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A THEOREM IN SPHERICAL TRIGONOMETRY.

[From the Proceedings of the London Mathematical Society, vol. xι. (1880), pp. 48—50. Read January 8, 1880.]
In a spherical triangle, where a, b, c are the sides, and A, B, C the opposite angles, we have— tan ⅜c tan ⅜ a tan ⅜6 sin (A —B) = tan ⅜δ sin A — tan ⅜α sin B, tan ⅜c {1 — tan⅜α tan ⅜b cos (A — B)} = tan ⅛b cos A + tan ⅜α cos B;which are both included in the form

1 . n ■ ∙ τ,∖ tan⅜c-tan ⅜6 (cos4+⅛sin4)tan ⅛α (cos B-τsιnB) = n -ι-7--—=——-"1 >------ ------——A .1 + tan ⅜c tan ⅜o (cos A + t sm A)For the first of the two identities : fromcos A + cos B cos G COS Ct 1 7 T3 ,sin B sin G
, cos B + cos A cos G COS b =-------;--- -.—. z (-----  ,sm A sin Gwe deduce 7 1 /cos A cos B∖ cos C/cos £ cos4∖cos cc cos b ∙ τ-γ I ' ∙ ⅛, ∙ λ I “I ∙ >-√ I ■ τS ∙ λ ∕sm G ∖sm £ sm A J sm G ∖sιn £ sin A)1 ⅜ (sin 24 — sin 2£) cos Ć7 sin (4 — £)sin G sin 4 sin £ sin G sin 4 sin £

= smsp8⅛ ∑s⅛¾ lc°5 M + 2i>+ cos 6'<

sin G
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98 A THEOREM IN SPHERICAL TRIGONOMETRY. [732that is, — sin (A — B) = —--(cos a — cos δ)' z 1 — cos csin G sin c z 7 x= —— =---------- (cos a — cos o) :sin c 1 — cos c
or, what is the same thing,— tan ⅜c sin (A — 2?) = (cθs a ~ cθs ⅛∖
Here cos a —cos & is = (1+cosa) — (1+cosδ) ; substituting for successivelyand ⅛jτ, the right-hand side is sm o 1 + cos a . . 1 + cos b . r,= —-.------ sm A — —.—=— sin 2j,sin a sm b

= cot ⅛α sin A — cot ⅜δ sin B ;whence, multiplying each side by tan⅜αtan⅜6, we have the relation in question.For the second identity which istan ⅜c {1 — tan ⅜α tan cos (A — E)} = tan ⅜b cos J. + tan ⅛αcos 2? ;if on the right-hand side we substitute for cosH, cosB their valuescos a — cos b cos c 1 cos b — cos a cos c ------ -.—7—7-------- and ——------ -.-------- ,sm b sm c sm a sm cthe right-hand side becomes1 ∫cos a — cos b cos c cos b — cos a cos c∣ sin c ( 1 + cos b 1 + cos a ∫ ’whence, multiplying the whole equation by sin c(l+cosα) (1+cosδ), it becomes (1 — cos c) {(1 + cos a) (1 + cos 6) — sin a sin b cos (A — B)}= (1 + cos α) (cos a — cos b cos c) + (1 + cos δ) (cos b — cos c cos a).We have herez , ™ λ t, . . . rt (cos a — cos b cos c) (cos b — cos c cos α) + □cos (A - B) = cos A cos B + sin A sin B =  ---------------------. 9 .----- r—7------------ -------- ,v , sιn2 c sm a sm bby substituting for cosH, cos B their foregoing values, and for sin√l, sin B their values∖∕∏ v□ i----Z     ___—Z    WΠΘΓΘsin b sin c ’ sin a sin c’ □ = 1 — cos2 a — cos2 b — cos2 c + 2 cos a cos b cos c.
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732] A THEOREM IN SPHERICAL TRIGONOMETRY. 99The numerator is cos a cos b — cos c (cos2 a + cos2 δ) + cos a cos b cos2 c -I- 1 — cos2 c — (cos2 a + cos2 b) + cos a cos b. 2 cos c ;viz. this is = cos a cos b (1 + cos c)2 — (cos2 a + cos2 b) (1 + cos c) + 1 — cos2 c,having the factor 1 + cos c, which is also a factor of sin2 c, = 1 — cos2 c, in the denominator. We have, therefore,. . 7,. cos a cos b ( 1 + cos c) — (cos2 a + cos2 ύ) + 1 — cos ccos (A-B) =-------------- ς---- π--- 7—-------=—λ—<---------------- ;x (1 — cos c) sm a sm band the equation thus is(1 — cos c) (1 + cos α) (1 + cos b) — {cos a cos b (1 + cos c) — (cos2 a + cos2 b) + 1 - cos c}= (1 + cos a) (cos a — cos b cos c) + (1 + cos b) (cos b — cos c cos a),where each side is in fact= cos a + cos2 a + cos b + cos2 b — cos c (cos a + cos b~)-2 cos a cos b cos c ; and the second identity is thus proved.
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