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ON A COVARIANT FORMULA.

[From the Quarterly Journal of Pure and Applied Mathematics, vol. xvι. (1879), pp. 224—226.]
Starting from the equation

fx
x' = x~fx'which presents itself in the Newton-Fourier problem, it is easy to see that, if a be a root of the equation fx = 0, then

fx-a)ffx-fx 
κl1 U, — f'x ’

contains the factor (x-a)2, that is, the equation (x —x1)f,x-fx==0, considered as an equation in x containing the parameter x1, will have a twofold root, if x1 is equal to any root a of the equation fχ = 0,i and, consequently, the discriminant in regard to x of the function (x — xQf'x—fx will contain the factor fx-i. But if fx be of the order n, then the discriminant is of the order 2n — 2 in x1, and there is consequently a remaining factor φx1 of the order n — 2.The like theorem applies to the homogeneous form⅛-¾y)(α J→∕3 y)-(<*y1- βx1)f(χ, y),

which reduces itself to the foregoing on writing a = l, /3 = 0, y = y1==l5 or, changing the notation, say to the form
(ξy — vχ) β J~) /(£> v)-~(fχy~~ βχ)f(%> rι)>

www.rcin.org.pl



ON A COVARIANT FORMULA. 123737]viz. the discriminant hereof in regard to ξ, η, being a function, homogeneous of the order 2zz-2 in regard to x, y, to α, β, and to the coefficients of f(ξ, v), will contain the factor f(x, y), and there will be consequently a remaining factor of the order n - 2 in (x, y), 2n - 2 in (a, β) and 2n - 3 in the coefficients of f(ξ, η).The most simple case is when f(ξ, η) is the quadric function (a, b, c⅛ξ, η)2. The form here is- 77«) 2 {(aa + fy3) £ + (δa + cβ)η} -(ay-βx)(a, b, c⅛ξ, 77)2 = (a, b, c$£ τj)2, where the coefficients area = 2y (cwt + bβ) — a (ay — βχ), = aβx + (aa + 2bβ) y, b = y (ba + cβ) — x (aa + bβ) — b (ay — βx),

= — aax + cβy ,c = - 2x (ba + cβ) — c (ay — βx), = — (26α + cβ) x — cay ;and we then haveac — b2 = — (2baβ + c∕32) ax2

— {2aba2 + (2ac + 4δ2) aβ + 2bcβ2} xy — (aa2 + 2baβ) cy2

— ax2. ax2 — {— 2acaβ} xy — cβ2. cy2,which is = — (αα2 + 2baβ + cβ2) (ax2 + 2bxy + cy2).The discriminant is in this case= -(α, b, c$a, β)2.(a, b, c⅛x, y)2.In the case of the cubic function (a, b, c, d⅛ξ, 77)3, the form is(£y - xη) {3 (aa + bβ, ba + cβ, ca + dβ⅜ξ, 77)2}
-(ay-βx)(a, b, c, d^⅛%, √)3 = (a, b, c, d££, 77)3,the values of the coefficients being sa = aβx + (2αα + 3δ∕3) y,<b = — aax + ( ba + 2c∕3) y,c = — (ς2ba + cβ) x + dβ y,d = - (3cα + 2dβ) x - da y.Attending only to the terms in ir2, we ha∖ eac _ b2 = - (αα2 + 2baβ + c∕32) ax2, ad _ be = - 2 (ba2 + 2caβ + dβ2) ax2, bd-c2 = {(3αc - 462) α2 + (2ad - 46c) aβ - c2β2} x2.
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124 ON A CO VA RIANT FORMULA. [737And hence, ina2d2 + 4ac3 + 4b3d — 3b2c2 — 6abcd, = (ad — be)2 — 4 (ac — b2) (bd — c2), we have the term4α√c3. x [α (δα2 + 2ca∕3 + d∕32)2 + (aa2 + 2δa∕3 + c∕32) {(3ac — 4δ2) a2 + (2ad — 4δc) a/3 — c2∕32}] ;then, forming the analogous term in y4, and assuming that the whole divides by (a, b, c, dζx, y)3, and also expanding the α∕3-functions within the square brackets, we find Discriminant = 4 (a, b, c, ά§χ, y)3 multiplied by 3a2c — 3aδ2 a2d — b3

2a2d + 6abc — Sb3 <oabd — Qb2c

x 6abd+ Qac2 — 12b2c 3∑ce> 3)4 ÷ V θacc^ + θ^2<Z — 126c2 τφa> β)4.
Qacd — Qbc2 2ad2 + 6bcd — 8c3

ad2-c3 3bd2 -3c2dWriting down the Hessian of (a, b, c, d$a, ∕3)3,
H = (ac-b2, ad — be, bd — cffyμ, β)2,and the cubicovariant

i
a2d — 3abc + 2δ3 '
abd — 2ac2 + b2c

- (x, y)3,
— acd + 2b2d — bc2 k y 
— ad2 + 3bcd — 2c3it is easy to see that the coefficient of x is= 3 (a, b, c§a, ∕3)2. (if - ∕3Φ) ;hence also that of y is = 3 (b, c, dQa, ∕3)2. (H + αΦ),and the final result is that the discriminant = 4 (a, b, c, d^jx, y)3 multiplied by {3 (a, b, c, d%a, 3)3 (x, y)H-∖∙ (ay - βχ) Φ}.It would be interesting to calculate the result for the quartic (a, b, c, d, e^ξ, η)i.

March 14, 1879.
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