8 given nodes, we have(a, δ, c^P, Q)≡+(9V =0a proper sextic curve having the 8 given nodes; and this, as containing the right number (=3) of constants, will be the general sextic curve having the 8 given nodes.112. There will be a ninth node if ^ = 0; viz., the curve is then (a, b, c^P, =a bicubic, or improper sextic curve, having for nodes the 9 points of the ennead. Observe that the ninth node is here a point completely and uniquely determined by means of the given 8 nodes. Moreover the number of constants is = 2, so that we have here a general (improper) solution of the question of finding a sextic curve with 9 nodes, 8 of them given.113. But if θ is not = 0, then the ninth node must be a point on the curve 
J{P, Q, V) = 0; viz., this is a curve of the order 9, determined by means of the given 8 points; say it is the “ dianodal curve ” of these 8 points, and, as is easy to see, it has each of these 8 points for a node. The ninth node of the sextic may be any point whatever on the dianodal curve; and regarding it as a given point, the sextic will still contain 1 constant; that is, we have the general solution of the problem of finding a sextic curve with 9 nodes, 8 of them given, and the 9th a given point on the dianodal curve.114. So long as the 8 points are arbitrary, the dianodal curve does not pass through the 9th point of the ennead, and the two cases above considered are mutually exclusive. It Λvill be noticed how closely analogous this theory of the plane sextic with 9 nodes, is to that of the quartic surface with 8 nodes.115. Of course, instead of the plane sextic curve, we may have a sextic cone; such a cone has at most 8 given double lines; and if there be a 9th double line, then there are the tλvo cases of coordinate generality; viz., (1), the new double line is the ninth line of the ennead, the cone being in this case not a proper sextic cone, but a bicubic cone; (2), the new double line may be any line whatever on the dianodal cone, (cone of the order 9 determined by the 8 given lines, and having each of these for a double line,) and regarding it as a given line on the dianodal cone, the sextic cone contains 1 constant.

c. VII. 33
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258 A SECOND MEMOIR ON QUARTIC SURFACES. [451

Each circumscribed cone of the Symmetroid is (3, 3).116. Using {x, y, z, w) as current coordinates of a point of the symmetroid, 1 take 8, T, U, F to be quadric functions of the coordinates (a, β, y, δ); the e(juation 
of the symmetroid is therefore given by 
and the nodes thereof are determined by
.Suppose that a node is (zr=0, y = 0, w = 0); the condition for this is F = plane-pair ; and we may without loss of generality write F = + Hence, putting for shortness

=a:8+ yT+zU, that is Θ a quadric function 
wherein the coefficients a, b,... are arbitrary linear functions of {x, y, z), but not containing w, the equation of the symmetroid is given by

117. It follows that the equation is 

viz., this is 
where V denotes the foregoing determinant, writing therein w — 0. Or, observing that V contains c and d each only linearly, the equation may be written 
which is a quartic surface having, as it should have, the point (0, 0, 0) for one of its ten nodes.118. The equation of the circumscribed cone is 
or, what is the same thing, it is
But we have identically
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451] A SECOND MEMOIR ON QUARTIC SURFACES. 25,9so that the eo nation is 
a sextic cone breaking up into the two cubic cones 
so that the cone is (3, 3). And since clearly the point (0, 0, 0) may be regarded as representing any one whatever of the 10 nodes, it follows that for any node whatever of the symmetroid, the circumscribed cone is (3, 3), so that, as stated above, bicubic decadianome = symmetroid.

Deductions from the foregoing theory.119. Referring to No. 85 of the original memoir, it appears that, with G given points as nodes,- we can actually find for the symmetroid an equation containing 6 constants. I cannot discover any ground for doubting that 3 of these may be determined so as to give to the symmetroid a seventh given node; and I therefore assume that with 7 given points as nodes, an equation can be found with 3 constants. The symmetroid is certainly not octadic, hence the eighth node must lie on the dianodal surface of the 7 given points. I can discover no ground for doubting but that two of the constants may be determined so that the eighth node shall be any given point whatever on the dianodal surface of the 7 points; and (this being so) that further the remaining constant may be determined so that the ninth node shall be any given point whatever on the dianodal curve of the 8 points. But if all this be so, the consequence is very remarkable; the tenth node is not any one whatever of the 22 dianodal centres of the 9 points, but it is a uniquely determinate “ enneadic centre,” viz., we must have the following theorem :120. “Take any 7 points; an eighth point at pleasure on the dianodal surfaceof the 7 points; a ninth point at pleasure on the dianodal curve of the 8 points.In the system of 9 points so determined, take any one as vertex, and joining it with the remaining 8, construct the ninth line of the ennead. Performing this construction with each of the 9 points successively as vertex, we obtain 9 lines passing throughthe 9 points respectively. These 9 lines meet in a point which is the ‘ enneadiccentre ’ of the 9 points: and further, the 10 points form a completely symmetrical system, so that each one of them is the enneadic centre of the remaining 9.”121. Assuming that the 9 lines do intersect so as to give rise to an enneadiccentre, there is no difficulty in conceiving that the loci, which by their intersection determine the dianodal centres, do each of them pass through the enneadic centre;so that this enneadic centre counts once or more among the dianodal centres, and thenumber of proper dianodal centres, instead of being = 22, will be suppose = 22 ~ ω, and if, further, the 9 points, together with the enneadic centre, are the nodes of asymmetroid, but the 9 points together with any one of the 22 — ω dianodal centresare the nodes of a sextic decadianome, then we must also have as follows:
33—2
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260 A SECOND MEMOIR ON QUARTIC SURFACES. [451122. “Considering any 9 points as above; taking any one as vertex, and joining it with the remaining 8, these 8 lines determine a dianodal ninthic cone. We have thus 9 dianodal cones, which cones pass all of them through the same 22 — ω points.”123. I am not able to verify these theorems α posteriori. It appears to me that the theorem in regard to the enneadic centre subsists for a system of 9 points such iis referred to in the statement; but that if by possibility the statement be too general, the theorem must, at all events, subsist for a more special system of 9 points; and that there certainly exist systems of 10 points, such that each 9 of the points have as an enneadic centre the tenth point. {I have since ascertained that if a quartic surface with 10 nodes has a single node (3, 3), the surface is a symmetroid ; whence, by what precedes, the remaining nine nodes are each of them (3, 3). Added 25 March, 1871.∣124. I notice, as a subject of investigation, the following system of correspondence viz., given any 8 points in space: then to every point in space corresponds a line through this point, viz., the ninth line of the ennead obtained by joining the point with the 8 given points respectively; and to each line in space a point or points on the line, viz., the point or points for each of which the line is the ninth line of the ennead obtained by joining the point with the eight given points respectively.
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